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ABSTRACT

This thesis tackles two essential topics of neutrino physics: neutrino decay and

neutrino cross-section measurement. First, the invisible and visible neutrino

decay is analyzed through a phenomenological approach, considering future

long-baseline neutrino experiments such as DUNE and a hypothetical neu-

trino beam toward the ANDES laboratory. The study takes into account the

νµ and νe disappearance and appearance, respectively, for both FHC and RHC

flux modes. The results showed a negligible matter effect for DUNE but sig-

nificantly more notable at ANDES. At 90% C.L., the sensitivity to the decay

parameter α3 can be as small as 2 × 10−6 eV2 for a chosen coupling. The

impact of neutrino decay in the determination of θ23 and δCP were also shown.

Second, the double-differential cross-section measurement for νµ-carbon inter-

actions with three-momentum transfer |q⃗| < 1.2 GeV obtained with medium

energy exposures in the NuMI beam at MINERvA experiment are reported.

The measurement is presented as a function of |q⃗| and Eavail and reviews dif-

ferent interaction models and nuclear effects along quasi-elastic to resonance

processes to define a new model for a better agreement. The double differential

cross sections are compared to the MnvTunes, GENIE, and NuWro predictions.
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RESUMEN

Esta tesis aborda dos temas esenciales de la física de neutrinos: el decaimiento

de neutrinos y la sección transversal de neutrinos. En primer lugar, el de-

caimiento invisible y visible de neutrinos se analiza a través de un enfoque

fenomenológico, considerando dos futuros experimentos de neutrinos de long

baseline como DUNE y asumiendo un hipotético haz de neutrinos hacia el lab-

oratorio ANDES. El estudio concidera la desaparición y aparición de νµ y νe,

respectivamente, para los modos de flujo neutrinos FHC y RHC. Los resultados

mostraron un efecto de materia insignificante para DUNE, en contraste, más

notable en ANDES. A 90% C.L., la sensibilidad al parámetro de decaimiento

α3 puede ser tan pequeña como 2 ×106 eV2 para un acoplamiento dado. Tam-

bise mostra el impacto de la desintegración de neutrinos en la determinación

de θ23 y δCP . En segundo lugar, la medición de la sección transversal diferen-

cial doble para las interacciones νµ-carbono con transferencia de momentum

|q⃗| < 1.2 GeV obtenidos con una exposición a la energía media de neutrinos en

el haz NuMI en el experimento MINERvA. La medida se presenta en función

de |q⃗| y Eavaill, además se revisa diferentes modelos de interacción y efec-

tos nucleares a lo largo de procesos cuasi-elásticos a resonantes para definir un



nuevo modelo para un mejor acuerdo con los datos. Las secciones transversales

diferenciales dobles se comparan con las predicciones de MnvTunes, GENIE y

NuWro.
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INTRODUCTION

0.1 From Beta Decay to Neutrinos Oscillation

The history of neutrino started in 1930, at least theoretically, when Wolfgang

Pauli proposed a desperate remedy to save the "exchange theorem" of statistics

and the law of conservation of energy [1]. In the letter written by W. Pauli to

the Tubingen conference, W. Pauli proposed the possibility of the existence in

the nuclei of new electrically neutral particles, which he called neutrons, that

particle had to have spin 1/2 and obey the exclusion principle [1]. The reason

for such a hypothesis was the problem of the theoretical interpretation of J.

Chadwick’s demonstration in 1914, in which the beta spectrum was continuous

[2], later also confirmed in 1927 by Ellis and Wooster [3]. The other reason

was the unknown spin-statistics relation for 14N and 6Li nuclei.

After J. Chadwick discovered the neutrons in 1932, [4] there were two

particles named neutrons. The name neutrino came up later (October 1933)

in the Solvay Conference, where W. Pauli offered his hypothesis for publication

adopting E. Fermi’s notation. [5].

In 1933 E. Fermi [6] and F. Perrin [7] described the theoretical model
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that gives us the interpretation of the beta decay, where the neutrino emission

occurs just like electrons in the context of a proton-neutron model. Another

important outcome of their independent work was the massless behavior of

neutrinos. The formulation of β-decay of E. Fermi today is known as Fermi

theory [8]. Later on, in 1936, the extension of Fermi theory by adding axial-

vector currents was introduced by G. Gamow and E. Teller [9] to describe the

beta decay when there is no change in parity of the nuclear state and the total

angular momentum of the electron-neutrino is one. At the time, the parity

violation was not discovered, and therefore coupling such as scalar, axial-axial

vector, pseudoscalar, and tensor could be involved in the weak interaction1.

From the experimental side, the history of neutrinos started 26 years

after the letter of W. Pauli. The group led by F. Reines and C. L. Cowan

[10] observed anti-neutrinos from the nuclear reactor using a liquid scintillator

detector based on triethylbenzene, terphyenyl, and 1,4-di(2(5-phenyloxazole))-

benzene (POPOP) loaded with a cadmium compound (cadmium octoate) ) at

the Savannah River Plant reactor [11]. In reaction ( ν̄e + p → e+ + n ), they

observed a clear signature coming from the two-gamma sources. The first

source comes from the annihilation radiation of two gammas of 0.5 MeV (

e− + e+ → γ + γ ) and the second source comes from the neutron capture by

the cadmium. The capture ( n+108Cd →109 Cd+γ ) produces another gamma

which occurs a few microseconds after first source. The resulting cross-section

is σ = (11± 2.6)× 10−44cm2/nucleon [12].

After 32 years of W. Pauli’s hypothesis, another kind of neutrino,

today known as muon neutrino , was discovered at Brookhaven National

Laboratory (lead by L. M. Lederman, M. Schwartz, and J. Steinberger [13]).

The introduction of the lepton number by E. J. Konopinski and H. M.

Mahmoud [14] primarily focuses on explaining the missing decay modes. This
1Relevant later to understand the long-range correlation in the neutrino cross-section in

the nuclei.
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new conservation law in general allowed reactions like (µ → e+ γ). However,

that process was far from the experimental observations (currently forbidden),

suggesting that this new conservation law assigns different numbers to each

lepton. [15] [16].

Suggested by B. Pontecorvo and M. Schwartz [17] the muon neutrino

was detected primary produced as the result of the decay of a meson called

pion ( π± → µ±+(ν/ν̄) ), the pions were produced by 15-GeV proton striking

a beryllium target. They used a 10-ton aluminum spark chamber to observe

the neutrino interaction. To complete the entire lepton generation or family,

the DONuT Collaboration discovered the third neutral lepton [18] configuring

what today we call active neutrinos settled down by Z boson decay [19].

After about 40 years after Pauli’s letter, another mystery pops up.

R. Davis and J. Bahcall at Homestake Experiment measured the flux of solar

neutrinos with a chlorine-based detector, and they notice a deficit which would

again need an explanation [20]. The deficit was confirmed by different detec-

tor technologies, including other international collaborations such as Kamioka

Observatory [21] and Sudbury Neutrino Observatory [22].

The context of that mystery later called as “solar neutrino problem”,

starts nine years after Pauli’s letter, in which H. A. Bethe explains the ther-

monuclear reaction mechanisms of how the stars produce their energy [23].

The general description is that there are groups of reactions in which, on the

one hand, carbon, nitrogen, and oxygen play the role of catalysts in a cycle

while hydrogen lasts. That cycle is known as CNO. On the other hand, there

is a cycle where there is a proton intervention, and it is called the p-p cycle.

Nowadays, all are under the so-called Standard Solar Model (SSM).In each cy-

cle, we can determine the neutrino production, such as whether they originate

from 7Be, 8B, or other elements of the p-p cycle, as well as their energies. A

clear demonstration of the discrepancy between theory and experiments has

Page 4
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been discussed in Figure 2 of J. N. Bahcall’s paper [24].

Another problem arose in the late 1980s, the atmospheric neutrinos

that the Kamiokande-II Collaboration measured, showed a discrepancy be-

tween the electron-like events compared with muon-like events [25]. The ratio

of muon neutrino and electron neutrino should follow the pion decay in which

a single positive charged pion can decay with a high probability to muon neu-

trino and anti-muon. Then, the outgoing anti-muon will decay in a positron,

electron neutrino, and anti-muon neutrino. Therefore there is a 2 to 1 relation

between muon neutrinos and electron neutrinos for the case of positive pion,

similarly for the negative one. The experiments [ [26], [27], [28] ] were report-

ing this low ratio, and the problem was the so-called “atmospheric neutrino

problem” .

Many theoretical explanations like neutrino decay [29], neutrino oscil-

lations [30], and others have been proposed to solve those problems. Motivated

on kaon oscillation [31], the neutrino oscillation [32], [33] was finally confirmed

by the experiments. It was one of the first pieces of evidence of physics beyond

the Standard Model. So that neutrinos oscillate, their mass must be different

from zero, meaning that at least two neutrinos must be massive.

Neutrino oscillation also could help us in solving a long-lasting puz-

zle problem: the asymmetry between matter and antimatter in the universe,

by measuring the CP-violation oscillation phase. Because of that, the current

neutrino oscillation experimental effort is aimed to perform precision mea-

surements of the oscillation parameters, being the major goal for near-future

experiments to measure with high accuracy the CP-violation phase δCP. How-

ever, there is still plenty of room for exploring in neutrino physics such as the

test of the existence of a fourth sterile neutrino [34]. In the same line, there

is not forbidden that new physics, other than oscillation induced by non-zero

neutrino masses, can contribute to the neutrino flavor phenomenon. The hy-

Page 5



0.1. FROM BETA DECAY TO NEUTRINOS OSCILLATION

pothesis of neutrino decay is one of these new physics alternatives. In the first

part of this thesis, we discuss the matter effects that affect the visible and

invisible neutrino decay framework within the context of future long-baseline

experiments.

On the other hand, a basic ingredient to achieving a precision mea-

surement of the oscillation parameters is to have a detailed knowledge of the

neutrino interaction with matter, i.e. the neutrino-nucleon cross-section, which

is vital to reduce the uncertainties of the aforementioned measurements. The

second part of this thesis is devoted to describing all the details of the mea-

surement of the double differential cross-section of muon neutrino with hydro-

carbon at MINERνA experiment with a neutrino flux energy peaked around

6 GeV and with the low three-momentum transfer.
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CHAPTER 1

NEUTRINO OSCILLATION

AND NEUTRINO

INTERACTION WITH MATTER

1.1 Neutrino in the Standard Model

The Standard Model (SM) is a model based on quantum field theory formu-

lated by S. Weinberg [35] and A. Salam [36] based on the gauge symmetry

groups SU(2) × U(1) proposed by S.L. Glashow [37]. To explain the mass of

the particles, the SM has the Higgs mechanism [38, 39, 40, 41, 42, 43].

The SM describes the matter particles1 (fermions) and force carrier

particles (bosons) and their interactions. The matter particles are grouped in

a subset of quarks and leptons in three generations or families. On the other
1We are referring by particles to both particles and antiparticles
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hand, the force carrier particles carry the electromagnetic force, the nuclear

strong force, and the nuclear weak force. The mass of the particles in the

context of SM is coming from the interaction with the Higgs field.

To understand the nature of SM, lets start with the groups,

SU(3)C × SU(2)L × U(1)Y (1.1)

the first part of the equation 1.1 represents the world of the quantum chromo-

dynamics describing the (C) colors charge of quarks and the fields of gluons.

The part ( SU(2)L × U(1)Y )represents the left handed fields (L) and weak

hyper-charge (Y). The left handed fields side has massless bosons Aa
µ (where

a = 1, 2, 3) associated to SU(2)L) and hyper-charge side has massless boson

Bµ associated to U(1)Y.

Because our interest is the neutrino side, let focus in the electroweak

part (SU(2)L ×U(1)Y), and start with the Lagrangian density before Sponta-

neous Symmetry Breaking (SSB),

LSU(2)×U(1) = Lf + Lgauge + Lφ, (1.2)

where f is the fermionic field, φ is the scalar field and gauge the vectorial field.

Now, zooming in the vectorial and scalar part of the Lagrangian density,

Lgauge + Lφ = −1

4
F a
µνF

µν
a − 1

4
BµνB

µν + (Dµφ)
†Dµφ− λ

(
φ†φ− v2

2

)2

,

(1.3)

F a
µν and Bµν have the fields Aa

µ and Bµ in them. The v is defined as v ≡√
−µ2/λ, where the λ interaction constant and µ is a mass-like coefficient. The

scalar-field doublet in the ground state or vacuum expectation values (VEV)

is,

φ =

 0

v/
√
2

 ≡ ⟨Φ⟩. (1.4)
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1.1. NEUTRINO IN THE STANDARD MODEL

Introducing a small perturbation (v/
√
2 + χ) on φ in Equation 1.4

and calculating the covariant derivative of the Lagrangian, we will end up

Lagrangian which describes a massive real vector field Zµ with mass mZ (Z0

boson), the massive complex vectors W±
µ with mass mW (W± bosons), a mass-

less vector field Aµ (γ photon), and a massive real scalar field χ (Higgs boson

field)2.

A similar mechanism determines the mass of fermions described pre-

viously, although additional work is required before breaking the symmetry.

The reason is that the left and right-handed chiral states do not have the same

transformation properties. Those properties came from low-energy studies in-

volving parity violation discovery [45] and V-A theory development 3 [47, 48,

49, 50]. So, the SU(2) gauge boson only couples to left-handed fermion. In

other words, a fermion mass term in the lagrangian has the following structure,

−mψ̄ψ = −m(ψ̄RψL + ψ̄LψR), (1.5)

which does not respect the symmetry before SSB, so it does not appear in the

SM lagrangian. Consequently, a new coupling between the fermion field (ψ)

and the Higgs double was required; this coupling is called Yukawa coupling.

One of the take-out messages from the lagrangian after the SSB is

the type of interactions. Specifically, we have the charge current (CC) for the

neutrino case,

Lint CC = − g√
2
ν̄αγ

µ (1− γ5)

2
lαWµ + H.c (1.6)

and neutral current (NC),

Lint NC = − g

2 cos θW
ν̄αγ

µ (1− γ5)

2
ναZµ + H.c, (1.7)

α stands for the different e, µ and τ charged lepton types.
2The reader can find more detailed description on [44].
3An excellent book about Fermi theory, V-A and SM transition is [46](chapter 5)
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1.2. BEYOND THE STANDARD MODEL: NEUTRINO OSCILLATION

1.2 Beyond the Standard Model: Neutrino Oscillation

The neutrino oscillation is a quantum phenomenon associated with the inter-

ference between non-zero neutrino mass-eigenstates (ν1, ν2 and ν3). This trans-

lates into the neutrino flavor conversion after its travel a distance, recalling

that the neutrino flavor-eigenstates (νe, νµ and ντ ) are a linear superposition

of the three neutrino mass-eigenstate.

The Solar Standard Model (SSM) built by John Bahcall predicts that

the different nuclear reactions that take place in the Sun must produce elec-

tron neutrinos within a broad range of energies. With the aim of probing the

SSM, several experiments were developed to be able to carry out the measure-

ments of electron-neutrinos coming from the Sun. A pioneering experiment

was Homestake proposed by D. Raymond [51] in the 1960s. This experiment

observed a deficit of electron neutrinos. Similar observations(deficit) were later

confirmed by Kamiokande experiment [52, 53], as well as other experiments

[54, 55]. The conflict between the SSM prediction of electron-neutrinos (see

Figure 1.1) and their experimental observations (see Figure 1.1) was known as

the “Solar Neutrino Problem”.

On the other hand, there are also neutrinos produced as a conse-

quence of the interaction between cosmic rays and nuclei in the upper atmo-

sphere. This interaction produces a pion meson (+/-), then the pion (+/-)

decays into a muon (+/-) and a muon neutrino (ν/ν̄). Then, finally, that

muon (+/-) decays in an electron (+/-), neutrino electron (ν/ν̄), and a muon

neutrino (ν̄/ν). One can then expect that the two-to-one relation of the ratio

of muon neutrinos over electron neutrinos holds, regardless of the location of

the detector (due to the isotropy of the cosmic rays). However, it did not

happen to have that several experiments observed a deficit of muon neutri-

nos. In particular, the Super-Kamiokande experiment observed a zenith-angle

dependence of the muon neutrinos [56] (See Figure 1.3). This inconsistency

between data and expectations, which resembles the Solar Neutrino Problem,
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1.2. BEYOND THE STANDARD MODEL: NEUTRINO OSCILLATION

was known as the Atmospheric Neutrino Anomaly.

There were several theoretical explanations for the solar and atmo-

spheric neutrino data [57, 58, 59]. One of them and the current theoretical

description was suggested in the 1950s by B. Pontecorvo. Motivated in kaon os-

cillations [31], he proposed a neutrino-antineutrino oscillation, which resulted

in a neutrino flavor oscillation in his later papers [30, 60, 61, 62, 63]. As

we will see in the next section with further detail, the neutrino oscillations

phenomenon is induced by non-zero neutrino masses squared differences.

Figure 1.1: Model BP04 of solar neutrino prediction, figure taken from [24].
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1.2. BEYOND THE STANDARD MODEL: NEUTRINO OSCILLATION

Figure 1.2: Data comparison with the solar model, figure taken from [24].
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1.2. BEYOND THE STANDARD MODEL: NEUTRINO OSCILLATION

the Earth. This also results in a deficit of atmospheric
neutrinos arriving from the east, with the strongest effect
at the lowest neutrino energy. We maximized our sensitiv-
ity to this effect by selecting lepton momenta between 400
and 3000 MeV=c in the zenith angle range j cos!j< 0:5.
The low momentum cut ensures good pointing resolution,
and the high momentum cut diminishes the contribution
from high energy primary protons that are insufficiently
deflected. The zenith requirement enhances the statistical

sensitivity as the depletion only occurs near the horizon.
Figure 33 updates our previous result [70] to the final data
reported here. That our data reproduces the prediction for
this effect implies that the model for geomagnetic cutoff in
the flux prediction is accurately accounted for, and checks
the basic features of neutrino production and scattering.

While the measured shape of zenith-angle distributions
for e-like events is consistent with expectations, both the
FC !-like and PC samples exhibit significant zenith-angle
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FIG. 31. The zenith-angle distribution for fully-contained 1-ring events, multi-ring events, partially-contained events and upward
muons. The points show the data, box histograms show the nonoscillated Monte Carlo events and the lines show the best-fit
expectations for "! $ "# oscillations with sin22$ ! 1:00 and "m2 ! 2:1" 10#3 eV2. The best-fit expectation is corrected by the 39
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MEASUREMENT OF ATMOSPHERIC NEUTRINO . . . PHYSICAL REVIEW D 71, 112005 (2005)

112005-23

Figure 1.3: The zenith-angle distribution data events compared with non-
oscillated Monte Carlo events in boxes and oscillation hypothesis in continue
line, figure taken from [56].

Neutrino Oscillation

As mentioned earlier, the neutrino flavor or interaction eigenstates (|να⟩) are

a linear superposition of the mass eigenstates (|νi⟩) with mass mi or, in other

words, the flavor eigenstates represents a rotation with respect to neutrino

mass eigenstates. Thus, mathematically it is represented as,

|να⟩ =
∑
i

U∗
αi |νi⟩ , (1.8)
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1.2. BEYOND THE STANDARD MODEL: NEUTRINO OSCILLATION

where U∗
αi is the rotation matrix that relates the neutrino eigenstates. The U∗

αi

is a unitary complex matrix. It has the following properties,∑
i

U∗
iαUiβ = δαβ,

∑
α

U∗
αiUαj = δij. (1.9)

The U matrix is called Pontecorvo-Maki-Nakagawa-Sakata (PMNS)[64], and

it has three mixing angles and one complex phase, is represented below,

UPMNS =


1 0 0

0 c23 s23

0 −s23 c23


︸ ︷︷ ︸

Atmospheric and LBL


c13 0 e−iδCPs13

0 1 0

−eiδCPs13 0 c13


︸ ︷︷ ︸

Mixed


c12 s12 0

−s12 c12 0

0 0 1


︸ ︷︷ ︸

Solar and Reactors

,

(1.10)

where sij and cij are sin θij and cos θij. Before seeing the propagation, we have

to consider an approximation of the energy,

Ei =
√
p2i +m2

i ≈ pi +
m2

i

2pi
= E +

m2
i

2E
, (1.11)

which is possible because we consider a small mass and ultrarelativistic neu-

trino behavior. From the equation 1.11 we can obtain a useful relation,

Ek − Ej =
∆m2

kj

2E
, (1.12)

Where ∆m2
kj represents m2

k − m2
j . Now, let’s consider the equation of the

evolution of the quantum state,

Ĥ |ν⟩ = iℏ
∂

∂t
|ν⟩ , (1.13)

where Ĥ is the Hamiltonian operator, and as is expected, it is diagonal in the

mass vacuum basis,

Hij = E


1 0 0

0 1 0

0 0 1

+
1

2E


m2

1 0 0

0 m2
2 0

0 0 m2
3

 , (1.14)
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1.2. BEYOND THE STANDARD MODEL: NEUTRINO OSCILLATION

which written in the interaction basis is,

Hαβ = Uαi


E +

m2
1

2E
0 0

0 E +
m2

2

2E
0

0 0 E +
m2

3

2E

 (U †)αi. (1.15)

The Ŝ = exp (−iĤx) operator in the mass basis is introduced to solve

the equation 1.13. We are considering the ultrarelativistic approximation in

order to have t = x. The amplitude therefore is,

Sij = ⟨νi|Ŝ|νj⟩ = δij exp

(
− i

m2
j

2E
x

)
, (1.16)

where we consider only the right-hand side of the equation 1.14. The S matrix

for interaction basis is given by

Sαβ = ⟨να|Ŝ|νβ⟩ =
∑
i

UαiU
∗
βi exp

(
−im

2
i

2E
x

)
. (1.17)

Thus, we can calculate the probability of the amplitude using the equation

1.17, 1.12 and x = L,

Pνβ→να = |Sαβ|2

=

∣∣∣∣∣∑
i

U∗
βiUαi exp

(
−im

2
i

2E
x

)∣∣∣∣∣
2

=
∑
j,k

UαkU
∗
βkU

∗
αjUβj exp

(
−i

∆m2
kj

2E
L

)
, (1.18)

that probability is valid for the vacuum. We can also make decomposition of

the equation 1.18 in such a way that can have real and imaginary parts split

given by,

Pνα→νβ = δαβ − 4
∑
k>j

sin2

(
∆m2

kjL

4E

)
Re
[
UαkU

∗
βkU

∗
αjUβj

]
− 2

∑
kj

Im
[
UαkU

∗
βkU

∗
αjUβj

]︸ ︷︷ ︸
J

sin

(
∆m2

kjL

2E

)
, (1.19)
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where J is the Jarlskog invariant [65].

From the neutrino oscillation probability in equation 1.19, we can

only determine the mass squared differences ∆m2
ij, but not the absolute neu-

trino mass. The actual best fit of the neutrino oscillation parameters, the

PMNS neutrino mixing angles and neutrino mass squared differences, are sum-

marized in Figure 1.4. Currently, it is known that the ν2 mass eigenstate is

heavier than the ν1 mass eigenstate. However, it is still uncertain whether

the ν3 neutrino mass eigenstate is heavier or lighter than the ν1 and ν2 mass

eigenstate [66], called normal and inverted ordering, respectively.

It is convenient to point out that the hierarchy between masses only

can be determined when the neutrino oscillation probability is affected by mat-

ter effects. These effects are especially notorious when neutrinos go through

high matter densities such as the stars’ core. However, the matter effect in

neutrino oscillation is not negligible for the Earth’s density matter. This is

because ordinary matter contains electrons, protons, and neutrons but not

muons or taus. So, only electron neutrinos will be affected by the interaction

of charged and neutral currents. The other neutrino types will only take into

account neutral current interaction.

The effect can be understood as a change in the effective mass of

a particle as it moves through a medium. The effect in neutrino oscillation

probability is due to the coherent forward scattering on electrons [67, 68, 69].

The interaction Hamiltonian for Charged Current and Neutral Cur-

rent is written as:

HCC
eff (x) =

GF√
2

[
ē(x)γµ(1− γ5)νe(x)

][
ν̄e(x)γµ(1− γ5)e(x)

]
, (1.20)

HNC
eff (x) =

GF√
2

∑
α=e,µ,τ

[
ν̄α(x)γ

ρ(1− γ5)να
]∑

f

[
f̄(x)γρ(g

f
V − gfAγ

5)f(x)
]
,

(1.21)

the CC is typically defined for the electron neutrino case due to its abundance
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in our universe and NC for the three flavours. The potential for CC is,

VCC = ⟨νe|
∫
d3xHCC

νee |νe⟩ =
√
2GFNe ≈ 7.6Ye

ρ

1014g/cm3 eV, (1.22)

where ρ is the density, Ye =
Ne

Np +Nn

is the number of relative density of

electron, proton, and neutron (Ne, Np, and Nn). The NC potential is,

V f
NC =

√
2GFNfg

f
V , (1.23)

where gfV are the related with the coupling constant in the equation 1.7 for

the leptonic weak neutral-current and it can be found in the Table 3.6 of [70]

as well as a discussion of the potential with more details. The GF the Fermi

constant and Nf is similar that Ne but for all charge leptons.

To get the neutrino oscillation probability, we have to modify the

Hamiltonian,

H = H0 +HI (1.24)

where H0 is the vacuum Hamiltonian and HI has the part that contains the

matter potential matrix (right matrix in Equation 1.25), in general,

H = U


0 0 0

0
∆m2

21

2E
0

0 0
∆m2

31

2E

U † +


VCC 0 0

0 0 0

0 0 0

 , (1.25)

Now, the evolution equation is given by,

i
d

dx


|νe⟩
|νµ⟩
|ντ ⟩

 =


U


0 0 0

0
∆m2

21

2E
0

0 0
∆m2

31

2E

U † +
1

2E


2EVCC 0 0

0 0 0

0 0 0


︸ ︷︷ ︸

A




|νe⟩
|νµ⟩
|ντ ⟩

 ,

(1.26)

=
1

2E

[
UM2U † + A

]

|νe⟩
|νµ⟩
|ντ ⟩

 , (1.27)
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where A = 2EVCC , V is the potential. In this case, we can consider only the

CC potential because NC affects the global phase and it can be absorbed. We

introduce the matrix (Um) which turn out the evolution equation above into:

i
d

dx


|νm1 ⟩
|νm2 ⟩
|νm3 ⟩

 =


1

2E


M2

1 0 0

0 M2
2 0

0 0 M2
3


︸ ︷︷ ︸

After diagonalization




|νm1 ⟩
|νm2 ⟩
|νm3 ⟩

 , (1.28)

where (Um)†
[
UM2U † + A

]
(Um) = Diag(M2

1,M2
2M2

3) and |νmi ⟩ = (Um)† |να⟩
is the mass diagonal basis in matter. Therefore, the neutrino oscillation prob-

ability for constant matter density, which have similar structure than the neu-

trino oscillation probability for vacuum (see equation 1.19), is given by [71],

Pνα→νβ = δαβ − 2Re
2∑

j=1

3∑
k=j+1

Um
βjU

m∗
αj U

m∗
βk U

m
αk(1− e−i∆m

ij ), (1.29)

where ∆m
jk =

∆M2
jkL

2E
and ∆M2

jk = M2
k −M2

j .
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Figure 1.4: Neutrino mixing angles and squared mass differences, table taken
from [72].

1.3 Neutrino Interaction with matter

In order to achieve precision measurements of the neutrino oscillation param-

eters are needed to understand well the neutrino interaction with matter, a

cornerstone piece of identifying correctly the neutrino events.

Our approach for describing/studying the scattering of neutrinos with

the nucleons of the target´s nuclei will be to divide it into four different stages.

These stages are: the neutrino interaction with a single nucleon ( (1) of Figure

(1.5)). The second is to perform the neutrino interaction in an environment,
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in this case, the nuclear domain (represented in (2) of Figure (1.5)), which is

entailed with the review of some of the existing nuclear models. After that,

we will discuss the nuclear effect inside the nuclei (represented in (3) of Figure

(1.5)). The fourth is to describe the possible reinteraction/absorption of the

resultant particle of the neutrino interaction before leaving the nuclei. The

last process is known as Final State Interaction (FSI) (represented in (4) of

Figure (1.5)).

The upcoming section reviews each of these four stages illustrated in

Figure (1.5).

νμ

μ p

n νμ

μ p

n
νμ

μ
p

νμ

μ p

+ + +
n

p

(1) (2) (3) (4)

Figure 1.5: Sub-Figure (1) represents the free nucleon interaction, Sub-Figure
(2) the interaction inside of nuclei, Sub-Figure (3), the nuclear effects in the
neutrino-nuclei interaction, and the Sub-Figure (4) the represents the Final
State Interactions (FSI). Figures based on C. Wilkinson’s representation.

1.4 Neutrino - Nucleon Interaction

The characteristics of the neutrino interaction with a single nucleon change

depending on the energy of the former. The latter translates into the clas-

sification of different regimes. Quasi-elastic, Resonant production, or Deep

Inelastic Interaction. For the purpose of part II of this thesis, we will only

review the relevant ones.

Charge Current Quasi-elastic (QE)

The quasi-elastic charge current interaction of neutrino (νl) and antineutrino

(ν̄l) with a single nucleon (n or p) are,
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1.4. NEUTRINO - NUCLEON INTERACTION

νl + n→ p+ l− (1.30)

ν̄l + p→ n+ l+ (1.31)

n/p

νl/ν̄l

p/n

l−/l+

W+/−

Figure 1.6: Feynman diagram for CCQE process for free nucleon.

where l = e, µ, τ . The amplitude of the neutrino-nucleon scattering for in-

stance for a channel,

νl(k) + n(p) → p(p
′
) + l−(k

′
), (1.32)

where k, p p′
, k

′ are momentum, and q = p
′ − p is the four-momentum trans-
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ferred is,

Aνln→pl− = ⟨l−(k′
), p(p

′
)|Hweak|νl(k), n(p)⟩

= −iGF√
2
Vudūl(p)γµ(1− γ5)uνl(k)

×
{
ūp(p

′
)

[
γµF1(Q

2) +
i

2mN

σµηqηF2(Q
2)

− γµγ5GA(Q
2)− qµ

mN

γ5GP (Q
2)

]
un(p)

}
, (1.33)

where Vud is a elements of CKM matrix, mN the mass of nucleon, andQ2 = −q.
F1(Q

2), F2(Q
2), GA(Q

2), and GP (Q
2) are, respectively, Dirac, Pauli, axial and

pseudo-scalar weak charge current form factor. The σµηqη is the commutation

of gamma matrix, with qη as momentum transfer. The differential cross-section

for νl/ν̄l channels are given by4

dσ
ν/ν̄
CC

dQ2
=
G2

F |Vud|2m4
N

8π(k.p)2

[
A(Q2)±B(Q2)

s− u

m2
N

+ C(Q2)
(s− u)2

m4
N

]
, (1.34)

where u, s are the Mandestram variables. The A,B and C are functions in

term Q2 given by

A(Q2) =
m2

l +Q2

m2
N

{(
1 +

Q2

4m2
N

)
G2

A −
(
1− Q2

4m2
N

)(
F 2
1 − Q2

4m2
NF

2
2

)
+
Q2

m2
N

F1F2 −
m2

l

4m2
N

[
(F1 + F2)

2 + (GA + 2GP )
2 − 1

2

(
1 +

Q2

4m2
N

)
G2

P

]}
,

(1.35)

B(Q2) =
Q2

m2
N

GA(F1 + F2), (1.36)

C(Q2) =
1

4

(
G2

A + F 2
1 +

Q2

4m2
N

F 2
2

)
, (1.37)

where ml is the lepton mass.

Charge Current Resonances (RES)

The resonant charge current neutrino scattering happens because the interac-

tion of a neutrino with a nucleon has high energy, which exited the nucleon.
4See [73, 74, 75] for the deduction.
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p

νl

W±

∆++

l−

p

π+

Figure 1.7: Feynman diagram for CCRES process for free nucleon. The nu-
cleon N in this case is a proton and the resonance R in this case is a ∆++.

So, instead of getting a nucleon after the process, like in the CCQE, we have

a unstable state so-called resonance. We can describe that process by

ν(k) +N(p) → l−(k
′
) +N∗(p

′
) +R(pR), (1.38)

ν̄(k) +N(p) → l+(k
′
) +N∗(p

′
) +R(pR), (1.39)

where N represents the nucleon, R the resonance particle and N∗ the nucleon

from the resonant decay (as shown in Figure 1.7). The neutrino generator, as

will be presented in the Part III of this thesis, typically use the Rein-Sehgal

calculation [76] to describe that cross-section,

d2σ
ν/ν̄
CC

dQ2dq0
=
G2

F

4π2

Q2

q23

(
M2

res −m2
N

2mN

){(
Eν + El + q3

2Eν

)2

σ±
R +

(
Eν + El − q3

2Eν

)2

σ±
L+

(1.40)

2

(
Eν + El + q3

2Eν

)(
Eν + El − q3

2Eν

)
σ±
s

}
(1.41)
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where

σ±
R =

πMres

M2
res −m2

N

F−δ(W −Mres), (1.42)

σ±
L =

πMres

M2
res −m2

N

F+δ(W −Mres), (1.43)

σ±
s =

m2
Nπ

Mres(M2
res −m2

N)

q23
Q2

F0δ(W −Mres), (1.44)

and F−,F+ and F0 are the helicity amplitudes and they are provided by

the dynamical model, q0 is the energy mmentum transfer and q3 is norm of

the three momentum transfer or q⃗ of Q2. The W and Mres in δ(W −Mres)

are observed mass or invariant mass of the final state and resonant particle

mass respectively. The W 2 can be define as W 2 = (p + q)2, where q is the

four-momentum transfer. The cross section in the equation (1.40) describes

a single resonance in narrow-width approximation. Suppose we want to go

for resonances over finite width. In that case, the δ(W −Mres) needs to be

replaced by the Breit-Wigner factor,

1

2π

Γ

(W −Mres)2 + Γ2/4

due to in general, the cross-section that involves resonances obeys the Breit-

Wigner distribution [77]. The Γ is the resonance width. Although the article

(original article [76]) indeed considers the non-resonant part, these are calcu-

lated via linear sigma models, which are currently discarded. Some models

nowadays consider the lepton’s mass and calculations of the non-resonant part

with non-linear sigma models, which in the present work are studied in Part

II.

Charge Current Deep Inelastic (DIS)

When the neutrino interacts with the nucleon at higher energy, the neutrino

stops seeing the nucleon as a point object. Instead, as we saw in the previous

subsection, at higher energy, the processes become inelastic. In this case, the

neutrino interacts with the components of the nucleon, the quarks. Processes

like this are called deep inelastic scattering
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q

νl

W±

q′

l−

Figure 1.8: Feynman diagram for CCDIS process for free nucleon.

νl(k) +N(p) → l−(k
′
) +X(p

′
) (1.45)

ν̄l(k) +N(p) → l+(k
′
) +X(p

′
) (1.46)

where N refers to neutron or proton and X to any set of outgoing hadrons.

The matrix element is

|M|2 =
(
4GF√

2

)2

LµνW
µν (1.47)

where Lµν is the leptonic tensor and W µν is the hadronic tensor. W µν is

mix of nucleon mass mN and six form factors Wi, i = 1, ..., 6. The diferential

cross-section is usually presented in terms of Bjorken scaling variables,

x ≡ Q2

2mNq0
, (1.48)

y ≡ p.q

p.k
, (1.49)
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where q0 =
p.q

mN

, mN is the nucleon mass, and Q2 = −q2. In the lab frame

the pµ = (mN , 0, 0, 0) and kµ = (ω, 0, 0, ω). The cross-section for neutrino and

antineutrino withouth the charged mass lepton is given by, [78, 46, 79]

dσ
ν/ν̄
CC

dxdy
=

G2
FmNω

(1 +Q2/M2
W )π

×[
xy2mNW1 +

(
1− y − mNxy

2ω

)
q0W2 + y

(
1− y

2

)
xq0W3

]
. (1.50)

The Wi with i = 4, 5, and 6 are neglected due to they are proportional to

the charged lepton mass. The Wi in the DIS context is called as structure

functions and the nature of them are obtained from experimental cross-section

measurements [80].

1.5 Neutrino-Nuclei Interaction (Nuclear Models)

In the previous section, we have reviewed the interaction of a neutrino with

a nucleon. However, nature is not so merciful. We have to deal with the

nuclei and the nuclear environment, and this complicates the cross-section

measurements. In this section, we will review some nuclear models and their

influence on neutrino scattering.

Fermi Gas Model (FGM)

The Fermi gas model is a nuclear model where we can distinguish between

neutrons and protons. These nucleons are almost free or do not interact with

each other within a potential (Fermi motion). Due to their distinguishability,

they are placed in separate potential wells. The potential for these nucleons

is spherical with the same radius. The only rule that applies to them is the

Pauli exclusion principle because of its fermionic nature. On the other hand,

it is considered “gas” since these nucleons are in thermal equilibrium.
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Neutron potential

Proton potential

NeutronsProtons

En
F

Ep
F

B′ 

Figure 1.9: Scheme of Fermi Gas Model, where En
F , Ep

F and B′ represent the
Fermi energy of neutron, Fermi energy of proton and binding energy.

Figure 1.9 represents both potentials (in different shapes and colors

to distinguish). That potential is generated by all nucleons.

The maximum available energy state that the nucleon can occupy is

the Fermi energy (Ep/n
F ). The binding energy (B′) is proportional to the energy

that the nucleon has to pay to escape the nuclei. It is represented in Figure 1.9

as the difference between the top potential and Fermi level. In the neutrino

context, the Fermi gas model has been very popular since the incorporation

of [81]. Neutrino generators use the relativistic Fermi model. Generator like

GENIE[82], used in this work, incorporates an additional effect called Short

Range Correlation SRC, which is studied in detail in part III and the role of

Pauli blocking in resonant inelastic events.
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Local Fermi Gas Model (LFG)

The Fermi local gas model is an alternative way of understanding the nuclei

given the Fermi gas formalism. It is based on the local density approxima-

tion (LDA) developed initially by [83], where the dependence of the nucleon

position within the nucleus becomes relevant because the density distribution

depends on the radius ρ(r) [84, 85].

Figure (1.10) shows the comparison with Global Fermi Gas as a func-

tion of Fermi momentum5 and distance from the center of the nucleus. The

GFG has a constant field for the entire nucleus. On the other side, the momen-

tum distribution in LFG depends on the nucleon’s position inside the nucleus.
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Figure 2.10: The comparison of the Fermi momentum for global and local Fermi gas in
the case of carbon.

2.3.1.1 Local Fermi gas

So far, the nucleus was defined as a perfect sphere with a constant nuclear density. As

a consequence, the nuclear binding potential and Fermi level are constant in the whole

nucleus. The FG model, based on this assumptions, is called global Fermi gas.

The alternative way to describe the nucleus in the FG picture is to use local den-

sity approximation (LDA) (Refs. [85], [86]). In this approach nuclear matter density is

described by the distribution fl(r), known from the electron scattering data (Ref. [27]),

and, accordingly, it aÄects the binding potential, and so the Fermi level. The FG model,

based on the LDA, is called local Fermi gas (LFG).

The local Fermi momentum is assumed to depend on fl(r) (where r is a distance

from the center of the nucleus) in the following way:

p
(p)
F (r) = ~

3
(3fi2fl(r)

Z

A

41/3
(2.64)

p
(n)
F (r) = ~

3
3fi2fl(r)

A≠ Z
A

41/3

Note, that in the case of constant density the distribution fl(r) = A
1
4
3fiR

3
2≠1
and

above equations simplify to Eq. 2.63. The comparison of local Fermi momentum for

7The errors are taken from the calculation with extreme values of r0

28

Figure 1.10: Local Fermi Gas compared with Global Fermi Gas. Figure taken
from [86]

Impulse Approximation and Spectral Function

The Impulse Approximation (IA) is an approximation scheme in the GeV

regime (∼ 1 GeV of momentum transfer) of the lepton-nucleus interaction,

where it is assumed that in this regime, the dominant process is the lepton-

nucleon (single nucleon interaction [87] ). This means that the lepton sees the
5In Fermi Gas the momentum p⃗ of the nucleons in the nucleus has a maximum momen-

tum pF denominated Fermi momentum.
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nucleus as a set of individual nucleons. After the interaction, the resulting

hadrons are not affected by Pauli Blocking or Final State Interaction (FSI) of

the other nucleons (they remain as spectator nucleons). The validity of this

approximation depends on how large the transferred momentum is ( the lepton

scans a region of extension ∼ 1/|q3| of the nucleus [87, 88] ).

Other Models

Another way to describe the nucleus is based on the atomic shell model, where

the electrons are in specific orbits that depend on some quantum numbers. A

prediction of such an atomic model is the energy necessary to remove the

electrons of the last layer. Similar to the atomic model, the protons and

neutrons are described as being in layers within the nucleus. It was observed

that the energy necessary to remove them also follows a pattern denominated

by magic numbers [89]. So, that model is called a nuclear shell model.

Another nuclear model, called Spectral Function, based on the nu-

clear shell model and short-range correlation (SRC), which we will see in the

next section, gives the probability distribution as a function of removal energy

and momentum [86, 90],

P (p⃗, E) =
∑
n

| ⟨NA
0 |a†p|NA−1

n ⟩ |2δ(E − EA−1
N + EA

0 ), (1.51)

where p⃗ is the nucleon momentum, a†p creator operator, |NA
0 ⟩ is the A nucleons

initial state with EA
0 energy, |NA−1⟩ is the final state of the (A-1) nucleons

with EA−1
N energy, and E represents the removal energy.

The P (p⃗, E) can be split in first, mean-field spectral function part,

led by (e, e′p) reaction [91] and the single-particle momentum distribution [92],

and second, the correlated part, based on local density approximation [83] and

short range correlation (SRC),

P (p⃗, E) = PMF(p⃗, E) + PCorr(p⃗, E). (1.52)
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An example of the spectral function for oxygen is given in Figure 1.11. The

comparison with the global and local fermi gas is given in Figure 1.12, where

the tail in the spectral function is coming for the short-range correlation con-

tribution.

1.6 Neutrino-Nuclei Interaction (Nuclear Effects)

So far, we have described in the previous sections the interaction of neutrinos

with a single nucleon, then some nuclear models. In this section, we will see

some of the nuclear effects of the neutrino-nuclei interaction.

Long Range Correlation: RPA

In the previous section, we described that nuclear models include removal

energy; this means that the nucleons in the nucleus are bound. When the neu-

trino hits the nucleus by electroweak interactions, the coupling (axial-vector

coupling mostly, see Appendix D) is affected by the correlated nucleon. This

effect is calculated via Random Phase Approximation (RPA) [94].

The RPA comes from the description of electron interactions [95,

96] (see Appendix C and D). This RPA response is used as a substitute for

the nuclear response (medium polarization effects) obtained when considering

a single particle-hole excitation (1p-1h) to the W boson self-energy in the

context of many body framework [94, 97].

Short Range Correlation

In the nuclei, nucleons (N) (protons (p) and neutrons (n)) are bounded as we

saw before. When nucleons momentum are opposite (back-to-back), higher

than Fermi momentum (kF) and lower in the mass center a correlation between

nucleon pairs occurs. Such a phenomenon is known as short-range correlation

(SRC) pairs [98, 99]. To illustrate it, we can suppose the Sub-figure 3 of

Figure 1.5 where n and p are correlated under the condition mentioned above

(momentum back-to-back, higher that Fermi momentum, etc.). The effect in
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Figure 1.11: Spectral function for oxygen in terms of momentum and energy.
The figure is taken from [93]
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Figure 2.13: The comparison of nucleon momentum distributions for spectral function
and Fermi gas models.

Monte Carlo method to decide if the chosen momentum is already occupied (PB3):

P (p̨, E)æ Á(n(p̨final)≠ random[0, 1])P (p̨, E) (2.81)

Intuitively, the distribution of final nucleons momenta for blocked events should

more or less reconstruct n(p̨) (Eq. 2.66). As shown in Fig. 2.11a this is only true in the

case of the last PB model. Using global Fermi momentum produces an unphysical cut

for low energy final nucleons (see Fig. 2.11b), while two other models give a smooth

tail in the low momenta region. The choice of the approach for Pauli blocking does not

aÄect the cross section in a significant way though (see Fig. 2.12).

2.3.4 Summary

Short-range correlations produce pairs of high energetic nucleons (usually with opposite

isospins), absent in the Fermi gas picture. In Fig. 2.13a a probability of finding a nucleon

with given momentum for spectral function, local and global Fermi gas is shown. In

the case of FG there is an unphysical cut for a momentum higher than pF . If LDA is

applied, the probability distribution is closer to the one obtained by spectral function.

However, the high-momentum tail is still missing. The influence of choosing the model

34

Figure 1.12: Fermi Gas, Local Fermi Gas compared with a projection in mo-
mentum of spectral function. Figure taken from [86]
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the momentum distribution is illustrated in Figure 1.13, where the SRC is

represented in the tail of the distribution.
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Figure 1.13: Illustration of Short Range Correlation (SRC). Figure based on
[100]

The SRC preferentially leads to two nucleon knockout, including the

2p2h process (described later). At one extreme, the neutrino may transfer

most of its momentum to just one correlated nucleon. At the other extreme,

it can deliver the momentum and energy to one, both nucleons, or with the

strong force-carrying exchange pion, given more freedom than regular QE or

∆ reaction (Resonant interaction).

The SRC pair has a preference for proton-neutron instead of neutron-

neutron or proton-proton, in Carbon target the pn pair occurs around 20 times

than nn or pp [101], that imbalance is due to NN tensor force [102, 101, 103,

104]. One of the theoretical model approaches is the Generalized Contact

Formalism (GCF) [105]. Since the SRC influences higher nucleon momentum,

it has implications for the “slow” quark movement in the nucleus, known as

the “EMC” effect, in the DIS region [106].
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Meson Exchange Current (MEC)

The 2p-2h process (2-particles 2-holes) was initially studied in interactions of

charged leptons with nuclei. The interaction involved two nucleons, such as

neutron-proton pairs, as shown in Figure 1.14, plotted as a function of the

transferred energy. These events constitute extra events in the region between

QE and resonant, called the "dip" region. A detailed description of the 2p2h

process is in Appendix C and D.
534 P. Barreau et al. / Deep-inelastic electron scattering 

Ez680MeV  ___ D .UASl  ELASTIC  PEAK '  

~ DISCRETE  A  LEVEL  

-_---  QUASI FREE A  

_ TOTAL  

Fig. 18. Same as fig. 14. Calculations by Do Dang 30). 

depth is comparable to the nucleon-nucleus interaction (==40 MeV). Figs. 18 and 
19 show how his results compare with experiment. In the dip region the calculated 
cross section remains below the experimental one, especially at backward angles. 
Klingenbeck and Huber 31) consider A-nucleus resonances of different multi- 
polarities formed by A-hole excitations; figs. 20 and 21 show their results for two 
different angles; the agreement is good at forward angles but deteriorates at 
backward angles. 
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Fig. 19. Same as for fig. 17. Calculations by Do Dang 30). 

Figure 1.14: Electron scattering with carbon data ( C(e, e′) ), the two peaks
represent QE and ∆ resonance. Figure taken from [107, 108]

1.7 Neutrino-Nuclei Interaction (Final State Interactions)

After the neutrino-nucleon interaction, the outgoing particle can re-interact,

be absorbed, or be scattered before leaving the nuclei. The Final State Inter-

action, handed this propagation through several methods. Neutrino generator

like NuWro and GENIE uses intranuclaer cascade, and intranuclear hadron

transport [109].
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Figure 1.15: Illustration of possible interactions after the neutrino-nucleon
interaction. Figure based/taken from [86]
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CHAPTER 2

PERSPECTIVE OF NEUTRINO

DECAY EFFECTS AT FUTURE

LONG BASELINE

EXPERIMENTS

With its experimental confirmation, the neutrino oscillation phenomenon is a

warning that new physics beyond the Standard Model is needed, as shown in

the introductory chapter. A deep understanding of that phenomenon could

give knowledge moreover concerning a bigger picture of Nature. In this case,

in this precision era, the experimental results could ultimately differ from the

standard neutrino oscillation paradigm. Numerous studies have been con-

ducted over the years, such as the decoherence effect and non-standard in-

teractions in neutrino oscillation [110, 111, 112, 113, 114, 115, 116, 117, 118,



2.1. NEUTRINO DECAY

119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130], regardless of the

standard paradigm deviation. Another approach to producing changes in the

experimental results, perhaps hidden behind the neutrino oscillation, is the

light neutrino decay. In this part, we will study that effect in the context of

two future long-baseline experiments focusing on the impact of the matter on

visible and invisible light neutrino decays1. The experiments are Deep Un-

derground Neutrino Experiment (DUNE) and a hypothetical beam pointed

towards Agua Negra Deep Experiment Site (ANDES).

2.1 Neutrino Decay

The earliest work about neutrino decay was given in the context of the solar

neutrino problem [132], and the introduction of the Majoron like the Goldstone

boson in the spontaneous breaking of lepton number symmetry [133, 134,

135, 136]. The approach within the neutrino oscillation context are described

in [137, 138, 139, 140, 141, 142, 143, 144]. The model of neutrino decay

considers two types Majorna neutrino interaction with Majoron by Yukawa-

type couplings,

Lint =

(
(gs)ij
2

ν̄iνj + i
(gp)ij
2

ν̄iγ5νj

)
J, (2.1)

these couplings are scalar and pseudoscalar, the νi are the Majorana neutrinos

and J is the Majoron (see an illustration in Figure 2.1). The neutrino decay

process can be split into two types; the invisible decay (ID), which refers

to the decay product, can not be detected. The second type is the visible

decay (VD), where the decay products are detectable particles. We refer to

full decay (FD) to the sum of ID and VD.
1Based on work made in [131].
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Figure 2.1: Diagrams of neutrino decay for pseudoscalar and scalar coupling.
The pk is the 4-momentum and rk the spin, which can be (+,−).

The square amplitude of the neutrino decay (νj → νi + J) with four-

momentum and spin (pj, rj) is [144]:

|M|2 = g2s
4mimj

[
(pi · pj +mimj)(1− ri · rj) + (pi · rj)(pj · ri)

]
+

g2p
4mimj

[
(pi · pj −mimj)(1 + ri · rj)− (pi · rj)(pj · ri)

]
(2.2)

Equation 2.2 can be separated in pure helicity change components and it is

given by [144, 142],

|M(νj → νi)|2 =
g2s
4
(A+ 2) +

g2p
4
(A− 2), (2.3)

|M(νj → ν̄i)|2 =
g2s + g2p

4

(
1

x
+ x− A

)
(2.4)

where x = mj/mi, x > 1 with mj > mi,

A =
Ej

xEi

+ x
Ei

Ej

, (2.5)

rj = sL, ri = ±rL, and rµL = (c/mv)pµ − (
√
c2 − v2/v)gµ0 [144].
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With Equations 2.3 and 2.4, the decay rates of a neutrino with energy

E are [144, 142, 145],

Γ(νj → νiJ) =
m2

j

16πxEj

[
g2s

(
k+(x) + f+(x)

)
+ g2p

(
k+(x) + f−(x)

)]
, (2.6)

Γ(νj → ν̄iJ) =
m2

j

16πxEj

(
g2s + g2p

)
k−(x), (2.7)

where

k±(x) =
x

2
± 2

x
log x− 1

2x3
, (2.8)

f±(x) = ±
(
2− 2

x2

)
, (2.9)

the differential decay width is [145]:

d

dEi

Γ(νj → νi) =
mimj

4πE2
j

(√
1− m2

j

E2
j

)−1

|M(νj → νi)|2Θ(Ej, Ei), (2.10)

where Θ(Ej, Ei) = ΘH(Ej −Ei)ΘH(x
2Ei −Ej), ΘH is the Heaviside function.

Similar procedure can be followed for
d

dEi

Γ(νj → ν̄i). Let’s now define the

decay parameter as:

αij = Ej (Γ(νj → νiJ) + Γ(νj → ν̄iJ)) , (2.11)

in such a way that,

αi = EjΓj (2.12)

=
∑
j

αij. (2.13)

Before introducing the decay width in the oscillation probabilities.

We must remember that the Hamiltonian in the matter is not diagonal, as we

saw in Equation 1.25, now further adding the decay parameter. The resulting

Hamiltonian is:

H =
1

2E
U0


m2

1

m2
2 − i α2

m3
3 − i α3

U †
0 +


√
2GFNe

0

0

 ,

(2.14)
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in this case the normal ordering is considered with the lightest neutrino stable.

As we saw in the previous chapter, the Hamiltonian must be diagonalized [67,

68], since it is not diagonal in either the flavor base or the mass base. Because

of that we must introduce a new basis in which the Hamiltonial of Equation

2.14 is diagonal, and it is refer here like matter basis. The diagonalization

is made by non-unitary matrices defines as ŨαI with I = 1̃, 2̃, 3̃, thus the

diagonalized Hamiltonian is:

Ũ−1HŨ = Hdiag (2.15)

where the complex eigenvalues of the new Hamiltonian is:

m̃2
I − iα̃I = 2E(Hdiag)II . (2.16)

The next step is to evolve the Hamiltonian 2.14 and obtain the probability,

where a neutrino ν(r)α is subjected to oscillation and decay to a neutrino ν(s)β ,

where r and s in this case represent the helicity2. The function which accounts

for that is calculated [146, 142, 145] by

Pdec

(
ν(r)α → ν

(s)
β

)
=

∣∣∣∣∣
3∑

I=1

(
Ũ (r)

)−1

Iα
e

[
−i

m̃2
IL

2Eα

]
e

[
− α̃IL

2Eα

]
Ũ

(s)
βI

∣∣∣∣∣
2

δrs δ(Eα − Eβ)

+ Pvis(Eα, Eβ), (2.17)

where the first term represents the oscillation and ID. The terms δrs and

δ(Eα − Eβ) are included because they describe the neutrinos that have not

decayed. The second part of Equation 2.17 refers to the VD part in which the

neutrino can have different energy and helicity.

In order to describe the Pvis(Eα, Eβ) of Equation 2.17, let’s define

matrices which can allow us to connect the matter basis with mass basis as

follow:

C̃
(r)
Ij =

∑
ρ=e,µ,τ

Ũ
(r)
ρI (U0)

(r)∗
ρj (2.18)

Ĉ
(s)
Ij =

∑
ρ=e,µ,τ

Û
(s)
ρI (U0)

(s)∗
ρj (2.19)

2By helicity, we refer to ν or ν̄ state.

Page 41



2.1. NEUTRINO DECAY

where Ũ relates the flavor/interaction basis (α, β) to matter basis (I, J) before

the decay. Therefore C̃ relates matter basis with mass basis. We use Û to

refer the rotation after the decay. Considering Equations 2.18 and 2.19 we can

determine the visible component [142] by

Pvis(Eα, Eβ) =

∫
dℓ

∣∣∣∣∣∣
3̃∑

I=1̃

(
Ũ (r)

)−1

Iα
exp

[
−im̃

2
I ℓ

2Eα

]
exp

[
− α̃I ℓ

2Eα

] 3∑
i=2

i−1∑
j=1

C̃
(r)
Ii

×
√

d

dEβ

Γνri →νsj
(Eα)

3̂∑
J=1̂

(
Ĉ(s)

)−1

jJ
exp

[
−im̂

2
J(L− ℓ)

2Eβ

]

× exp

[
− α̂J(L− ℓ)

2Eβ

]
Û

(s)
βJ

∣∣∣∣2 , (2.20)

Which can be interpreted as the neutrino from the flux is in the interaction

eigenstate (νrα). However, the propagation occurs in the matter eigenstate,

which requires rotating with Ũ−1. After propagation of distance ℓ , the neu-

trino in matter eigenstate (ν(r)I ) decays. Nevertheless, the decay occurs in the

mass eigenstate in vacuum, and using Equation 2.18 we can rotate ν(r)i . After

the decay, the neutrino must propagate an (l − ℓ) distance, and to do that,

Equation 2.19 is used to rotate back to the matter eigenstate. Finally, to

detect the neutrino (ν(s)β ), we rotate with Û .

Equation 2.20 can be rewritten considering a constant Ne, defining

α<IJ> = αI + αJ , using Equation 2.10, taking into account one decay channel
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like (νr3 → νs1J) and one non-vanishing coupling [142, 145]

Pvis(Eα, Eβ)

= 2
3∑

I=1

3∑
J=1

3∑
M=1

3∑
N=1

(
Ũ (r)

)−1

Iα

(
Ũ (r)

)−1∗

Mα
Û

(s)
βJ Û

(s)∗
βN

× [(Eβ/Eα)α̃<IM> − α̂<JN>]− i [(Eβ/Eα)∆m̃
2
IM −∆m̂2

JN ]

[(Eβ/Eα)α̃<IM> − α̂<JN>]
2 + [(Eβ/Eα)∆m̃2

IM −∆m̂2
JN ]

2

×
{
exp

[
−i∆m̂

2
JNL

2Eβ

]
exp

[
− α̂<JN>L

2Eβ

]
− exp

[
−i∆m̃

2
IML

2Eα

]
exp

[
− α̃<IM>L

2Eα

]}
× C̃

(r)
I3 C̃

(r)∗
M3

(
Ĉ(s)

)−1

1J

(
Ĉ(s)

)−1∗

1N

×
(
(Eβ/Eα)α3

Eα

)(
1− m2

3

E2
α

)−1/2

F
′rs
g (Eα, Eβ)

(2.21)

where α3 is mass basis in vacuum which represents the neutrino-Majoron cou-

pling, x = xji = x31, g = {gs, gp}, and

F
′rs
g (Eα, Eβ) =

x231
(x231 − 1)

F rs
g (Eα, Eβ)ΘH(Eα − Eβ)ΘH(x

2
31Eβ − Eα), (2.22)

where,

F±±
gs (Eα, Eβ) =

1

EαEβ

(Eα + xjiEβ)
2

(xji + 1)2

F±∓
gs (Eα, Eβ) =

(Eα − Eβ)

EαEβ

(x2jiEβ − Eα)

(xji + 1)2

(2.23)

F±±
gp (Eα, Eβ) =

1

EαEβ

(Eα − xjiEβ)
2

(xji − 1)2

F±∓
gp (Eα, Eβ) =

(Eα − Eβ)

EαEβ

(x2jiEβ − Eα)

(xji − 1)2
.

(2.24)

There is indistinguishable effect of scalar and pseudoscalar when the

ν1 mass (mlightest = 0, x31 → ∞) as it is shown in the Figure 2.2, see the

purple line [145]. The largest value allowed by cosmology for the ν1 mass is

(mlightest = 0.07 eV, x31 → 1) [147].
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Figure 1. Visible decay functions F ′rs
g , as functions of final energy Eβ and xif . The top (bottom)

row shows the function for a scalar (pseudoscalar) coupling, while the left (right) column shows
the ones for chirality conserving (changing) processes. We have fixed the initial neutrino energy as
Eα = 3GeV.

For a given xij and energy, we have that ±± and ±∓ transitions are complementary, which

is expected, since F±±
g + F±∓

g = 1.

Studying the behaviour of these functions is important in order to understand how

scalar and pseudoscalar couplings affect our analysis of T2K and MINOS. To this end,

we show in figure 1 the functions F ′rs
g , defined in eq. (2.5), for fixed Eα = 3GeV, and

for several values of xif , as a function of Eβ . On the top (bottom) rows we show results

for scalar (pseudoscalar) couplings. The left column shows chirality-conserving transitions

(±±), while the right columns shows chirality-changing transitions (±∓).

For large xif (purple curve), we see that both scalar and pseudoscalar couplings have

the same behaviour (compare purple curve within the same column). For Eβ close to

Eα, we find that ±± processes (left column) are favoured, while for lower energies, ±∓
processes (right column) dominate.

For lower xif (dashed blue curve) we have a different behaviour depending on the

coupling. For scalar couplings, we see that ±± transitions dominate all final energies.

Meanwhile, pseudoscalar couplings have a mixed behaviour, with a clear preference for ±∓
transitions.

From now on, we assume a normal ordering scenario, with ν3 unstable and decaying

exclusively into ν1. We label α3 → α, m1 → mlight and (gs,p)31 → gs,p (see appendix B).

– 5 –

Figure 2.2: Visible decay function from equation 2.22, Eβ is the final energy
and Eα = 3 GeV (DUNE’s average energy) the initial energy. Top (bottom) is
scalar (pseudoscalar) coupling and left (right) is chirality conserving (changing)
processes. Figure taken form [145].

2.2 Matter effect with neutrino decay in DUNE and ANDES

Deep Underground Neutrino Experiment (DUNE)

DUNE is a Long-Baseline next-generation neutrino oscillation experiment [148]

(see Figure 2.3). The near detector (ND) will be located at the Long-Baseline

Neutrino Facility (LBNF) at Fermilab, 574 m from the neutrino source. The

far detector (FD) will be sited 1300 km far from ND at Sanford Underground

Research Facility (SURF). The neutrinos will be produced at the Main Injector

by hitting a primary proton of 1.07 MW to a target (first-year [149]), then pass-

ing through the Earth with an average matter density of ρDUNE = 2.96g/cm3.

The different setups of technology will perform near and far detectors. The ND

will consist of several components like a highly modular LArTPC, a magne-

tized gaseous argon time projection chamber (TPC), and a magnetized beam

monitor [150] (see Figure 2.4). The FD will use a massive modular liquid

argon time projection chamber (LArTPC) of 70 kt and a fiducial mass of

Page 44



2.2. MATTER EFFECT WITH NEUTRINO DECAY IN DUNE AND ANDES

Figure 2.3: Scheme of DUNE experiment. Figure taken form [152].

Figure 2.4: Scheme of LBNF. Figure taken form [152].

approximately 40 kt [151] (see Figure 2.5).

The main goals of DUNE are: The study of the preponderance of

matter over antimatter in the early universe (by measuring the CP violation

phase δCP and determining the neutrino mass ordering, resolving the octant

for the atmospheric mixing angle as shown in equation 1.10), the dynamics

of the supernova neutrino bursts (SNBs) that produced the heavy elements

needed to exist life (by measuring the νe flux from a core-collapse supernova

within our galaxy), and proton decay [152].

To study the effect of neutrino decay, we use the simulation provided

by [153], where there are both flux modes, Forward Horn Current (FHC) and

Reverse Horn Current (RHC), the proton on target (1.47×1021 POT) per year,

for 3.5 years on neutrino and 3.5 for antineutrino run, and the cross-sections
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Figure 2.5: Scheme of LarTPC proposed for FD of DUNE. Figure taken form
[152].

for Change Current (CC) and Neutral Current (NC).

Agua Negra Deep Experiment Site (ANDES)

ANDES is a proposed underground facility in the Southern Hemisphere [154].

It will be located in the deepest part (∼1750 m) of the road tunnel (14 km long)

in the Andes, between San Juan, Argentina, and Coquimbo, Chile. ANDES’s

goal is broad, including dark matter, geophysics, neutrino, biology, and others

[155].

In the context of the present study, we assume a hypothetical neu-

trino beam originating from Fermilab. The flux used is the one provided by

the DUNE collaboration. The baseline (Fermilab to ANDES) and matter den-

sity (computed using profile [157] ) were properly adjusted to 7650 km and

ρANDES = 4.7g/cm3 respectively. The constant matter density for DUNE and

ANDE as a function of Radius is shown in Figure 2.6.

To see the impact of matter effect with neutrino decay we will use the
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The density estimates provide the basic data needed for
a discussion of composition. Two long-standing debates
that hang on this are the composition of the core, that is,
the light elements that must be dissolved in iron-nickel
alloy to reduce its density to that of the core, and the pos-
sibility of a significant compositional difference between
the upper and lower mantles. As Birch (1952) recognized,
there is no plausible alternative to iron as the major core
constituent, but the outer core is about 10% less dense than
pure iron and Poirier (1994) reviewed the arguments for
rival candidate light solutes. At core pressures iron occurs
as a hexagonal close-packed (e) phase, for which the
extrapolated density would be r0,0 = 8,352! 23 kg m"3

(Stacey and Davis, 2004), compared with the core density,
extrapolated to the same conditions and also in the e phase,
7,488 kg m"3 for the outer core and 7,993 kg m"3 for the
inner core. The effects on the iron density of each of the
candidate light elements are known from metallurgical
literature; although none of the observations were made
on e iron, they are taken as a sufficient guide to their poten-
tial contributions to the core density deficit. There are
undoubtedly many elements dissolved in the core, but the
favored important ones, with the mass percentages
required in the outer core if each were the only light ingre-
dient, are H (1.4%), C (10.6%), O (12.7%), Si (17.7%),
and S (18.2%). The core densities can, in principle, be
explained by any combination of these elements, but geo-
chemical arguments restrict the range. The mass percent-
ages of each, in the inner and outer core, respectively,
favored by Stacey and Davis (2008, Table 2.5) are
H (0.07%, 0.08%), C (0.45%, 0.50%), O (0.11%,
5.34%), Si (nil, nil), and S (8.02%, 8.44%).

There are two main arguments bearing on the similarity
of the compositions of the upper and lower mantles, the
seismological evidence for penetration of the 660-km

boundary by subducting slabs and the densities of high
pressure phases of mantle minerals. The perovskite phase
of (Mg,Fe)SiO3 is believed to be the dominant lower man-
tle mineral. It is produced by high pressure laboratory
experiments and survives in a metastable state at P= 0 pro-
vided it is not heated. With no Fe the density at ambient
conditions is 4,107 kg m"3. The second most important
lower mantle mineral is almost certainly ferro-periclase
(magnesiowustite), (Mg, Fe)O, which may account for
as much as 20% of the composition. It is less dense
than the perovskite (3,585 kg m"3 for MgO) but more
readily accepts substitution of Fe for Mg and would
be 5,956 kg m"3 for FeO. The magnesium silicate perov-
skite can accept Al ions, but neither of these minerals read-
ily accepts Ca, so a calcium perovskite is believed to occur
also, but, unlike the magnesium perovskite and periclase,
it does not survive decompression and is not as well stud-
ied. It is evident that, with a modest iron content, a mixture
of these minerals can match the lower mantle density,
r0,0 = 4,144 kg m

"3, and that, on the basis of density, there
is no evidence for a compositional difference between the
upper and lower mantles.

Lateral density variations
Convection is ubiquitous in the Earth and this means that
lateral density variations, with hot, dilated materials ris-
ing, and replaced by denser, cool materials. Heterogeneity
of the mantle inferred from body wave tomography is gen-
erally consistent with the convective pattern, acknowledg-
ing that relics of earlier convective patterns are still
apparent, but elastic moduli are more sensitive to temper-
ature than is density and a thermodynamic analysis is
needed for interpretation (Stacey and Davis, 2008,
Sect. 19.7). The splitting of mode frequencies presents
evidence of lateral density variations that does not rely
on such interpretation, but, in spite of several detailed
studies, the difficulties are such that available results must
be regarded as preliminary (Ishii and Tromp, 1999;
Masters et al., 2000; Romanowicz, 2001). The general
conclusion is that, in addition to temperature variations,
compositional heterogeneity of the deep mantle must be
invoked to explain the observations, in confirmation of
a thermodynamic assessment (Forte and Mitrovica,
2001; Stacey and Davis, 2008, p. 288) of results of body
wave tomography (Robertson and Woodhouse, 1996; Su
and Dziewonski, 1997).

With respect to the outer core, observable lateral hetero-
geneity must be discounted as quite implausible, in view
of the speed of convective motion apparent from the geo-
magnetic secular variation. Compositional layering, with
a stable low density layer at the top of the core has been
suggested (Braginsky, 1999), but is not generally
supported.

Summary
The Earth’s density structure is now known in sufficient
detail to provide a sound basis for discussions of internal
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Earth based on PREM (solid line) and the profile of r0,0, the
density obtained by extrapolating to zero pressure and
a temperature of 300 K (broken line).
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Figure 2.6: Density profile of the Earth based on PREM (continuous line) and
the profile of ρ0,0 (dashed line) [156].

flux and cross-section (Φ×σ). The cross-section correspond to charge-current

for a neutrino with flavor β and helicity s as follows:

(Φ× σ)β ≡
∑
s

σs,CC
β (Eβ)

dΦ
(s)
β

dEβ

, (2.25)

where
dΦ

(s)
β

dEβ

=

∫
Pdec

(
ν(r)α → ν

(s)
β

) dΦ(r)
α

dEα

dEα. (2.26)

In order to properly study the impact of the neutrino decay, let’s

define the following channels: νe appearance for FHC Flux, ν̄e appearance for

RHC Flux, νµ disappearance for FHC Flux, and ν̄µ disappearance for RHC

Flux. The channels will be introduced as rule in the Abstract Experiment

Definition Language (AEDL) needed in the GloBES package. The channels

are defined in the Table 2.1 and Table 2.2.

Once the channels have been defined, the next step is to define the

oscillation parameters of the PMNS matrix. For this, we will follow the [158],
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where sin2 θ12 = 0.306, sin2 θ13 = 0.02166, sin2 θ23 = 0.441 ∆m2
21 = 7.5× 10−5

eV2, ∆m2
31 = 2.524× 10−3 eV2, for normal ordering, and δCP = −π/2.

We will split the effects of neutrino decay when neutrino mlightest is

vanishing (Case I), that is x31 → ∞, and as we shown previously, in that case,

we do not have coupling dependence (see Figure 2.2). The other two-part

is pseudoscalar (Case II) and scalar(Case III) couplings, both with neutrino

mlightest = 0.07 eV, that is, x31 → 1.

νe appearance, FHC Flux ν̄e appearance, RHC Flux
Signal
CC: (νµ → νe)ID + (νµ → νe)V D (νµ → νe)ID + (ν̄µ → νe)V D

+(ν̄µ → νe)V D +(νµ → νe)V D

CC: (ν̄µ → ν̄e)ID + (νµ → ν̄e)V D (ν̄µ → ν̄e)ID + (ν̄µ → ν̄e)V D

+(ν̄µ → ν̄e)V D +(νµ → ν̄e)V D

Background
CC: (νe → νe)ID (νe → νe)ID
CC: (ν̄e → ν̄e)ID (ν̄e → ν̄e)ID
CC: (νµ → νµ)ID + (νµ → νµ)V D (νµ → νµ)ID + (ν̄µ → νµ)V D

CC: (νµ → ντ )ID + (νµ → ντ )V D (νµ → ντ )ID + (ν̄µ → ντ )V D

CC: (ν̄µ → ν̄τ )ID + (νµ → ν̄τ )V D (ν̄µ → ν̄τ )ID + (ν̄µ → ν̄τ )V D

NC: (νµ → να)ID + (νµ → να)V D (νµ → να)ID + (ν̄µ → να)V D

NC: (ν̄µ → ν̄α)ID + (νµ → ν̄α)V D (ν̄µ → ν̄α)ID + (ν̄µ → ν̄α)V D

Table 2.1: νe appearance AEDL rules for FHC flux and ν̄e appearance rules
for RHC flux.

νµ disappearance, FHC Flux ν̄µ disappearance, RHC Flux
Signal
CC: (νµ → νµ)ID + (νµ → νµ)V D (νµ → νµ)ID + (ν̄µ → νµ)V D

CC: (ν̄µ → ν̄µ)ID + (νµ → ν̄µ)V D (ν̄µ → ν̄µ)ID + (ν̄µ → ν̄µ)V D

Background
CC: (νµ → ντ )ID + (νµ → ντ )V D (νµ → ντ )ID + (ν̄µ → ντ )V D

CC: (ν̄µ → ν̄τ )ID + (νµ → ν̄τ )V D (ν̄µ → ν̄τ )ID + (ν̄µ → ν̄τ )V D

NC: (νµ → να)ID + (νµ → να)V D (νµ → να)ID + (ν̄µ → να)V D

NC: (ν̄µ → ν̄α)ID + (νµ → ν̄α)V D (ν̄µ → ν̄α)ID + (ν̄µ → ν̄α)V D

Table 2.2: νµ disappearance AEDL rules for FHC flux and ν̄µ disappearance
rules for RHC flux.
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In DUNE , we will use the decay parameter α3 = 4 × 10−5 eV2 ,

which corresponds to approximately 10% of ⟨Eα⟩/L, and for ANDES, α3 = 8×
10−6 eV2, which reaches ∼10% of ⟨Eα⟩/L. The following cases are presented:

DUNE on the left and ANDES on the right, with VD and ID separate, the ID

contents also the standard oscillation (SO) hypothesis. All three cases show

the difference between decay+matter and decay+vacuum effect.

Case I: x31 → ∞
As we saw before, for this particular case the coupling are irrelevant, so we will

show just as one case. They are presented for the FHC mode (Figure 2.7 and

Figure 2.8), and then RHC (Figure 2.9 and Figure 2.10). As we pointed out,

the main difference between DUNE and ANDES is the baseline and the matter

density. The effect of those differences is shown in the comparison of left and

right side plots of Figure 2.7 and Figure2.8 and all other (Φ× σ) figures.
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Figure 2.7: Matter (continuous line) and vacuum (dashed line) difference for
νe appearance in FHC mode, with mlightest = 10−10 eV. Red lines are VD
and black ID+SO. Left plot corresponds to DUNE and right plot to ANDES.
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Figure 2.8: Matter (continuous line) and vacuum (dashed line) difference for
νµ disappearance in FHC mode, with mlightest = 10−10 eV. Red lines are VD
and black ID+SO. Left plot corresponds to DUNE and right plot to ANDES.

From the FHC plots, we can observe that the matter effect in the

ID and VD can be neglected for the νµ disappearance channel (see DUNE

plot). However, the νe appearance channel has a noticeable impact, the reason,

first, the ID is following the SO, and second, as we saw in Equation 1.22 the

CC matter potential affects almost only νe. That effect is prominent in the

ANDES case due to large matter density (except in DUNE case, see Figure

2.9). Another observation is that, in all the cases, the magnitude of the VD

contribution is low. But, the difference between VD-ID differs for FHC and

RHC (Figure 2.9 and Figure 2.10).
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Figure 2.9: Matter (continuous line) and vacuum (dashed line) difference for
νe appearance in RHC mode, with mlightest = 10−10 eV. Red lines are VD
and black ID+SO. Left plot corresponds to DUNE and right plot to ANDES.
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Figure 2.10: Matter (continuous line) and vacuum (dashed line) difference for
νµ disappearance in RHC mode, with mlightest = 10−10 eV. Red lines are VD
and black ID+SO. Left plot corresponds to DUNE and right plot to ANDES.

We can understand the small VD-ID in RHC focusing on the helicity

changing channel. In the FHC case, part of the incoming neutrino changes the

helicity to antineutrino. In opposition, RHC has a portion of antineutrinos,

which will transform into neutrinos. Since particles have a bigger cross-section

than antiparticles, the VD-ID differences for RHC become small.

Case II: Pseudoscalar coupling for x31 → 1

The plots are described as FHC (Figure 2.11 and 2.12) and RHC (Figure 2.13

and 2.14)for DUNE and ANDES. The ID keeps the same for this and scalar

cases (new subsection) because the coupling affects only the VD part.
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Figure 2.11: Matter (continuous line) and vacuum (dashed line) difference for
νe appearance in FHC mode, with mlightest = 0.07 eV, and pseudoscalar
coupling. Red lines are VD and black ID+SO. Left plot corresponds to DUNE
and right plot to ANDES.

Page 51



2.2. MATTER EFFECT WITH NEUTRINO DECAY IN DUNE AND ANDES

1 2 3 4 5 6
10−3

10−2

10−1

100

Eν (GeV)

Φ
×
σ

(1
0−

1
1

G
eV

−
1
)

1 2 3 4 5 6 7 8 9 10
10−5

10−4

10−3

10−2

10−1

100

Eν (GeV)

Φ
×
σ

(1
0−

1
1

G
eV

−
1
)

Figure 2.12: Matter (continuous line) and vacuum (dashed line) difference for
νµ disappearance in FHC mode, with mlightest = 0.07 eV, and pseudoscalar
coupling. Red lines are VD and black ID+SO. Left plot corresponds to DUNE
and right plot to ANDES.

We observed that the general effect is higher in low energy region.

Compared with (x31 → ∞), the VD effect with large mass and pseudoscalar

coupling is notable, with a slight enhancement.
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Figure 2.13: Matter (continuous line) and vacuum (dashed line) difference for
νe appearance in RHC mode, with mlightest = 0.07 eV, and pseudoscalar
coupling. Red lines are VD and black ID+SO. Left plot corresponds to DUNE
and right plot to ANDES.

Page 52



2.2. MATTER EFFECT WITH NEUTRINO DECAY IN DUNE AND ANDES

1 2 3 4 5 6
10−3

10−2

10−1

100

Eν (GeV)

Φ
×
σ

(1
0−

1
1

G
eV

−
1
)

1 2 3 4 5 6 7 8 9 10

10−5

10−4

10−3

10−2

10−1

100

Eν (GeV)

Φ
×
σ

(1
0−

1
1

G
eV

−
1
)

Figure 2.14: Matter (continuous line) and vacuum (dashed line) difference for
νµ disappearance in RHC mode, withmlightest = 0.07 eV, and pseudoscalar
coupling. Red lines are VD and black ID+SO. Left plot corresponds to DUNE
and right plot to ANDES.

Case III: Scalar coupling for x31 → 1

Similar to previous two subsections, the cases are presented for the FHC mode

(Figure 2.15 and Figure 2.16), and then RHC (Figure 2.17 and Figure 2.18). In

this case, a reduction of the VD contribution is shown for RHC flux compared

to Case I, but with an increase for the FHC flux of neutrinos. In all three

cases, the most remarkable difference between matter and vacuum is shown in

ANDES. Finally, there is a notorious difference at low energy ( 1 GeV) for

the VD in ANDES (see Figure 2.15). A summary with all the comparisons of

only the VD components is shown in Figure 2.19.
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Figure 2.15: Matter (continuous line) and vacuum (dashed line) difference for
νe appearance in FHC mode, with mlightest = 0.07 eV, and scalar coupling.
Red lines are VD and black ID+SO. Left plot corresponds to DUNE and right
plot to ANDES.
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Figure 2.16: Matter (continuous line) and vacuum (dashed line) difference
for νµ disappearance in FHC mode, with mlightest = 0.07 eV, and scalar
coupling. Red lines are VD and black ID+SO. Left plot corresponds to DUNE
and right plot to ANDES.
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Figure 2.17: Matter (continuous line) and vacuum (dashed line) difference for
νe appearance in RHC mode, with mlightest = 0.07 eV, and scalar coupling.
Red lines are VD and black ID+SO. Left plot corresponds to DUNE and right
plot to ANDES.
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Figure 2.18: Matter (continuous line) and vacuum (dashed line) difference
for νµ disappearance in RHC mode, with mlightest = 0.07 eV, and scalar
coupling. Red lines are VD and black ID+SO. Left plot corresponds to DUNE
and right plot to ANDES.
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Fig. 3 The VD contribution to (	 × σ), for νe appearance, at DUNE
(top) and ANDES (bottom). The left (right) column shows results con-
sidering the FHC (RHC) flux. Solid (dashed) lines include (do not
include) matter effects. We show results for x31 → 1 with scalar and

pseudoscalar couplings in red and blue, respectively. The green curve
considers x31 → ∞, where the two types of coupling give the same
effects

The detector efficiency εint
β (Ebin) and resolution function

Rint(Ebin − Eβ) are taken from the DUNE Collaboration
public files [64]. Both Eqs. (13) and (14) are used to cal-
culate signal and background events, with εint

β (Ebin) and

Rint(Ebin − Eβ) properly adjusted, according to the infor-
mation in [64].

For ID, this calculation is carried out within GLoBES
[72,73]. However, as the neutrino decay effective Hamilto-
nian is not Hermitian, we could not use the built-in diagonal-
ization algorithms. Thus, for this case, we modified the source
probability library, importing our own probability matrix into
GLoBES.

In the case of VD, we generated the fluxes in Eq. (5)
externally, and used these in Eq. (13), in GLoBES, to cal-
culate the event rates. Finally, we modified the channels of
each GLoBES rule, such that helicity change was taken into
account. For example, given the channel ν

(−)
α → ν

(−)
β , we

add ν
(−)
α → ν

(+)
β .

The full set of rules for each channel, for signal and back-
ground, including both ID and VD, is shown in Table 1. The
Table separates contributions to signal and background based
on the final state. However, they are added in the χ2 analyses
presented below. Notice that for ID, we include the contribu-

tions coming from both of the original ν
(−)
μ and ν

(+)
μ compo-

nents of the flux, for both νμ disappearance and νe appear-
ance channels. This is also done for VD in the νe appearance
channel. However, we find it suffices to include only the FHC
ν

(−)
μ (RHC ν

(+)
μ ) components in VD for νμ disappearance,

with the other component being negligible.

4.2 Analysis and results

We begin by studying the DUNE sensitivity to α3 in the FD
scenario. As θ13 is fixed by reactor νe disappearance mea-
surements [74], which are not strongly affected by FD [46],
we focus on the effect of varying θ23 and δCP. As in the previ-
ous Section, we present results for x31 → ∞, fixing the other
oscillation parameters at their best fit values. Data from both
νμ disappearance and νe appearance are taken into account.

To compute χ2, we calculate the number of events Ni for
each combination of θ23, δCP and α3, for the energy bin i .
Ni is calculated using Eq. (13), adding over helicities and
interactions, for signal and backgrounds. This is compared
to the events generated by a fixed set of parameters, refered
to as true values. We define χ2 using:

123

Figure 2.19: Visible decay only, red lines are scalar coupling, blues lines are
pseudoscalar coupling, and green line is (x31 → ∞). Top plots are DUNE
and bottom ANDES. Right plots are FHC and left RHC for matter (continues
lines) and vacuum (dashed lines).

2.3 Sensitivity and parameter fits at DUNE

In this section we study the DUNE sensitivity to decay parameter α3. Similar

studies were performed in [159] and [160]. In order to generate the channel, the

General Long Baseline Experiment Simulator package (GLoBES) [161, 162] is

used. The channel is defined in the AEDL as shown before.

Event generation

The number of event distributions are getting by convolution of cross-section,

flux, and detector effect functions. For instance, for incoming neutrino ν(s)β the

number of event in i bin and type of interaction int = {CC,NC} is:

N
(s),int
i,β =

∫
dEβ K

int
i (Eβ)σ

s,int
β (Eβ)

dΦ
(s)
β

dEβ

, (2.27)

where

K int
i (Eβ) =

∫ Ei,max

Ei,min

dEbin ϵ
int
β (Ebin)R

int(Ebin − Eβ), (2.28)
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which K int
i (Eβ) takes into account the detector efficiency ϵintβ (Ebin), and res-

olution function Rint(Ebin − Eβ). All the information used in this simulation

are provided by [153].

Before moving to χ2 analysis lets see the effect of the couplings in

(x31 → 1), and (x31 → ∞) in the number of event distributions for νe appear-

ance. To do that, we added a variation in θ23 with 38◦ and 52◦ (Comparison

I). The second variation changes the δCP in 90◦ and −90◦ (Comparison II).

The general behavior from Figure 2.20 to 2.25 is: First, the ID com-

pared with SO (no decay) is always small because the decay products are not

detectable; therefore, the distribution is suppressed. Second, the FD (full de-

cay) is always large than the SO because the decay products can be detectable.

Third, as we say in the previous section, the (x31 → ∞) case has a significant

enhancement at low energy, more visible in the RHC channels, confirmed at

the event rate level. Fourth, the VD in pseudoscalar coupling, with no van-

ishing light neutrino mass, is significant due to large helicity changes. Finally,

there is a high enhancement in the number of events for δCP = −90◦ and

θ23 = 52◦ (see section Comparison I and II) because the dominant component

is the VD for RHC. This is consistent with the left plot of Figure 2.13.
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Comparison I: θ23 38◦ vs 52◦
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Figure 2.20: Event rate distribution for pseudoscalar coupling (for (x31 →
1)), dashed lines are θ23 = 52◦ and continuous line are θ23 = 38◦. Right side
plot is FHC and left side is RHC.
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Figure 2.21: Event rate distribution for scalar coupling (for (x31 → 1)),
dashed lines are θ23 = 52◦ and continuous line are θ23 = 38◦. Right side
plot is FHC and left side is RHC.
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Figure 2.22: Event rate distribution for (x31 → ∞), dashed lines are θ23 = 52◦

and continuous line are θ23 = 38◦. Right side plot is FHC and left side is RHC.

Comparison II: δCP 90◦ vs -90◦
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Figure 2.23: Event rate distribution for pseudoscalar coupling (for (x31 →
1)), dashed lines are δCP = −90◦ and continuous line are δCP = 90◦. Right
side plot is FHC and left side is RHC.
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Figure 2.24: Event rate distribution for scalar coupling (for (x31 → 1)),
dashed lines are δCP = −90◦ and continuous line are δCP = 90◦. Right side
plot is FHC and left side is RHC.
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Figure 2.25: Event rate distribution for (x31 → ∞), dashed lines are δCP =
−90◦ and continuous line are δCP = 90◦. Right side plot is FHC and left side
is RHC.

2.4 Analysis, results and conclusions

For the analysis only θ23 and δCP are considered, θ13 is fixed by reactor mea-

surements [163]. The other parameters are fixed on their best fit. We will

consider the x31 → ∞ case and the combination of νe appearance and νµ

disappearance channels.
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The χ2 is defined on θ23, δCP, and α3 as follows:

χ2(θ23, δCP, α3, θ
true
23 , δtrueCP , α

true
3 ) =

bins∑
i

(Ni (θ23, δCP, α3)−Ni (θ
true
23 , δtrueCP , α

true
3 ))

2

Ni (θtrue23 , δtrueCP , α
true
3 )

(2.29)

where the true refers to default SO best fit values. To get the sensitivity of α3

as a function of θtrue23 we have to marginalize δtrueCP , and set αtrue
3 = 0 eV2. The

χ2 is given by:

χ2(θtrue23 , δtrueCP , α3, θ
true
23 , δtrueCP , 0)

∣∣
min δtrueCP

. (2.30)
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Fig. 4 Sensitivity to α3 as a function of θ true
23 . Left: the sensitivity when

combining νµ disappearance and νe appearance, after both FHC and
RHC runs. The curves show the sensitivity after marginalizing over

δtrue
CP , with the shaded area below giving the sensitivity for fixed val-

ues of the phase. Right: sensitivity curves for only FHC or RHC runs,
including only the νe appearance channel

Fig. 5 As in Fig. 4, but as a function of δtrue
CP

Nevertheless, the right panel of Fig. 5 shows a very dif-
ferent picture. Here, we find that the sensitivity has a very
strong dependence on δtrue

CP , particularly on the FHC mode.
This, of course, is due to the influence of δtrue

CP on the total
number of events. For example, for the FHC mode, a posi-
tive δtrue

CP would reduce the events coming from ID, which
has a stronger dependence on δtrue

CP than VD. As a con-

sequence of this reduction, a relatively small α3 is suffi-
cient to generate a VD contribution that can be compa-
rable to the ID component. This makes this point more
sensitive to low values of α3. In contrast, a negative δtrue

CP
implies a larger number of events expected from ID, such
that a larger α3 is required to reach the same level of sen-
sitivity compared to positive δtrue

CP . Thus, the ratio between

123

Figure 2.26: Sensitivity to θ23 as a function of θtrue23 . On the left the sensitivity
using both channels, with the shaded area below giving the sensitivity for fixed
values of the phase. The right side plot is the sensitivity of νe appearance only
with FHC or RHC.

The Figure 2.26 shows the sensitivity to α3 in terms of θtrue23 . The

left plot combines both appearance and disappearance channels for FHC and

RHC. The α3 sensitivity with whole channels are: (4 − 7) × 10−6 eV2 for 3σ

and (0.7 − 1.1) × 10−5 eV2 for 5σ. While, the right plot only accounts for

appearance channel since we saw how sensitive is to VD before (see Table

2.3).
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FHC RHC
3σ (1.0− 1.6)× 10−5 eV2 (5− 9)× 10−6 eV2

5σ (1.6− 2.7)× 10−5 eV2 (0.8− 1.4)× 10−5 eV2

Table 2.3: α3 sensitivity as function of θtrue23 for νe appearance channel only.
Right side plot of Figure 2.26.

The α3 sensitivity as function of δtrueCP is calculated marginalizing θtrue23 ,

and fixing αtrue
3 = 0 eV2,

χ2(θtrue23 , δtrueCP , α3, θ
true
23 , δtrueCP , 0)

∣∣
min θtrue23

. (2.31)

Similar to the previous α3 sensitivity, the left side plot of Figure 2.27 shows the

sensitivity as a function of δtrueCP for both channel combinations as well as FHC

and RHC. Compared with Figure 2.26, the curves are flat, which seems to say

that the values of δtrueCP is not relevant for determine the α3. However, the right

plot of Figure 2.27 shows a very strong δtrueCP dependence, with large impact on

FHC. The reason is the influence of δtrueCP on the total number of events. For

instance, let’s consider the FHC mode, so, a positive δtrueCP would reduce the

events coming from ID, which has a stronger dependence on δtrueCP than VD.

As a consequence of this suppression, a small α3 is enough to generate a VD

contribution that can be comparable to the ID. In opposite, a negative δtrueCP

implies a larger number of events expected from ID, in that case, a larger α is

required to reach the same level of sensitivity compared to positive δtrueCP .

Now, let’s compare the sensitivity of α with x31 → 1 and x31 → ∞.

To do that, we must marginalize in both δtrueCP and θtrue23 , and the result of that

is shown in the Figure 2.28. The values on the α3 are in the Table 2.5.
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Pseudoscalar Scalar
x31 → 1
3σ 3.8× 10−6 eV2 5.2× 10−6 eV2

5σ 6.4× 10−6 eV2 8.8× 10−6 eV2

x31 → ∞
3σ 6.1× 10−6 eV2 6.1× 10−6

5σ 1.0× 10−5 eV2 1.0× 10−5

Table 2.4: α3 sensitivity marginalized on θtrue23 and δtrueCP , from Figure 2.28.
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Fig. 4 Sensitivity to α3 as a function of θ true
23 . Left: the sensitivity when

combining νμ disappearance and νe appearance, after both FHC and
RHC runs. The curves show the sensitivity after marginalizing over

δtrue
CP , with the shaded area below giving the sensitivity for fixed val-

ues of the phase. Right: sensitivity curves for only FHC or RHC runs,
including only the νe appearance channel

Fig. 5 As in Fig. 4, but as a function of δtrue
CP

Nevertheless, the right panel of Fig. 5 shows a very dif-
ferent picture. Here, we find that the sensitivity has a very
strong dependence on δtrue

CP , particularly on the FHC mode.
This, of course, is due to the influence of δtrue

CP on the total
number of events. For example, for the FHC mode, a posi-
tive δtrue

CP would reduce the events coming from ID, which
has a stronger dependence on δtrue

CP than VD. As a con-

sequence of this reduction, a relatively small α3 is suffi-
cient to generate a VD contribution that can be compa-
rable to the ID component. This makes this point more
sensitive to low values of α3. In contrast, a negative δtrue

CP
implies a larger number of events expected from ID, such
that a larger α3 is required to reach the same level of sen-
sitivity compared to positive δtrue

CP . Thus, the ratio between

123

Figure 2.27: Sensitivity to δCP as a function of δtrueCP . On the left the sensitivity
using both channels, with the shaded area below giving the sensitivity for fixed
values of the phase. The right side plot is the sensitivity of νe appearance only
with FHC or RHC.
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Fig. 6 Sensitivity to α3 in DUNE, combining νμ disappearance and νe
appearance, after both FHC and RHC runs. We marginalize over δtrue

CP
and θ true

23 . The horizontal lines indicate the 3σ and 5σ confidence levels

the ID and VD components has a relevant impact on the
sensitivity.

The difference between the largest and smallest values of
α3 in a sensitivity curve is most pronounced in the 5σ case
of FHC, where the ID contribution clearly dominates (see
Fig. 1), and is modulated by the value of δtrue

CP . For the 3σ

case the behaviour is the same, but the difference in α3 is
diminished, due to the lesser number of ID events.

Due to CP conjugation, the situation for the RHC flux is
opposite: scenarios with positive δtrue

CP are less sensitive to
α3, in comparison to those with negative values. Here, the
difference between the largest and smallest α3 is very small,
that is, it has a milder dependence on δtrue

CP , as the overall
number of events is also small and the VD contribution is
usually comparable to the ID one. When combining both
FHC and RHC, we find that the latter has a stronger pull on
the sensitivity. In addition, the curve averages out, leaving an
almost flat result.

In Fig. 6 we show the sensitivity to α3 for both x31 → 1
and x31 → ∞ scenarios. As we have emphasized earlier,
only in the former case it is necessary to distinguish between
scalar and pseudoscalar couplings. In the Figure, the pseu-
doscalar coupling has a much better sensitivity, reaching
values of α3 = 3.8 × 10−6 eV2 (6.4 × 10−6 eV2) at
3σ (5σ), compared to the scalar coupling, which reaches
α3 = 5.2 × 10−6 eV2 (8.8 × 10−6 eV2). This is due to the
increased helicity-changing transitions that are typical of this
coupling, increasing tensions with RHC expectations. In fact,
for the pseudoscalar coupling, we find that the RHC-only

curve clearly dominates the overall sensitivity. In contrast,
the scalar coupling has less helicity-changing transitions, so
the sensitivity does not improve as much. Nevertheless, the
x31 → 1 scenario with scalar coupling has a better sensitivity
than the x31 → ∞ case, which reaches α3 = 6.1×10−6 eV2

(1.0×10−5 eV2). The reason for this is that, as we can see in
Fig. 3, the VD peak of the x31 → ∞ scenario appears at very
low values of energy, which are cut off by the experimental
thresholds included in our simulation.

These numbers can be compared to other results in the lit-
erature, at 90% C.L. For instance, for FD at T2K and MINOS
[46], the best limit is of α3 < 5.6×10−5 eV2. The authors of
[48] work in the context of ID at DUNE, and obtain a sensitiv-
ity around 1.5×10−5 eV2. In contrast, the authors of [47] take
FD, and their best sensitivity is as low as 3.4 × 10−6 eV2. At
this confidence level, our best sensitivity is of 2.0×10−6 eV2,
which is comparable to the limit obtained with atmospheric
neutrinos with ID, of α3 < 2.2 × 10−6 eV2 [35].

For the final part of our analysis, we compare the impact
of the SO, ID and FD scenarios in the determination of θ23

and δCP. For each scenario we generate a specific num-
ber of events by fixing oscillation and decay parameters
in combinations of true values: θ true

23 = {42.8◦, 47.2◦},
δtrue

CP = {90◦, −90◦}. For the ID and FD scenarios, we set
αtrue

3 = 4 × 10−5 eV2, as was done on Sect. 3. When per-
forming the fit, we assume SO as a theoretical hypothesis,
that is, we evaluate:

χ2 (
θ23, δCP, 0, θ true

23 , δtrue
CP , αtrue

3

)
(18)

where, of course, αtrue
3 = 0 eV2 in the SO scenario. We

include both νμ disappearance and νe appearance, with both
FHC and RHC runs.

Results are shown in Fig. 7. We find small differences
between SO and ID, which is due to α3 not being large enough
to have any effect. The reason for including these curves is
mainly for comparison with FD, which is the main focus of
this work. If we had used a larger α3, we would have found a
stronger impact on the determination of θ23, as was reported
in detail in [48].

On the other hand, the FD scenario is much more sus-
ceptible to values of α3 of this order of magnitude. This is
consistent with Fig. 1, that is, that the additional VD compo-
nent can dominate the flux at low energy, which in turn is the
main reason for the increased sensitivity shown in Fig. 6.

The regions can be understood by comparing the impact
of FD on νμ disappearance and νe appearance. First, since
we know from Sect. 3 that νμ disappearance is not strongly
affected by FD, we find the same kind of constraints on the
minimum and maximum possible values of θ23, including the
octant degeneracy [75–77].

The important modification on the fit happen because of
the νe appearance channel. As reported in Sect. 3, the inclu-

123

Figure 2.28: Sensitivity to α3, by combining νµ disappearance and νe appear-
ance, with FHC and RHC modes. For this sensitivity, θtruth

23 and δtrueCP were
marginalize. The horizontal lines indicate the 3σ and 5σ confidence levels.
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Fig. 7 Allowed regions, taking SO as a theoretical hypothesis, assum-
ing that the measured signal was generated by SO (gray region), ID
(blue curve) or FD (red curve). We include νμ disappearance and
νe appearance channels. The left (right) column takes θ true

23 = 42.8◦

(47.2◦), while the upper (lower) row has δtrue
CP = 90◦ (−90◦). We take

αtrue
3 = 4 × 10−5 eV2. Dashed and solid lines (dark and light regions)

correspond to 3σ and 5σ confidence levels, respectively, with the dots
indicating the best-fit points

sion of VD leads to an increase in events in both FHC and
RHC modes within our simulated data sample. This fact is
the reason why the SO fit in general prefers larger values of
θ23, since the leading term in the νμ → νe oscillation proba-
bility is proportional to sin2 θ23. In fact, true points generated
with FD in the lower octant of θ23 can have an SO solution
on the higher octant. For true points generated in the higher
octant, the νμ disappearance constraint does not allow θ23 to
increase.

Our true points were generated for values of δtrue
CP where

the CP asymmetry is maximal. However, in the fit the SO
regions tend to prefer values of δCP closer to ±π , such that
the asymmetry is diminished.

5 Conclusions

Starting from the treatment given in [28], we have formulated
a description for matter effects in visible neutrino decay. In

123

Figure 2.29: Allowed regions as function of θ23 and δCP. The gray region
represents the SO, blue ID and red FD. The upper (lower) row has δtrueCP =
90◦(−90◦), while the left (right) column has θtruth

23 = 42.8◦(47.2◦). The αtruth
3 =

4 × 10−5 eV2. Dashed and solid lines (dark and light regions) correspond to
3σ and 5σ confidence levels, respectively, with the dots indicating the best-fit
points.

The final part of the analysis is shown in the Figure 2.29, where

the SO, ID, and FD is evaluated in different δtrueCP , and θtrue23 scenarios with

αtrue
3 = 4× 10−5 eV2. Using the χ2 give by the following equation:

χ2(θ23, δCP, 0, θ
true
23 , δtrueCP , α

true
3 ), (2.32)

where αtrue
3 = 0 eV2 for SO case. Just like Figure 2.28, includes all channel

and neutrino, flux models. Figure 2.29 shows a slight difference between SO
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Pseudoscalar Scalar
x31 → 1 < 2.0× 10−6 eV 2 < 2.8× 10−6 eV 2

x31 → ∞ < 3.2× 10−6 eV 2 < 3.2× 10−6 eV 2

Table 2.5: DUNE α3 sensitivity at 90% C.L

and ID, and it is due to α not being big enough to have any relevant influence,

as reported by [159]. On the other hand, FD has more susceptibility to α3

values, as shown in (σ × Φ) plots.

We started from a decay scenario [144, 142, 145], where we studies

the matter effect in visible neutrino decay. To comprehend that effect, we

conducted a study in two distinct circumstances. On the first, we use the flux

and baseline for DUNE, while on the second, we use the same flux but take into

account the baseline for ANDES. Only the ID component of νe appearance is

affected by matter in DUNE; the effect on all other components, like VD νe

appearance, can be neglected.

In the case of ANDES, however, we not only see an enhanced effect

on the ID component due to matter, but we also see a relevant modification

in the VD component. That is important for νe appearance, but it also has

an impact on νµ disappearance.

In addition, the sensibility of decay α parameter study was performed

for DUNE. The values found at 90% of confidence level are shown in Table

2.5. Finally, we observed that the permitted regions would shift toward larger

values of θ23 and CP-conserving values of CP.
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CHAPTER 3

NEUTRINO BEAM AND FLUX

In this chapter, we will describe, in a general way, the accelerator neutrino

production, focusing mostly on the neutrino flux production at NuMI (Neu-

trino at the Main Injector), which is the starting point for the measurement

of the double differential cross-section presented in chapter VIII. We will also

describe the primary sources of errors associated with the flux. For more de-

tails, the reader can found some information about neutrino production and

history in [164, 165, 166, 167, 168]. Finally, to use the neutrino flux in the

MINERvA experiment, we adjust the flux simulation. Flux adjustment can

be made through constraints and scaling the muon momentum. Those studies

will be discussed in the last two sections of this chapter.

3.1 Neutrino Beam

Typically, a neutrino beam production follows the next steps: First, we need to

have a source of accelerated protons that then hits a target, which is thick and
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narrow enough to avoid a lot of re-interactions. Of which short-lived mesons

are produced. Second, the mesons produced are aligned by parabolic magnetic

horns to decay [169, 170], among other particles, into neutrinos. The decay

occurs usually in a vacuum or low density or gas-filled pipe [171, 167]. Third,

the decay product is filtered to have an aligned neutrino beam. The neutrino

energy can be inferred from the mesons’ decay which follows the usual two-

body decay—for example, the meson π±, which decays in µ± and ν(h)µ
1 with a

probability of 99.9877% [172]. The relation between π decay kinematics with

neutrino energy is [173, 174, 175]:

Eν =
0.427Eπ

1 + γ2θ2
, (3.1)

where γ is the Lorentz boost of the pion, and θ is the angle between the π and

neutrino direction. The 0.427 is a factor that involves the µ and π masses.

All these steps are similar to producing atmospheric neutrinos. How-

ever, instead of a controlled accelerator, you have charged particles (cosmic

rays) colliding with molecules in the atmosphere to produce mesons and neu-

trinos. This similarity is not an accident. In fact, the production of neutrinos

has its origin in the atmospheric neutrinos or at least their motivation [15, 17,

176].

3.2 Neutrino at the Main Injector (NuMI)

NuMI [174] is a Fermilab facility that provides an intense neutrino (antineu-

trino) beam to NoVA [177] and in the past to MINOS [178] and MINERvA.

The neutrino generation follows that described in the previous section. The

proton beam used in the first step hits a carbon target with 120 GeV. The

neutrino energy distribution goes up to 120 GeV, with a peak of the neutrino

distribution at around 3 GeV and 6 GeV called Low Energy (LE) and Medium

Energy (ME), respectively. A comparison between LE and ME in MINERvA

and off-axis ME NoVA is shown in Figure 3.1.
1Here s can be “+” for neutrino or “−” for antineutrino
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From hydrogen to proton beam

There are four different instruments used to produce the 120 GeV proton beam,

and they are [179]: Pre-accelerator (RIL), LINAC, Booster, and Main Injector.

Those are shown in Figure 3.2.

The process begins in RIL (Radio Frequency Quadrupole Injection

Line) or pre-accelerator, a set of instruments2 that takes negative hydrogen

ions (H−) to accelerate from 35 keV to 750 KeV [180].
signi�cantly narrower than the spectrum one sees on axis. See Figure 2.14.
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FIG. 2.14: MC �µ �uxes for ME runs in the MINERvA and NOvA Near Detectors.
LE010185i is shown as a reference.

2.3.1 Beam components

Figure 2.15 shows the �ux components for di�erent beam con�gurations. The

neutrino type focused in FHC modes are muon neutrinos with a small (few per-

centage) background contamination from muon antineutrinos, that is completely

unfocused. The background comes mainly from mesons produced outside of the

target and some “horn2-only” mesons. The electron neutrino �ux in LE010z185i

represents less than 1% of the total �ux and about 0.8% in the focusing peak ac-

cording to the simulation.

Conversely, muon antineutrinos focused in LE010z-185i �ux are the main com-

ponent up to 8 GeV. For higher energies (> 10GeV), when the �ux comes mostly

from unfocused meson parents, the muon neutrino contribution is dominant because

40

Figure 3.1: Low Energy (LE) and Medium Energy (ME) neutrino fluxes dis-
tributions in MINERvA, and off-axis ME in NoVA. Figure taken from [181].

The second part is handled by LINAC (LINear ACcelerator), a linear

accelerator with 150 m of length, operating for more than 50 years [182, 183],

which went through several updates, where the last one3 is under construction;
2The RIL consists in four parts, the Ion source, Low Energy Beam Transport line

(LEBT), Radio Frequency Quadrupole (RFQ), and Medium Energy Beam Transport
(MEBT).

3The PIP-II will replace the LINAC. It will increase the energy up to 800 MeV.
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the PIP-II [184]. The LINAC 4 is injected with the ions coming from the

pre-accelerator, in the quadrupole radio-frequency [185], and then enter the

radiofrequency (RF) cavity that oscillates at 201 MHz, increasing the ions’

energy to from 750 KeV to 116.5 MeV. Finally, before leaving the LINAC, the

ions pass through other side-coupled RF cavities that oscillate at a frequency

of 805 MHz, increasing the energy of the ions to 400 MeV [186].
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Figure 1: Fermilab Accelerator Complex. The proton accelerator cycle for the NuMI Beam starts with the Linac and is followed by the Booster
and then the Main Injector. The Tevatron was operational during most of the MINOS run but was not used in neutrino production. The Recycler
is used in the follow-up, post-MINOS experiments (see Sections 4.2 and 5 for more operational details). A large number of beam lines shown were
constructed for other experiments and are no longer in use or their function has changed. The AP1, AP2 and AP3 beam lines, AP0 target station
and the ring named Muon formed the antiproton source which is no longer active and in the future some of these will be used for muon experiments.
The P1 and A1 lines are proton and antiproton injection lines from the Main Injector to the Tevatron and are also no longer in use. The P2 and P3
lines use original Main Ring magnets and were part of the fixed target extraction complex. The squares labeled MI surrounding the Main Injector
are various Main Injector service buildings.

7

Figure 3.2: Scheme of LINAC, Booster, Main Injector, and Tevatron. Figure
taken from [167].

The third part of the acceleration process passes through the Booster

accelerator, which is a synchrotron accelerator with a circumference of 474.2

m, RF from 37.77 MHz to 52.8 MHz. The booster gets LINAC’s ions with

400 MeV and removes the electrons through a stripping foil to have a proton
4LINAC has two main components: Drift Tube Linac (Low Energy Linac) and Side-

Coupled Cavity Linac (High Energy Linac).
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source. The new source is accelerated with an initial revolution period of 2.2µs

(400 MeV) to 1.6µs, which gives us proton energy of 8 GeV [187].

The last part of the proton acceleration process involves the Main

Injector; A proton synchrotron accelerator with 3319.4 m of circumference, a

revolution period of 11.1µs, and RF from 52.8 MHz to 53.1 MHz.[188]. The

protons at 8 GeV coming from the booster are delivered by MI-8 Line5 to the

Main Injector, which with its dipoles, quadrupoles, and RF cavities, end up

in a pulsed proton beam with 120 GeV of energy, 1.1 mm of Gaussian beam

sigma, 1.87s of cycle time, and 10 µs beam spill duration [179].

From proton to neutrino beam

The general description from proton source to neutrino source is summarized

in Figure 3.3 and discussed briefly previously. Now, in this subsection, we will

discuss it a bit in detail.

Figure 2: Schematic of the NuMI Beam. The individual components of the NuMI beam (not
to scale) are shown together with the relevant dimensions. All the important elements are
shown, including the target, the horns, the decay pipe, the hadron absorber, and the so-called
muon shield which consists of the dolomite rock preceding the MINOS Near Detector.

and predominantly decay via the modes ⇡+ ! µ+ + ⌫µ and K+ ! µ+ + ⌫µ
yielding a ⌫µ beam. There is also a few percent ⌫̄µ component coming from
negative hadrons and a small contamination of electron neutrinos (⌫e) due to
subdominant electronic decay mode of K+ hadrons, decays of K0 particles, and
decays of tertiary muons [10].

A hadron monitor is located at the end of the decay volume just in front
of the 5 m thick absorber to record the profile of the residual hadrons. These
residual hadrons are attenuated to a negligible number by the absorber. Four
alcoves have been excavated in the rock just downstream of the absorber and
are used to house three muon monitors allowing measurement of the residual
muon flux with three di↵erent threshold energies2. The 240 m of rock following
the absorber stops the muons remaining in the beam but allows the neutri-
nos to pass. After 240 m a cavern has been excavated to house the MINOS
Near Detector. The cavern subsequently housed additional experiments such
as MINER⌫A or ArgoNeuT, taking advantage of the high neutrino flux at that
location. The schematic of the NuMI beam is shown in Fig. 2. The individual
beam components are described in more detail in the sections below.

2.1. The Primary Beam Line

The primary beam line is a transfer line carrying the 120 GeV protons from
the Main Injector to the NuMI target. There were two central design principles
for the NuMI proton beam line [29]: safe and low-loss transmission of a very
high-power proton beam and accuracy and stability of targeting. Fractional
losses over the 350 m beam line were required to be kept below 10�5. The
physics of the MINOS experiment required the beam to have an angular stability
of ±60 µrad, and a positional stability of ±250 µm at the target. Typical
operational values achieved were fractional beam loss prior to the target profile
monitor of 3⇥10�7, angular stability of ±15 µrad, and positional stability of
±100 µm.

2The fourth alcove was not instrumented during MINOS running.

8

Figure 3.3: Big picture of neutrino production. Figure taken from [167].

The target that the proton beam hits is an isotropic POCO ZXF-

5Q graphite with an apparent density of 1.78 g/cm3 [167]. The chemical

composition is shown in Table 3.1, and it consists (see Figure 3.4) of 47 fins,

where each fin has 6.6mm × 15mm × 20mm with 0.3 mm of space between

fin to fin. The total length is 95.38 cm. The proton is directed at the target

through a collimating baffle. As is pointed out in Figure 3.5, the fins are
5MI-8 Line is composed by mostly magnet [179].
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Element Concentration
(ppm wt)

C Matrix
Cl 0.38
Cr 0.18
B 0.7
S 0.18
Ta <5
F 0.07
Al 0.09
Si 0.05
Fe 0.03
P 0.02
Zn <0.05

Table 3.1: POCO ZXF-5Q graphite target composition. Table taken from
[189]

brazed in a vacuum to two stainless steel tubes that carry the water coolant.

Finally, there is one more fin mounted upstream in the target canister at 15.73

cm from the main target.

the NT-02 target’s lifetime, a gradual decline in the neutrino
yield of ∼10%–15% was observed, prompting its eventual
replacement. This reduction was attributed to radiation-
induced damage in the graphite microstructure within
the thin cylinder traversed by the 1.1 mm σ beam that
progressively led to macrocracking and consequently a
density reduction, which, in turn, affected the optimal
spectrum of liberated pions and kaons captured by the
magnetic field surrounding the target. Upon target retrieval
and examination and inspection, global cracks shown in
Fig. 2(b) were evident in several upstream fins (upstream
target edges with the first three fins in the sequence are
shown). The fracture surface along a failed in-beam target
fin is depicted in Fig. 2(a). It is estimated that the shown
fracture surface in Fig. 2(a) is that of fin 2 in the sequence.
A postmortem evaluation of the NT-02 target revealed bulk
swelling of the order of ∼2% (relative swelling between the
center and fin edges) to have taken place in fins located
both upstream and downstream with more swelling asso-
ciated with upstream locations and fractured fins. The

examination confirmed that target fin fractures have
occurred during the 120 GeV beam irradiation.
Evidently, severe in-beam radiation damage in the 95-cm-

long target could have potentially pushed target segments
located in the downstream region close to fracture or failure
limits. This stems from the fact that fins retrieved from the
downstream half also failed either in beam or during
subsequent retrieval or detachment from the stainless-steel
cooling pipes they were brazed onto for examination.
A large body of research has emerged over the past seven

decades regarding graphite and the effects of thermal and
fast neutrons on its micro- and macrostructure as well as its
thermophysical properties [1–19]. Changes in physical and
mechanical properties, swelling, and annealing as well as
evolution of the graphite lattice structure were addressed.
Dimensional changes, swelling, and mechanical properties
were reported in Refs. [1–5]. The activation energy for
annealing is reported in Ref. [6]. Studies on the lattice
parameter evolution under neutron and/or electron irradi-
ation were reported in Refs. [7–16]. Nuclear graphite

FIG. 1. (a) Neutrino (NuMI) target configuration, (b) intact NT-02 target fin following irradiation to 8.6 × 1021 p=cm2, and
(c) photoimage of the actual NT-02 target depicting the full array of fins.

FIG. 2. NuMI target NT-02 upstream (a) fin fracture surface and (b) macrocracking fin failure.

N. SIMOS et al. PHYS. REV. ACCEL. BEAMS 22, 041001 (2019)

041001-2

lattice parameter change as function of neutron fluence and irradiation
temperature. Fig. 5 a and b shows the expansion along c-axis and
contraction in basal plane in pyrolytic nuclear grade graphite. Fig. 5c
shows similar behavior in NT-O2 failed target made from POCO-ZXF5Q.

Crystal lattice swelling has been shown to be more prominent in lower
irradiation temperature ranges, below 200 °C. It can also be noticed that
at any particular temperature and fluence, the c-axis expansion is far
greater than a-axis contraction. So, in effect there is net expansion of

Fig. 2. (a) SEM image of POCO graphite fin showing particles and pores, (b) TEM image showing Mrozwoski cracks, (c) a fractured target fin with brazed cooling
pipes at the top and bottom, (d) Fracture surface of the target fin.

Fig. 3. (a) Energy deposition on an upstream target fin perpendicular to beam direction, (b) energy deposition profile normal to beam at different locations along
target array.

S. Bidhar, et al. 1XFOHDU�0DWHULDOV�DQG�(QHUJ\�����������������

�

Figure 3.4: Fin target configuration (top plot) and dimension of individual fin
(bottom). Figure top taken from [190] and bottom from [189].
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segments and base plate, and also relieves the
stress on the beryllium windows.

5.3. LE target design

The general view of the LE target design is
shown in Fig. 12. The graphite (beryllium) target
core is a row of 47 (56) segments, each 3:2 ð4:1Þ
mm wide, 20 mm high, and 20 mm (16:5 mm) long
[21]. As in the ME target design, the corners of
each segment are rounded with the radius equal to
half the segment width. To avoid contact between
heated segments, they are separated by B0:3 mm
gaps. The segments are soldered by means of a soft
solder with a melting temperature of B3001C to
two steel cooling pipes with external diameter
4:0 mm and wall thickness 0:2 mm:

The target core is inserted into a 0:4 mm thick
30 mm diameter aluminum casing, centered by
three aluminum spacers. The spacers are anodized
with 30 mm thick alumina to provide electrical
insulation of the target core for charge-read-out
monitoring. Because the downstream end of the
LE target is located close (B5 mm) to the inner
conductor of the first horn, metal–ceramic adap-

ters are used to isolate the target casing and water
cooling pipes from ground, preventing an electrical
break-down path. Two bellows prevent any forces
on the metal–ceramic adapters which arise in the
design during assembly or operation. The target
canister with ConFlat flange, target casing, and
two beryllium windows enclose an internal volume
which is evacuated or filled with inert gas to
protect the target material from oxidation.

The total length of the LE target unit is equal to
B1:2 m: The target may be mounted onto the
outer conductor of the first horn, or the target may
have its own support module as in the ME and HE
cases. In either case, the target casing is fixed only
at its upstream end, and gravity will cause a 0.6–
0:8 mm sag at the downstream end. This sag is
small compared to the vertical size of target
segments; consideration of sag was, in fact, one
of the factors leading to the choice of a fin design
for the LE target.

5.4. Results of temperature and quasi-static stress
calculations

The adiabatic temperature rise due to the heat
load of a target material by the primary proton

Fig. 12. General view of the LE target design.

A.G. Abramov et al. / Nuclear Instruments and Methods in Physics Research A 485 (2002) 209–227220

Figure 3.5: Scheme of the Target fin and its surrounding components. Figure
taken from [191].

From the bombarded graphite with the proton beam, secondary par-

ticles are produced. Those particles, mostly mesons, are focused by two mag-

netic horns. The focusing process works similarly to optic lenses, in which,

instead of photons and lenses, we have mesons and magnetic fields. The illus-

tration of the horns is shown in Figure 3.6.
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Figure 3.6: Scheme of the magnetic horns to focus the mesons. Figure taken
from [167].

Horn 1 and Horn 2 have a double parabolic shape with an inner

conductor of nickel-plated aluminum and anodized aluminum for the outer

conductor (the geometric dimensions for both horns are showed in Figure 3.7

). Both horns operate at 200 kA of current, producing a 3 T. The horn’s length

has a 300 cm (focus region). The minimum aperture field-free neck is 9 mm

and 3.9 cm of radius for Horn 1 and 2, respectively. The distance from Horn

1 to Horn 2 is 10 m, and its variation allows us to have less or more neutrino

average energy (see Figure 3.8).

After aligning the mesons, the next part is to pass through a space

where the mesons can decay into neutrinos. That place is the decay pipe. The

vacuum (<1 Torr) pipe has a 1.98 m inner diameter x 677.1 m long. The pipe’s

upstream and downstream vacuum windows have 1.57 mm of aluminum and

6.35 mm of steel, respectively.
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Figure 11: Schematic of the NuMI Horns’ Cross-Section Views. The top illustration shows
the shape and dimensions of Horn 1, and the bottom illustration shows the same for Horn 2.

schematic of the target inserted into Horn 1 for the low energy configuration
used in the MINOS experiment.

The NuMI horn inner conductors have a parabolic radial profile, such that
they act as linear lenses and can be treated in the thin-lens approximation
when the target is not too close to Horn 1. By Ampere’s law the magnetic field
between the inner and outer conductors should fall as 1/R and should be zero at
radii smaller than the inner conductor. The field measurements of the first horn
verified the 1/R dependence to a high degree of accuracy. Both the transverse
and axial field components were essentially zero everywhere along the beam axis
except at the neck where the transverse component was 30 gauss, 0.1% of the
maximum transverse field of 3 T [35, 36]. The parabolic shape causes the path
length of particle trajectories in the magnetic field region to approximately scale
with the square of the radius at which the particle enters the conductor. The
transverse momentum kick from the horn increases linearly with R. Thus the

22

Figure 3.7: Horn 1 and 2 description. Figure taken from [167].

focusing elements in existing [2,3] and preceding
[4–6] neutrino beamlines. A pulsed current running
down the inner and back the outer of two co-axial
conductors produces a toroidal magnetic field
between them. This field is used for focusing and
at the same time for sign selection of charged
pions. The pions enter and exit the horn by passing
through the inner conductor, and the shape of
inner conductor should be thoroughly optimized
to provide high angular and momentum accep-
tances in the required energy range. A focusing
system may consist of 1, 2 or 3 magnetic horns.
The second and third horns are often referred to as
‘‘reflectors’’. As a rule, a single-horn focusing
system is about 50% efficient in comparison with a
two-horn system. On the other hand, the gain
adding a third horn can be marginal since the
additional focusing efficiency is balanced against
absorption of pions by the horn material (espe-
cially for a focusing system located inside the
target hall with the length which is significantly
smaller than the total length of the decay region).

2. General description of beam optics designs

2.1. Wide band beam configurations

A flexible neutrino beam optics, which may be
tuned to different neutrino energy ranges, has been
designed for Neutrinos at the Main Injector
(NuMI). This focusing system (labeled as PH2)
consists of two 3 m long magnetic horns with
parabolic shaped inner conductors. Although the
focusing is continuously variable, three tunes
which jointly span the energy range from 1 to
24 GeV have been chosen for further study. These
are labeled the low energy (LE), medium energy
(ME) and high energy (HE) wide band neutrino
beams (WBB). These beam configurations use the
same horns and power supply system, but different
targets and different positions of the second horn
(Fig. 1). The current in the horns, which are
powered in series, is equal to 200 kA for all beam
configurations.

The basis of the design can be understood from
a few fundamental approximations, although the
optimization and detailed design require extensive

Monte Carlo calculations. First, we note that in
pion decays where the neutrino goes forward to
the detector, the neutrino energy is approximately
42% of the pion energy. So, by selecting which
momentum pions we focus, we are selecting the
resulting neutrino energy. For a given momentum
and distance from a target, the required transverse
momentum ðp>Þ kick from the horn to focus the
pion parallel to the beam axis grows linearly with
radius. Since the magnetic field is falling as 1=R ,
the path length through the horn is required to
grow as R2; i.e. the inner conductor should be
parabolic. In this a thin lens approximation, the
focal length of the horn is proportional to the
momentum, and the energy of the neutrino beam
can be selected by varying the distance of the
target to the horn. That this maintains a reason-
able efficiency for a real horn depends on the fact
that pion production peaks at p>B0:3 GeV=c for
all pion momenta, so that the required inner and
outer radii of the horn for a good acceptance
remains reasonably constant. The same acceptance
constraint is the reason for producing a lower
energy beam by lowering the horn current does not
work.

Fig. 1. Layouts of three different configurations of the PH2
wide band neutrino beam (Z ¼ 0 corresponds to the upstream
end of the first horn).

A.G. Abramov et al. / Nuclear Instruments and Methods in Physics Research A 485 (2002) 209–227210

Figure 3.8: Horn displacements for LE and ME neutrino. Figure taken from
[191].
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Finally, after the mesons decay in the pipe, they must be filtered to

have a pure neutrino beam. Downstream of the decay pipe, there is a hadron

absorber which consists of massive aluminum, steel, and concrete structure.

3.3 Flux Simulation and Prediction

The flux simulation, which will lead to the prediction, is performed in GEANT4-

based MC[192], denominated g4numi. Every step of the description above is

simulated. For our measurement purpose, we will focus on two main parts

of the simulation, the hadron production, and the focusing. The first part

concentrates on the hadrons produced due to the proton interaction with the

target and the meson reinteractions. The second part of our interest is the

correct simulation of the geometry around the target and horns. A detailed

description of the simulation can be found in [181].

Hadron production

The mesons produced from the proton interaction do not decay cleanly. They

can re-interact, and from the product of those re-interactions, we can also have

neutrinos also. However, re-interaction belongs to nonperturbative QCD. Fur-

thermore, the simulation becomes complicated due to different models. Fig-

ure 3.9 shows the simulation of the average number of hadrons interactions

per neutrino as a function of the produced neutrino energy. The main contri-

bution in the peak of the neutrino energy spectrum comes from proton-carbon

(pC→ πX), nucleon-A6, and meson inc7. In the tail of the spectrum, the

contributions are nucleon-A and (pC→KX).

The solution (followed by MINERvA) is to use existing data to con-

straint the models. The data from NA49[194] is take into account. To get the

pion yield per inelastic interaction we have [193],

FData = αEπ, (3.2)
6nucleon-A refers to nucleons interacting in material that is not C.
7meson inc means meson interacting on any material.[193]
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where Eπ is the pion energy and α is:

α =
1

σInel

d3σ

dp3
, (3.3)

the σInel is a factor to have the yield. In order to correct with this data, we

have the same calculation for MC, the weight is [193]:

W(xF , pT , p) =
FData(xF , pT , p0 = 158 GeV)

FMC(xF , pT , p0 = 158 GeV)
s(xF , pT , p), (3.4)

where xF is the Feynman variable, p the proton momentum, pT the transverse

momentum, and s(xF , pT , p) a scale in FLUKA8 to turn from 158 GeV to

proton momenta.
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FIG. 7.1: ME PPFX coverage for �µ in MINERvA.

208

Figure 3.9: Average number of hadronic interactions per neutrino as a function
of the neutrino energy ME in MINERvA. Figure taken from [181].

Table 3.2 shows the description of the components of the hadronic

production presented in Figure 3.9. Finally, we have the flux reweighted (see

Figure 3.10). The uncertainties associated with each channel are shown in

Figure 3.11.
8FLUKA [195, 196] is also used for hadron production simulation.

Page 77



3.3. FLUX SIMULATION AND PREDICTION

Contribution Description
pC→ πX The thin target data from NA49[194] is used to

reweight the π production on pC in order to corre-
sponds to their measured π± yield per incident p (α
from eq. 3.3), and Feynman scales in FLUKA. The
NA49’s energy used 158 GeV for xF < 0.5 and Bar-
ton [197] data for xF > 0.5.

pC→KX The reweight is applied with NA49 data[194] to pC →
K±X channel in the xF < 0.2 range. For high values
0.2 < xF < 0.5, the K/π yield ratios on a thin C
target is used.

pC→NX Similar to K and π the NA49 data[194] is used to
correct the nucleon (N) production in the region xF <
0.95.

nC→ πX This channel is reweighted same like pC→ πX, with
NA49 [194] and Barton[197] data. That is because
the isoscalar symmetry of carbon.

nucleon-
A

Refers to Nucleon-nuclei interaction, where the nuclei
(A) can be He, Fe, Al and not carbon. A-dependence
scaling as a function of momentum and angle is used
from [198].

Meson
incident

These are neutrinos from the 10–40 GeV meson in-
teraction in the beamline, where 40% uncertainty is
applied from the data-MC discrepancies in pC and
pA (from Geant4-FTFP model [192]).

Target
attenua-
tion

This contribution corresponds to an uncertainty de-
pendent on nucleon and meson inclusive cross-section
modeling. The uncertainty can be around 10%, tak-
ing from the probability that a particle interacts in-
side the target or exits the target.

Absorption Similar that target attenuation, this contribution fo-
cuses on the absorption of nucleon and meson for Al,
He, and Fe.

Others The category represents any other channel not in-
cluded above, and it has a 40% uncertainty assigned
(similar to Meson incident with FTFP model [192]).

Table 3.2: Hadron production contributions in the neutrino flux. Table based
on [199, 200]

Page 78



3.3. FLUX SIMULATION AND PREDICTION

P
O

T)
6

 /G
eV

 / 
10

2
/ m⌅

Fl
ux

(

Generation2 thin
Corrected Flux

µ⌅

NuMI Medium Energy Beam

20

40

60

80

100

120

140

160

 energy (GeV)⌅
0 2 4 6 8 10 12 14 16 18 20

Fl
ux

 R
at

io

0.6
0.8

1
1.2
1.4 weighted/unweighted

FIG. 7.2: Medium Energy Gen2 - thin �µ �ux at MINERvA.

209

Figure 3.10: Flux distribution with hadron production wight in ME. Figure
taken from [181].
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duction wight in ME. The figure is taken from [181].
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Beam focusing

The beam focusing is simulated based on the beamline geometry and all com-

ponent information that involves the neutrino production, like the target, the

device surrounding the target, the horns, the pipe, and others. The nominal

parameters values are shown in Table 3.3. Even though we have all that in-

formation, the values compared with the real experiment are slightly different.

So we do not know exactly those values, for instance, the magnetic field of the

horns or the horn current. For that reason, it is implemented with one sigma

deviation associated with all these parameters (see the focusing uncertainty in

Figure 3.12).

Some parameters are more sensitive at 1 σ shift in the flux focusing

uncertainty. The significant uncertainties at the peak of the distribution are

the proton beam spot size and horn water layer. The tail of the distribution

is more sensitive to the horn position and the horn water layer.

Parameter Nominal Value Final 1 σ shifts
Beam Position (X) 0 mm 0.4 mm
Beam Position (Y) 0 mm 0.4 mm
Beam Spot Size 1.5 mm 0.3 mm

Horn Water Layer 1.0 mm 0.5 mm
Horn Current 200 kA 1 kA

Horn 1 Position (X) 0 mm 1 mm
Horn 1 Position (Y) 0 mm 1 mm
Horn 1 Position (Z) 30 mm 2 mm
Horn 2 Position (X) 0 mm 1 mm
Horn 2 Position (Y) 0 mm 1 mm
Target Position (X) 0 mm 1 mm
Target Position (Y) 0 mm 1 mm
Target Position (Z) -1433 mm 1 mm

POT Counting 0 2% of Total POT
Baffle Scraping 0 0.25% of POT

Table 3.3: Nominal and 1σ shift of the NuMI ME beam parameters configu-
ration. Used for flux focusing uncertainty (see Figure 3.12). Table taken from
[201].

Page 80



3.4. NOMINAL FLUX AND ITS ERROR BANDS

Figure 3.12: Ratio of predicted ν flux with beam parameters shifted by 1σ
deviation to the nominal ν flux. Figure taken from [201].

3.4 Nominal Flux and its error bands

The uncertainties coming from the hadronic production and the focusing are

propagated to the neutrino energy distribution through a “multi-universe method”

technique, which follows the multivariate normal distribution9 (MV-G) intro-

duced to MINERvA by [204] and used in flux uncertainty propagation by [181].

The mathematical description is in the appendix A.

This method aims to make a shift to an uncertainty parameter given

a know covariance matrix (V ). We get the shift value (R) randomly from

MV-G with the mean in the central value (default parameter denoted in the

appendix A by µ).
9Know also as Normal many-dimensional or multivariable Gaussian (Ref [202], ch. 4.2.2

and Eq. 3.36 of [203] )
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Figure 3: Histograms of kinematic variables from the mock dataset. Each histogram corresponds to one of
the one hundred versions of Eq. 1 filled from events weighted with Eq. 10.

5

Figure 3.13: Toy example of multi-universe approach, where all universes are
stored in different histograms. Figure taken from [204].

3.5 Neutrino Flux Constraint

The Flux simulated in FHC mode for Medium Energy (ME) after the hadron

production and focusing uncertainty corrections are shown in Figure 3.14,

wherein the dominant contribution is the muon neutrinos, followed by ν̄µ, νe,

and ν̄e. The peak of the distribution sits around 6 GeV, and it is used in the

coming double differential cross-section measurement.

2

candle options. Neutrino scattering on electrons is a pre-
cisely calculable electroweak process, although its cross
section is small – three orders of magnitude less than
neutrino-nucleus scattering. The MINERνA collabora-
tion demonstrated [10] use of this process as a constraint
on the neutrino flux in the Low Energy (LE) configu-
ration of the Neutrinos from the Main Injector (NuMI)
beam at Fermilab. This paper presents a similar mea-
surement in the NuMI Medium Energy (ME) beam. In-
creases in both total exposure and in neutrino flux per
proton-on-target in the ME configuration provide a factor
of nine increase in statistics over MINERνA’s earlier LE
measurement. Improvements in systematic uncertainties
arising from better knowledge of neutrino-nucleus scat-
tering and improved understanding of the electron energy
scale in the MINERνA detector have also significantly
reduced the total systematic uncertainty.
This paper is organized as follows. The NuMI neu-

trino beam and its simulation is discussed in Sec. II, the
MINERνA detector in Sec. III, the neutrino-elastic scat-
tering measurement in Sections IV-VI, and the use of this
measurement to reduce uncertainties in the neutrino flux
in Sec. VII. Conclusions are presented in Sec. VIII.

II. NUMI BEAMLINE AND SIMULATION

The NuMI neutrino beam, described in detail in
Ref. [11], includes a 120-GeV primary proton beam, a
two-interaction-length graphite target, two parabolic fo-
cusing horns, and a 675-m decay pipe. The data dis-
cussed here were taken between September 2013 and
February 2017, when the beam was in the ME config-
uration optimized for the NOvA off-axis experiment. In
this configuration, the target begins 194 cm upstream of
the start of the first focusing horn, creating a higher en-
ergy neutrino beam than was used for MINERνA’s earlier
measurement [10] of neutrino-electron scattering. The
current in the horns can be configured to focus positively-
or negatively-charged particles, resulting in neutrino- or
antineutrino-enhanced beams, respectively. For the data
discussed here, the current had an amplitude of 200kA
and was oriented to create a neutrino-enhanced beam.
The dataset corresponds to 1.16e21 protons on target.
NuMI is simulated using a Geant4-based model of

the NuMI beamline1. There are known discrepan-
cies between Geant4 predictions of proton-on-carbon
and other interactions relevant to NuMI flux predic-
tions. MINERνA has developed a procedure for correct-
ing Geant4 4 flux predictions using hadron production
data [7]. Neutrino flux predictions after these corrections

1 NuMI experiments share a common simulation of the NuMI
beam known as g4numi; g4numi version 6 built against
MINERνAversion 4.9.2.p3 with the FTFP BERT physics list is
used here.

for the NuMI ME neutrino-mode configuration are shown
in Fig. 1.
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FIG. 1. Simulated νµ, ν̄µ, νe, and ν̄e fluxes at MINERνA ver-
sus neutrino energy in the ME neutrino-mode configuration
of the NuMI beam.

III. MINERνA EXPERIMENT AND
SIMULATION

The MINERνA detector, described in detail in
Ref. [12], is composed of 208 hexagonal planes of plas-
tic scintillator stacked along the z axis, which is nearly
parallel to the NuMI beam axis2. Each plane is composed
of 127 interleaved triangular strips of scintillator, arrayed
in one of three orientations (0◦ and ±60◦ with respect to
the vertical) to facilitate three-dimensional particle re-
construction.
The last ten planes at the downstream end of the

detector are interspersed with 26 mm thick planes of
steel, functioning as a hadronic calorimeter (HCAL). The
twenty planes upstream of the HCAL are separated by
2-mm thick sheets of lead, forming an electromagnetic
calorimeter. A 2-mm thick lead collar covers the outer-
most 15 cm of all scintillator planes (the side ECAL), and
the planes are supported by steel frames embedded with
scintillator (the side HCAL). The upstream end of the
detector also contains five planes of passive targets con-
structed of lead, iron, and carbon, as well as water and
cryogenic helium targets. The MINOS near detector sits
2 m downstream of MINERνA but is not used in this

2 The beam axis (oriented so as to direct the NuMI beam through
the earth to Minnesota) points 58 mrad downward compared to
the detector z axis, which is parallel to the floor of the MINOS
near detector hall.

Figure 3.14: Neutrino flux at MINERvA versus the ME ν mode of the NuMI
beam. Figure taken from [205].
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In the previous section, we saw the rule that the hadron production

and focusing play. Therefore, we can conclude that we need other dedicated

experiments for hadron production to reduce part of the flux uncertainty for

coming or future experiments. However, we can still mitigate or reduce the flux

uncertainties using a standard candle, which means processes we handle with

high precision, such as neutrino scattering on electrons[206]. That process is

well understood in the standard electroweak theory 10, and it can be precisely

predicted due to the lepton-only process. Thus, MINERvA does that study

for LE[207] and ME[205]. The signal of that process is a single forward-going

electron; however, it is limited by the statistics.

In this subsection, we will describe the flux using the neutrino scat-

tering on electrons. The number of events11 measured (Ne)is:

Nνe→νe = σ ×Dm × Φ, (3.5)

where σ is the neutrino-electron scattering cross section, Dm mass of the

detector, and Φ the flux. We can consider the measurement of an energy-

weighted flux integral equivalent to the total uncertainty of the number of

signal events[207].

Now, in order to constrain the flux with the neutrino scattering on

electrons measurement, let us consider the rewritten Bayes’ theorem [208],

P (theory|data) ∝ P (data|theory)P (theory) (3.6)

where “theory” represents the a-priori model of the flux; our hypothesis, “data”

is the Nνe→νe . The P (theory) is P (M) which is the prior probability of the

a-priori model, and P (data|theory) is the probability to have gotten the

Nνe→νe measured, given the a-priori model, which is now also as likelihood

(L(Nνe→νe|M)).
10Neutrino scattering on electrons is mediated by the Z boson.
11In this case, the number of the events is also corrected by the efficiency.
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On the other hand, we know that the uncertainties of the flux param-

eters (focusing and hadron production) in each bin are multivariable Gaussian-

distributed and follow the form presented in equation A.2 of appendix A. We

can approximate our likelihood, given by,

L(Nνe→νe|M) =
1

(2π)n/2
1

det(VN)1/2
exp
(
− 1

2
(N −M)TV −1

N (N −M)

)
, (3.7)

where n is the number of bins of the distribution, N is the vector of the bins

of the measured data (Nνe→νe), M the vector of bins of predicted by model

M , VN is the total data uncertainty covariance matrix.

The constrained and unconstrained (from a priori) flux are shown in

Figure 3.15, where the mean constraint the weighted Probability Distribution

Function (PDF) is down by 9.6%, and the root mean square RMS is lowered

by 53% in ME, the number for LE are mean (9% down) and RMS (40% lower

), the reason is because in ME we have more statistics than LE. In addition

(right plot in Figure 3.15), we can see the lower flux uncertainty compared

with the unconstrained flux.
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weighted using a χ2-based likelihood:

W =
1

(2π)K/2

1

|ΣN|1/2 e
− 1

2 (N−M)TΣ−1
N (N−M) (5)

[36], where K is the number of bins in the measure-
ment, N is the vector of the bin contents of the spectrum
measured in data, (M) is a vector holding the contents
of the predicted spectrum in the simulation in question,
and ΣN is the total data covariance matrix describing all
uncertainties on N.
The probability distribution (PDF) of the simulated

number of neutrino-electron scatters before and after
constraint (i.e. applying the weights given in Eq. 5) is
shown in Fig. 9. Similar distributions for the predicted
number of νµ between 2 and 20 GeV are shown in Fig. 10.
The predicted neutrino flux between 2 and 20 GeV after

constraint (taken from the mean of the weighted PDF)
is shifted down by 9.6%, while the uncertainty on the
prediction (taken from the RMS of the weighted PDF) is
lowered by 56%.
Similar PDFs are constructed in bins of neutrino en-

ergy and extract the predicted flux and uncertainty in
each bin before and after constraint, shown in Figs. 11
and 12.
A similar procedure could be followed with other simu-

lations of the NuMI flux. In that case, the MINERνA de-
tector can be represented by a hexagonal prism with
apothem 88.125 cm and length 2.53 m, oriented 58
mrad upward from the NuMI beam axis, consisting of
2.06± 0.03× 1030 electrons spread uniformly throughout
the 6.22 metric ton fiducial mass. The detector is cen-
tered 1031.7 m downstream of the upstream edge of the
first focusing horn in the NuMI beamline and −0.240 m
(−.249 m) from the beam horizontal (vertical) axis.
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FIG. 11. Predicted νµ flux in bins of neutrino energy, be-
fore and after constraining the a priori flux model using the
neutrino-electron scattering data.

VIII. CONCLUSION

The article reports the number of neutrino interactions
with electrons in the MINERνA scintillator tracker us-
ing a data sample corresponding to 1.16 × 1021 protons
on target (POT) in the NuMI ME beam. The total un-
certainty on the number of interactions is 4.7%, which
is more than a factor of two lower than the previous
measurement of this process in the NuMI beam. Com-
bined with the MINERνA flux model and uncertainties,
this measurement lowers the predicted νµ flux by 9.6%
and lowers uncertainties at the focusing peak from 7.5%
to 3.8%. This improved flux prediction will benefit all
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FIG. 12. Fractional uncertainties on the predicted νµ flux in
bins of neutrino energy, before and after constraining the a
priori flux model using the neutrino-electron scattering data.

MINERνA cross section measurements that use this
data sample. The path described here can also be fol-

lowed by future experiments such as DUNE.
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Figure 3.15: Neutrino flux constraint in ME (left plot), effect of the neutrino
scattering on electrons constraint in the flux uncertainty (right plot). Figure
taken from [205].
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Another observation that we can make is that the flux uncertainty

reduction is more prominent, on average, in the neutrino energy region Eν <

10 GeV. We will only consider the constraint described above for the dou-

ble differential cross-section measurement presented in this thesis. However,

the region greater than 10 GeV can be constrained with another standard

candle[209]. The recent analysis uses the Inverse Muon Decay (IMD), which

constrains higher neutrino energy by following less neutrino-electron scattering

analysis. The IMD results are shown in Figure 3.16.
7

FIG. 8. The FHC (top) and RHC (bottom) fluxes (left), and
their uncertainties (right), before (black) and after (red) the
constraint as a function of E⌫

part of the neutrino spectrum. The integral flux above
11 GeV is predicted to be 2.61 ⇥ 10�5 ± 2.28 ⇥ 10�6

⌫µ/POT/m2 before the constraint and is evaluated as
2.38⇥ 10�5 ± 1.50⇥ 10�6 ⌫µ/POT/m2 after.

V. CONCLUSIONS

The MINERvA experiment has successfully isolated
a sample of inverse muon decay events, ⌫µe

� ! µ�⌫e,
and has used those events to constrain the flux of high-
energy neutrinos in its beam. The constraint provides an
in situ way to reduce uncertainties from its high-energy
flux. Such a method can be applied to any accelera-
tor neutrino beam produced by protons of energies much
greater than the 11 GeV threshold for inverse muon de-
cay, and in particular can be used for a similar purpose
in the planned DUNE experiment.
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Figure 3.16: Neutrino mode flux ratio of constrained over unconstrained (left)
and the uncertainties constraint (right), before constraint in black, and after
constraint in red for Inverse Muon Decay. Figure taken from [209].

3.6 Flux, Low Hadronic Recoil, and Detector Energy Scale

Another method to handle the flux is denominated “low-ν”, which is studied

in detail by [210] in LE and extended to high energy in [211]. This “low-ν”, is

another standard candle, which is a low hadronic recoil CC interaction with

cross-section approximately constant versus neutrino energy. Low-ν have been

used to measure the shape of neutrino fluxes as a function of neutrino energy.

A demonstration of measurement of the parameters of neutrino flux is studied

in [201].
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the segmentation by making it 50 times �ner (“new horn model”), and thus better

modeled, is to reduce the �ux up to 6% in the 4-6 GeV range for LE FHC and up

to 14% in 7-14 GeV for ME FHC as can be seen in Figure 2.22. This suggests that

this change especially a�ects mesons leaving the target and passing the neck in their

trajectory before decay.

FIG. 2.22: E�ect of the new horn model on the �µ �ux at MINERvA for the LE010z185i
and ME000z200i con�gurations.

As is described in Section 3.5, the new horn model was not implemented for

the current MINERvA published papers.

The new horn model has an e�ect that is very similar to the e�ect we see when

we reduce the horn current by 0.8%. Using this fact (and due to the time scale

of this thesis), we reused the horn current magnitude uncertainty shape for this

systematic assigning 100% uncertainty. The result is the light blue line in Figure

56

Figure 3.17: Horn model comparison in LE and ME. Figure taken from [181]

In the previous studies of the flux [181], ME flux showed sensitivity

to alignment parameters as shown in Figure 3.17. Similar behavior was found

with “low-ν” analysis (see back ratio histogram in [201]), and that discrepancy

can also be due to the detector energy scale. The study concluded that the

discrepancy is more consistent with a 3.6% shift to the MINOS muons energy

scale (see blue ratio histogram in Figure 3.18).

Finally, as the conclusion of this chapter, the neutrino flux used to

measure the double differential cross-section (see Chapter 7) has the improve-

ments developed by MINERvA. First, it has the corrections with external data

for the hadron production and one sigma shift in the focusing uncertainties

[200] 12. Second, the flux is constrained by the neutrino electron scattering

analysis [205]. Third, a 3.6% shift in the MINOS muons energy scale is added

thanks to the low-ν study[201]. On the other hand, the IMD[209] is not taken

into account for the coming measurement.
12All improvements are in a package called PPFX (Package to Predict the FluX)
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Figure 9. Ratio of low-a events in data and simulation before (black) and after (blue) the fits
that did not (top left) and did (top right) include a prior penalty term. The bottom plot shows the
same events before and after the muon energy scale was shifted by 3.6% from its nominal value,
as prescribed by the fit with priors and as adopted by the MINERvA collaboration. In all cases,
the data and simulation are normalized to the same number of events. The error bars are statistical
errors. The pink bands shows the shape component of the systematic uncertainty on the ratio.

prediction [31]. However, that data is primarily sensitive to the normalization of the flux,
not the shape, and that data is consistent both with the a priori flux prediction and with the
flux model using all fit results described here.

Since a shift of the MINOS muon energy scale of 1.8 standard deviations is substantially
more likely than a shift in the target position of more than 10 standard deviations, we
attribute this discrepancy to the MINOS muon energy scale. For all MINERvA analyses
using this data set, the MINOS muon energy scale in the data is shifted by 3.6%. This shift is
applied to muons reconstructed by both range and curvature because studies have indicated
good agreement between these two methods of energy reconstruction and because fits that
added extra degrees of freedom for curvature muons did not indicate significant di�erences
between the two samples. Since the flux predicted by the nominal fit is consistent with the a

– 13 –

Figure 3.18: Ratio of low-ν events of data over simulation. With before and
after of the muon energy scale correction (shifted by 3.6% from its nominal
value ). Figure taken from [201].

Page 87



88

CHAPTER 4

MINERνA EXPERIMENT

MINERνA (Main Injector Experiment for ν-A) is a neutrino-nucleus scat-

tering experiment proposed 75 years after Pauli’s letter [212]. The detector

is located on-axis in the NuMI underground hall1 at Fermilab, Batavia, IL,

USA. The MINERvA goal is to perform precision studies of neutrino-nucleus

scattering with high statistics in both channels, FHC and RHC, with different

nuclei in a few-GeV region2.The variety of target elements in MINERvA allows

exploring the nuclear effects. As we mentioned in the introduction, oscillation

experiments require a good understanding of the neutrino cross-section to de-

termine, mass hierarchy, probe CP violation, or other new physics that can be

hidden behind neutrinos.

The neutrinos from the beam interact with MINERvA’s fine-grained
1100 m below the surface.
2Started with LE with peak of neutrino energy distribution around 3 GeV (2010-2012)

and the ME in ∼ 6 GeV (2012-2019).



detector [213], which consists of hexagonal modules situated longitudinally of

the beam into several regions like nuclear targets, the scintillator tracker, and

downstream electromagnetic and hadronic calorimeters. The support structure

is composed of an outer detector and a frame of steel with an embedded

scintillator. The nuclear target region contains five solid passive targets of

carbon (C), iron (Fe), and lead (Pb), separated from each other by 4 and 8

scintillator planes for vertex and particle reconstruction. The tracker is made

solely of scintillator planes. Each hexagonal plane of the tracker is composed

of 127 nested polystyrene scintillator strips of length 2.45 m and a triangular

cross-section of base of 3.3 cm and height of 1.7 cm.

In addition, MINERvA uses MINOS Near Detector as a magnetized

muon spectrometer [214], and it is located two meters downstream of the

MINERvA detector. The design of the experiment is represented in Figure 4.1,

where the beam comes from the MINERvA side.

MINERvA MINOS

Figure 4.1: Scheme of the whole experiment, in blue represents MINERvA
detector and in black MINOS magnetized Near Detector. In the example
there is a neutrino event in MINERvA and curved track in MINOS. Figure
based on [215].
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4.1 MINERvA Detector

The MINERvA detector is composed of the veto wall, the helium target, and

the main detector. The latter is subdivided into the nuclear region, tracker

region, downstream electromagnetic, and hadronic calorimeter (ECAL and

HCAL). Those four detectors compound the so-called inner detector (ID). The

outer detector (OD) is a support structure made by the hadronic calorimeter

(see the top sub-figure of Figure 4.4). The detector size comparison and the

details mentioned above are shown in Figure 4.3.

The MINERvA coordinate system is shown in Figure 4.2, where the

z-axis is defined as the horizontal central axis of the detector and points down-

stream to the MINOS detector. The y-axis points upward, and the x-axis leads

to the left of the beam. The angle of the beam with respect to the z-axis in

the y-z plane is 3.34◦. MINOS, in this system, is located 1200 cm downstream

of the MINERvA center.

0.2401 m

0.2486 m

1.483 m

y

x
Center of ID

Z

Y

X

Center  of ID (z-axis)

Z

Y

X

1200 cm

YZ plane

Beam

Z

Y

X

XY plane

3.34∘

Figure 4.2: MINERvA coordinates. Left figure shows the ID center or MIN-
ERvA center (circle), the MINOS coil (black filled diamond), and the beam
centroid (star). Figure based on [215, 213, 216]
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Veto Wall

In the neutrino beam production chapter, we saw that the last stage to produce

the neutrino flux is filtering the charged leptons; as we can see in Figure 3.3,

filters are rock, and they are upstream of the MINERvA detector. However,

the neutrino can see the same rocks as though target and therefore interact

and produce hadron and charged leptons or the so-called “rock muons”. We

have to characterize them because they will contaminate our signal, especially

for more upstream targets such as the helium target. So, MINERvA employs a

plane structure (green structure in Figure 4.3) upstream of the helium target,

called veto wall, to characterize the rock muons.

The Veto Wall consists of a combination of two sets of a thick steel

plate and a scintillator plane. The first one has 5 cm of thick steel and a 1.9

cm thick scintillator. The second has 2.5 cm of thick steel and is the same

dimension as the first scintillator component.
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Inner Detector

Outer Detector

Figure 1: The MINER⌫A detector. The subfigure on the left shows the relative structure of the
inner and outer detectors for a given plane (the outer detector is composed of steel-scintillator
calorimetry). The inner detector features an outer ring of lead on the surface of the plane to prompt
rapid conversion of electromagnetic particles leaving the inner detector. The subfigure on the right
shows the relative size and location of the main detector and the helium neutrino target tank and
veto wall.

2.3 The MINER⌫A neutrino-interaction simulation

MINER⌫A has a complete simulation, including neutrino beam production, neutrino scattering,
and propagation of the interaction products through the detector. It includes a full simulation of the
photosensors and readout electronics. The simulation has been painstakingly tuned to agree well
with the data where we are confident in our modeling of the physics processes.

MINER⌫A uses the GENIE Monte Carlo event generator [28] to simulate the initial interaction
of a neutrino with a nuclear target. GENIE is responsible for the primary interaction of the neutrino
with nuclei in the detector and for the propagation of the scattering products to the surface of the
nucleus. The code is tuned to reproduce neutrino-nucleon scattering data, but limited neutrino-
nucleus scattering data means there are deficiencies in the primary physics model when compared
to MINER⌫A data. See references [29, 30].

The Geant 4 software toolkit [31] simulates the propagation of all particles exiting the nucleus
through the di�erent materials in the detector, and custom software simulates the response of the
photosensors and electronics. Geant 4 has been extensively tested, and the simulation accurately
reproduces many aspects of the data. The detector response to charged hadrons, for example, is
simulated to within about four percent [32].

– 7 –

Figure 4.3: Size comparison of the MINERvA detector shown in from the veto
wall (green plane in front), followed by the helion target and the main detector.
Figure taken from [217]

Nuclear Target Region

After the Veto Wall, still upstream, we have the nuclear targets. The first

target is helium, which is filled in a cryogenic vessel. And it uses several

instruments to maintain the helium, such as pressure, temperature and others

(see details in section 2.5. of [213]). The helium target is represented as a

green tank in Figure 4.4.

The next part, after the helium target, is a set of different targets.

MINERvA experiment is the only multi-nuclear target experiment; in total,

five layers of passive material are interspersed with four tracking modules, and
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each module is made of eight scintillator planes. As can be appreciated in the

lower subfigure of Figure 4.4, the bluish region is labeled the nuclear targets

region. In addition to that, between targets 3 and 4, there is a water target

(see Figure 4.5).
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Figure 1: Schematic views of the MINERvA detector. Left: front view of a single detector module. Right:

side view of the complete detector showing the nuclear target, the fully-active tracking region and the

surrounding calorimeter regions.

cryogenic vessel filled with liquid helium, described below, is placed between the veto

wall and the main detector.

The main MINERvA detector is segmented transversely into: the inner detector (ID),

with planes of solid scintillator strips mixed with the nuclear targets; a region of pure

scintillator; downstream electromagnetic calorimetry (ECAL) and hadronic calorimetry

(HCAL); and an outer detector (OD) composed of a frame of steel with imbedded scintil-

lator, which also serves as the supporting structure. Both the ID and OD are in the shape

of a regular hexagon. For construction and convenience of handling, a single unit of MIN-

ERvA incorporates both the scintillator and outer frame. Up to two planes of scintillator

are mounted in one frame, called a “module”. Figure 1 (left) shows a view of a tracking

module. There are three orientations of strips in the tracking planes, offset by 60� from

each other, which enable a three-dimensional reconstruction of tracks. The 60� offset fits

naturally with the hexagonal transverse cross section of the detector.

The MINERvA coordinate system is defined such that the z axis is horizontal and

points downstream along the central axis of the detector, the y axis points upward, and
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Figure 1: Schematic views of the MINERvA detector. Left: front view of a single detector module. Right:

side view of the complete detector showing the nuclear target, the fully-active tracking region and the

surrounding calorimeter regions.

cryogenic vessel filled with liquid helium, described below, is placed between the veto

wall and the main detector.

The main MINERvA detector is segmented transversely into: the inner detector (ID),

with planes of solid scintillator strips mixed with the nuclear targets; a region of pure

scintillator; downstream electromagnetic calorimetry (ECAL) and hadronic calorimetry

(HCAL); and an outer detector (OD) composed of a frame of steel with imbedded scintil-

lator, which also serves as the supporting structure. Both the ID and OD are in the shape

of a regular hexagon. For construction and convenience of handling, a single unit of MIN-

ERvA incorporates both the scintillator and outer frame. Up to two planes of scintillator

are mounted in one frame, called a “module”. Figure 1 (left) shows a view of a tracking

module. There are three orientations of strips in the tracking planes, offset by 60� from

each other, which enable a three-dimensional reconstruction of tracks. The 60� offset fits

naturally with the hexagonal transverse cross section of the detector.

The MINERvA coordinate system is defined such that the z axis is horizontal and

points downstream along the central axis of the detector, the y axis points upward, and

7

Figure 4.4: Scheme of MINERvA detector [213].

The targets are constructed by combining pieces of Graphite, Steel,
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4.1. MINERVA DETECTOR

and Lead. The density of the pieces is 1.74 ±0.01 g/cm3 for Graphite, 11.29

±0.03 g/cm3 for Lead, and 7.83 ±0.03 g/cm3 for Steel. The Graphite is

compounded by more than 99.5% of Carbon (C); the Steel is compounded

by 98.7% of Iron (Fe), 0.2% of Silicon (Si), 0.13% of Carbon (C), and 0.1%

of Manganese (Mn); and the Lead is compound by 99.95% of Lead (Pb) and

Copper 0.05% (Cu).

Target z-location Thickness Fiducial Area Fiducial Mass Total Mass
(cm) (cm) (cm2) (kg) (kg)

1-Fe 452.5 2.567 ±0.006 15999 322 492
1-Pb 452.5 2.578 ±0.012 9029 263 437
2-Fe 470.2 2.563 ±0.006 15999 321 492
2-Pb 470.2 2.581 ±0.016 9029 263 437
3-Fe 492.3 2.573 ±0.004 7858 158 238
3-Pb 492.3 2.563 ±0.004 3694 107 170
3-C 492.3 7.620 ±0.005 12027 160 258

Water 528.4 17-24 25028 452 627
4-Pb 564.5 0.795 ±0.005 25028 225 340
5-Fe 577.8 1.289 ±0.006 15999 162 227
5-Pb 577.8 1.317 ±0.007 9029 134 204

Table 4.1: Target z-location, thickness, fiducial area, fiducial mass, and total
mass. The location follows the MINERvA coordinate system shown in Fig-
ure 4.2. Table taken from [213].
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Figure 4.5: Nuclear targets scheme. Figure based on [213] and [217].
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Other parameters of the targets, such as the z-position, thickness,

fiducial area, fiducial mass, and total mass, are summarized in Table 4.1. The

scheme of the targets is illustrated in Figure 4.5 and follows the color scheme

of the target column of Table 4.1, as well as the orientation of the nuclear

targets (lower part of the figure).

Finally, the water target consists of a circular steel frame between

targets 3 and 4. The diameter of the circular structure is larger than the ID,

as can be appreciated in Figure 4.6. A detailed description of this target can

be found in section 2.4 of [213].

part, and it is not possible to access the entire target in order to make precise measure-

ments. The shape of the target is estimated via a finite element analysis and compared

with the actual volume, which is determined by measuring the volume of water when the

target is emptied. The thickness varies from about 17 cm at the edge of the fiducial region

to 24 cm at the thickest part. The estimated mass within an 85 cm apothem hexagon is

452 kg with an uncertainty of about 3%. The Kevlar walls add 0.1 g/cm2, for a total mass

of 2.5 kg. The water target chemical composition by mass is 88.5% O and 11.1% H with

negligible amounts of C and N.
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Figure 5: Schematic drawing of the MINERvA water target, showing a front view and side view of the

center section.

2.5. Liquid Helium Target

The MINERvA cryogenic helium target is located immediately upstream of the active

detector and was filled with liquid helium during the latter parts of the run. Its design

18

Figure 4.6: Water target configuration. Figure taken form [213]

Tracker Region

The next region after the nuclear region downstream is the tracker region. It

consists of hexagonal scintillator modules where each is made of two planes.

The scintillators plane is built by 127 nested polystyrene scintillator strips of

length 2.45 m and a triangular cross-section of base of 3.358 cm and height
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of 1.7 cm (see left sub-figure of Figure 4.8). The strips are glued with 3M-

DP190 translucent epoxy. On top of that, the planes are covered by a sheet

of Lexan, attached with 3M-DP190 gray epoxy. Finally, black PVC electrical

tape surrounds the plane to avoid any light leak.

The density and chemical composition of the plane are summarized

in Tables 4.2 and 4.3.

Material Density H C N O Al Si Cl Ti
(g/cm3)

Scintillator 1.043
±0.002

7.6% 92.2% 0.06% 0.07% - - - -

Coating 1.52 6.5% 78.5% - 6.0% - - - 9.0%
Lexan 1.2 6.7% 66.7% - 26.7% - - - -
PVC tape 1.2 4.8% 38.7% - - - - 56.5% -
DP190
transl.

1.32 10.0% 69.0% 2.6% 17.0% - - 0.5% -

DP190
gray

1.70 5.0% 47.0% 1.7% 27.0% 6.0% 6.0% 0.05% -

Table 4.2: Material density and percentage of chemical composition. Table
taken from [213].

Component H C O Al Si Cl Ti
Strip 7.59% 91.9% 0.51% - - - 0.77%
Plane 7.42% 87.6% 3.18% 0.26% 0.27% 0.55% 0.69%

Table 4.3: Component of strip and plane. As well as the percentage of chemical
composition. Table taken from [213].

The planes alternate between three orientations, 0◦ and ±60◦ around

the beam axis, allowing an accurate three-dimensional reconstruction. The 0◦

is denominated “X” plane, the “U” is rotated 60◦ with respect to the X plane,

and the “V” rotated counterclockwise from the X plane. An illustration of the

plane rotations and “VX” and “UX” can be found in Figure 4.7.

In order to perform the measurement the target mass used in the
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4.2. OPTICAL ARRANGEMENT OF MINERVA DETECTOR

fiducial volume is carbon (88.51%), hydrogen (8.18%), oxygen (2.5%), titanium

(0.47%), chlorine (0.2%), aluminum (0.07%), and silicon (0.07%).

X

V U

X

Figure 4.7: Plane orientation, “VX” view on left and “UX” on the right side.

Electromagnetic Calorimeter

The Electromagnetic Calorimeter (ECAL) is located downstream of the tracker

region and is build by ten modules. Each module of the ECAL configuration

follows pretty much the tracker region. The difference is in the 0.2 cm thick

sheet of lead shielding the whole scintillator plane. As it is shown in Figure 4.4,

it extend to sides, but it does not extends to OD.

Hadronic Calorimeter

The Hadronic Calorimeter (HCAL) region is located downstream of ECAL,

and it has 20 modules. The HCAL configuration is similar to the tracked

and ECAL region; the difference is the 2.54 cm thick hexagonal steel. The

scintillator planes that alternate the HCAL have the XVXU view. In contrast

to ECAL, it extends to OD.

4.2 Optical Arrangement of MINERvA Detector

The MINERvA detection system is based on scintillation. We saw in the

tracker part that strip scintillators make the planes; also, we saw its dimen-
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sions and materials (see Table 4.3). This section will be focused on how the

light of charged particles produced by the neutrino interaction that passes

through the scintillator strip is collected. In the middle of each scintillator

bar, a wavelength-shifting fiber sends light through an optical cable to photo-

multiplier tubes (PMT) (see right side sub-figure of Figure 4.8). The PMT is

fixed on top of the detector inside of a container.

The scintillators are made from polystyrene pellets doped with 1% of

2,5-diphenyloxazole (PPO) and 0.03% if 1,4-bis (5-phenyloxazol-2-yl) benzene

(POPOP) [213]. On the other hand, the wavelength shifting (WLS) fiber has

mirrored the unread end (the mirrored procedure is described in [213]).

Figure 6: The MINERvA scintillator strips are triangular in cross section (left) and range from 122 cm to

245 cm in length. Planes are built by stacking the triangular strips as shown in the right figure. This config-

uration ensures that any charged particle traversing the plane creates a scintillation signal in a minimum of

two strips.

two different rectangular cross sections. For 90% of the detector the OD scintillator strips

have a base of 19 ± 0.5 mm and a height of 16.6 ± 0.5 mm. For the hadron calorimeter

region the OD steel is thicker, hence the OD scintillator strips are also thicker to improve

hermeticity. The OD scintillator strips have a 3.5 ± 0.2 mm diameter hole. Both ID and

OD scintillator strips were extruded in the Extrusion Line Facility at Fermilab supported

by both Fermilab and the Northern Illinois Center for Accelerator and Detector Develop-

ment. The extrusion equipment allows for a continuous process from the polystyrene pel-

lets received in boxes to the final product, with little manual handling. Only the dopants

and the TiO2 pellet mixture have to be periodically added to the gravimetric feeder and

co-extruder hopper, respectively, which dispenses the extrusions. The extrusion line op-

erates under a nitrogen purge from the dryer which uses high pressure nitrogen to dry

the polystyrene pellets in the die.

21

Figure 4.8: Scintillator strips used in MINERvA. Figure taken form [213]

The basic description of the PMT could be a device that collects

the photon, which converts with photocathode into an electron by the pho-

toelectric effect. Then this electron is amplified many times before detecting

the signal. Figure 4.9 shows the incoming photon hitting the photocathode,

and an electron is created. After that, the electron is focused by the focusing

electrode to hit the dynode, by which it will generate more electrons. Finally,

at the anode, we end up with a large number of electrons. The device which

houses the dynodes is a vacuum tube to avoid any air molecules.

The MINERvA detector uses a 64-anode (8 × 8 array of pixels laid
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out) H8804MOD-2 Hamamatsu photo-multiplier tube, which is represented in

a scheme in Figure 4.10. The similar PMT is used in MINOS experiment.

In total there are 32,000 scintillator strips and 507 PMTs used in MINERvA

experiment [213].

Photocathode Photomultiplier tubeDynode

AnodeFocusing 

Electrode

e−
γ

Vacuum

Figure 4.9: Basic working principle of photo-multiplier tube (PMT).

Photocathode

Focusing

Multianode
γ e−

γ

Figure 4.10: Multi-anode photo-multiplier tube (PMT), similar one used in
MINERvA. Figure based on [218].
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A schematic description of the scintillator strips using the Wavelength

Shifting Fibers and PMT coverage is shown in Figure 4.11. The raw signals

from the PMTs are fed to a board placed at the end of each PMTs. The board

is called a front-end board (FEB) and it digitizes the coming pulse height

and timing of the analog signal. In addition, it provides a high voltage (HV)

to PMT. The main components of FEB are 4 TriP-ts for high and medium

gain, and 2 TriP-ts for low gain. The TripP-ts are chips developed for D∅
experiment [219]
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Figure 15: Schematic diagram of a single optical readout channel in MINERvA. Raw ADC counts

are converted into energy through a series of calibrations that account for the various components

in the chain.

34

Figure 4.11: Scheme of the scintillator strips, fiber optic and PMT used in
MINERvA experiment. Figure taken from [213]
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Figure 36: Display in X-view of a neutrino interaction recorded in data. Each triangular “hit” depicts a

single scintillator strip with deposited energy. Reconstructed tracks (vertices) are indicated by superposed

lines (dots). Initially the reconstruction algorithm finds a long muon-like anchor track (upper display) and

the primary vertex location is inferred. Then additional tracks emerging from the vertex are searched for. In

this event, two hadronic tracks are found and further constrain the vertex position (shorter lines and solid

dot in the lower display).

72

Figure 4.12: Event in MINERvA detector. Figure taken form [213]

4.3 MINOS Near Detector

In order to determine the helicity of the neutrino by determining the curvature

in a magnetized detector MINERvA uses MINOS near detector (ND). MINOS

is located downstream of MINERvA at 2.1 m, as is shown the Figure 4.1.

Similar to MINERvA, MINOS is also in an on-axis experiment. The total

mass of MINOS is 1kTon, and it is compounded by a tracker calorimeter

that has planes of magnetized iron and a scintillator (see Figure 4.13 and

4.14). The curvature discussed above helps determine the sign of the charged

particle, in this case, the muon sign, to determine the helicity of the neutrino

in MINERvA. The magnetic field in a usual operation keeps the same as NuMI

focusing system.
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Figure 2: Schematic view of the MINOS Near Detector. Left: transverse view of a Near Detector plane.

The shaded area shows a partially instrumented active scintillator plane and the dashed line within shows

the boundary of the fiducial region. The dotted line shows the outline of a fully instrumented scintillator

plane. Right: top view showing the calorimeter and muon spectrometer. The drawing is not to scale. Figure

taken from Ref. [10]

1.3. The NuMI Neutrino Beam at Fermilab

MINERvA uses the Fermilab NuMI beamline to produce a high intensity beam of

muon neutrinos and anti-neutrinos [1]. A beam of 120 GeV protons from the Main Injector

strikes a graphite target over an 8.1 or 9.72 µs spill every 2.2 seconds. The two different

spill durations correspond to different modes of operation for the accelerator complex.

The secondary pions and kaons produced by the incident protons are then focused by

a system of two magnetic horns which direct the mesons into a 675 m long decay pipe

where most of them decay. A total of 240 m of rock downstream of the decay pipe range

out the tertiary muons that are created in the beamline concurrently with the neutrinos.

The focusing horns can be pulsed in either polarity. When the horns are focusing

positively charged mesons (forward horn current or FHC) the resulting beam is primarily

neutrinos, and when the horn is in the reverse horn current (RHC) the peak of the beam is

primarily anti-neutrinos. MINERvA collected data with 4.0⇥ 1020 (1.7⇥ 1020) protons on

target in FHC (RHC) over the period of time described in this article (March 2010 through

April 2012).

The NuMI beamline has considerable flexibility and can run with the target in differ-

ent positions relative to the focusing horns. For most of the run the graphite target was

10

Figure 4.13: Schematic description of MINOS ND detector. Figure taken from
[213]
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1.3. The NuMI Neutrino Beam at Fermilab

MINERvA uses the Fermilab NuMI beamline to produce a high intensity beam of

muon neutrinos and anti-neutrinos [1]. A beam of 120 GeV protons from the Main Injector

strikes a graphite target over an 8.1 or 9.72 µs spill every 2.2 seconds. The two different

spill durations correspond to different modes of operation for the accelerator complex.

The secondary pions and kaons produced by the incident protons are then focused by

a system of two magnetic horns which direct the mesons into a 675 m long decay pipe

where most of them decay. A total of 240 m of rock downstream of the decay pipe range

out the tertiary muons that are created in the beamline concurrently with the neutrinos.

The focusing horns can be pulsed in either polarity. When the horns are focusing

positively charged mesons (forward horn current or FHC) the resulting beam is primarily

neutrinos, and when the horn is in the reverse horn current (RHC) the peak of the beam is

primarily anti-neutrinos. MINERvA collected data with 4.0⇥ 1020 (1.7⇥ 1020) protons on

target in FHC (RHC) over the period of time described in this article (March 2010 through

April 2012).

The NuMI beamline has considerable flexibility and can run with the target in differ-

ent positions relative to the focusing horns. For most of the run the graphite target was

10

Figure 4.14: Schematic description of MINOS ND detector. Figure taken from
[213]

MINOS ND has in total 282 steel plates with 2.54 cm of thickness

each. Of the total plates, 152 are instrumented with scintillator planes like

MINERvA, where each plane is 1cm thick. Comparable to MINERVA, the

planes are made of 4.1 wide strip scintillator oriented ±45◦ with respect to
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the vertical. They are alternated with other planes with ±90◦ orientations.

MINOS calorimeter region has 120 planes with scintillators planes with the

partial instrumented area. The Muon spectrometer has 162 planes, and it

does not have a partial instrumented region. The magnetic field distributions

along the MINOS detector are shown in Figure 4.15.

of coil end legs introduces field distortion in the end planes of
each toroid. These end effects were shown to have a negligible
effect on momentum measurements at the level required for early
MINOS results, and for these studies a single field map appro-
priate to the center of the near or far detector was used for all
planes. For subsequent analysis and simulation, the effect of the
proximity of the coil return on the field of planes near a detector
or supermodule end is accounted for via interpolation. The FEA
generated fields for the end plane, the third plane, and an interior
plane are interpolated to the outer 10 planes in each detector. The
accuracy of this interpolation technique was confirmed by
comparing its values to actual field maps of the last 12 planes.
The residual RMS field errors from the interpolation procedure
have been shown to be less than 5G for all intermediate planes.

To normalize the field maps, each of the near and far detector
planes is equipped with 50-turn magnetic induction coils that
measure the average magnetic flux along a line from the coil to
the detector periphery at discrete angles. When instrumented
with precision analog integration readouts, the induction coils
provide a measurement of the average magnetic flux through the
steel with uncertainties of less than 2%.

A second method of determining the magnetic field map
comes from analyzing the trajectories of stopping muons. For this
class of events two redundant measurements of muon momen-
tum are available, one based on range (Prange), and the other on the
measured curvature of the track (Pfit). The systematic error in
the range-based momentum arises primarily from uncertainty in
the detector mass, approximations to the true detector geometry
made in the reconstruction software, and uncertainties in the
underlying energy loss model used. The combination of these
effects results in a 2% systematic error in the track momentum
from range. The ratio Prange=Pfit therefore provides a means of
assessing the consistency of the range-based and curvature-based
energy scales for contained tracks to the same level of precision.

The comparison of the Prange=Pfit ratio between the Monte Carlo
(MC) simulation, where the magnetic field is known perfectly, and
the data gives the estimate of the magnetic field uncertainty in
measuring muon momentum from curvature in the actual
detector. The double ratio ðPrange=PfitÞdata=ðPrange=PfitÞMC directly
compares two methods of determining muon momentum for the

data and the simulation and does not depend on reconstruction
effects. The well-defined muon tracks produced in the neutrino
interactions of beam neutrinos in the near detector, when
analyzed for the measurement of the magnetic field uncertainty,
produce the value ðPrange=PfitÞdata=ðPrange=PfitÞMC # 1:01 [17]. This
result is consistent with both the final measurement of the
magnetic field strength and the uncertainty on the range
measurement of the stopping muon tracks in the data and the
simulation.

3. Scintillator system

The MINOS scintillator system consists of approximately
100,000 extruded polystyrene scintillator strips, each 4.1 cmwide,
1.0 cm thick and up to 8m long; the total surface area of this
system is 28;000m2. Fiber readout of extruded scintillator was
chosen as opposed to direct readout of cast scintillator because of
a nearly 20::1 cost advantage. Most of the cost savings comes
from the use of wavelength shifting (WLS) fibers to channel the
light to the ends of the strips. WLS fibers minimize self-absorption
by absorbing light peaked at 420nm and re-emitting it at 470nm.
One WLS fiber runs down the center of the wide face of each strip
and collects the light from the entire strip, leading to a reduction
in photocathode area (compared to direct scintillator readout) by
a factor of over 300. Optical summing of the WLS fiber light
readout in the far detector led to further cost saving as the result
of reductions in the number of PMTs and associated electronics
channels.

3.1. General description of the scintillator system

We describe here the specifications that led to the design of the
plastic scintillator system. Because of its large size, the far
detector drove the design features of the system and we describe
it first, then describe how the near detector differs.

(i) Geometry: Each steel octagon (8m across) is covered by a
plane of scintillator. Each plane has one ‘‘view’’ of strips,
with the next plane having the orthogonal view. The two

ARTICLE IN PRESS

Fig. 7. Magnetic field maps for a typical near (left) and far (right) detector plane. The grayscale indicates the magnetic field strength B as calculated by finite element
analyses using 3-D models. Note that the near detector plane is shown looking upstream to the neutrino beam in this figure, whereas in Fig. 2 the view is to the downstream
direction. The effect on the field of joints between the steel pieces used to make the far detector planes is seen as the straight light gray lines in the lower figure.
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Figure 4.15: MINOS ND magnetic field distribution. Figure taken from [214].

A detailed description of the MINOS detector is found in [214]. On

the other hand, the description of the on-site calibration ( Hit Calibration

Chain, Ex-situ and In situ Calibrations ) of the MINERvA detector is fully

described in chapters 5 and 6 of [213].
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CHAPTER 5

νµ LOW RECOIL ANALYSIS IN

MEDIUM ENERGY

The muon neutrino Low Recoil analysis refers to an inclusive charged current

analysis sample at a low three momentum transfer1. The analysis is performed

mainly in the tracker region and part of the ECAL of the MINERvA detec-

tor and uses the Medium Energy neutrino flux from NuMI. The Low Energy

version for neutrino and antineutrino were presented by the MINERvA collab-

oration [220, 221]. The low recoil analysis is developed in 2D. It comes from

the following reason, in Q2-only kinematic, for instance, the RPA and 2p2h

(MEC) effects are hard to distinguish [222]; those first effects are studied in

the neutrino mode at Low Energy [220].

The primary motivation of this analysis, and the previous analysis,
1We are considering the three-momentum transfer (q3) up to 1.2 GeV.



5.1. KINEMATIC DEFINITION

is to study the nuclear effects in neutrino-nucleus interactions. At low three-

momentum transfer, reach regions are overlapping, which we can explore with

a proper kinematic definition using the flux—such regions like between QE

and Delta (∆(1232)), the so-called “dip” region.

5.1 Kinematic Definition

The kinematic variable used in the Low Recoil analysis is the magnitude of

three-momentum q3 = q⃗ and hadronic available energy Eavail. The reason

comes from the first studies of nuclear effect in charged lepton scattering in

which it was needed to separate the QE and Delta contributions. One way to

differentiate them is using the energy transfer q0 and q3 to the nucleus. On

the other hand, the reconstruction of q0 needs model-dependent corrections

and involves other problems2. Because of that, the Eavail is defined, and it is

around similar to q0 but less model-dependent.

To have q3 and Eavail first, we need to reconstruct neutrino energy

(Eν). The Eν uses the hadronic energy and muon kinematics,

Eν = Eµ + q0, (5.1)

and given the equation 5.1, the Q2 is defined by,

Q2 = 2Eν(Eµ − pµ cos θµ)−M2
µ, (5.2)

where Eµ, pµ, θµ, and Mµ, are the muon energy, muon momentum, muon

scattering angle and muon mass respectively. Finally with the equation 5.2,

the q3 is defined,

q3 =
√
Q2 + q20. (5.3)

On the other hand, the hadronic available energy is defined by

Eavail =
∑

Tp +
∑

Tπ± +
∑

Eparticles, (5.4)
2The q0 also involves neutrons which are almost invisible in the detector, and the other

problem similar to mass invariant variable W is at the time to unfold to true distributions.
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where
∑
Tp is the proton kinetic energy,

∑
Tπ± is the pion kinetic energy, and

∑
Eparticles =

∑
EK± +

∑
Ee± +

∑
Eπ0 +

∑
Eγ +

∑
Eother (5.5)

where Eother is primary eta mesons. In summary
∑
Eparticles is the total energy

of other particles except neutrons.

5.2 Signal Definition

The signal cuts applied to the analysis are:

1. The events should be charged current (CC)3.

2. The muon scattering angle should be θµ < 20◦.

3. The muon momentum is 1.5 < pµ < 20.0 GeV.

The cuts guarantee that the event matches with MINOS ND.

5.3 Data and MC Sample

The MINERvA medium energy (ME) data is analyzed with the ME Monte

Carlo (MC) production. In addition, the total MC has a sub-sample of ex-

tended Meson Exchange Current (MEC) of the Valencia model, which is ex-

tended to q3 = 2.0 GeV from the default production (q3 = 1.2 GeV). The

Protons on Target (POT) for total data is 1.06081e+21, MC 4.97942e+21,

MC (2p2h extended) 2.16016e+22. The MC and data process is divided into

subsets called “playlists” due to intensity dependence in the ME run [223]. The

playlists POT are described in Table 5.1.

The default MC is GENIE v.2.12.6 [224], in addition, has some

weights to form the MnvTune.v1.24.
3We select events with muon track in MINERvA and MINOS ND.
4The MnvTune.v1.2 is based on MnvTune.v1 introduced in the ME era [225] plus the

suppression of LE pion coherent production
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• A Central Values (CV) is adjusted with flux corrections coming from

PPFX package [200], then a neutrino-electron constraint is applied to

the CV and to the flux uncertainty [205]. In addition, the simulation

has the muon kludge correction or muon scale [201].

• The Valencia RPA suppression [226, 227] applied as a weight to QE

events [227].

• The non-resonant pion weight [228, 229] based on reanalysis of bubble

chamber data [230, 231].

• The suppression of coherent production of pions with kinetic energy be-

low 450 MeV based on MINERvA data [232].

• The simulate 2p2h events using the Valencia 2p2h model [233, 234, 235].

These were already part of the model used in [220]. To better describe

these data compared to the previous result, the 2p2h event rate is en-

hanced in the kinematic region between QE and ∆ reactions, first de-

scribed in [221]. In addition, an extended sample (q3 < 2.0 GeV) was

added to remove the unphysical events at high q3 (see Appendix F).

• Finally, two more weights are added to correct errors in the GENIE FSI

elastic scattering and pion absorption models [236].
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Playlist Data MC Generic MC(2p2h ext.)
minervaME1A 8.98778e+19 4.07556e+20 1.88529e+21
minervaME1B 1.86922e+19 1.09583e+20 4.97236e+20
minervaME1C 4.29215e+19 2.05467e+20 8.99785e+20
minervaME1D 1.44357e+20 6.08278e+20 2.49546e+21
minervaME1E 1.03145e+20 5.09476e+20 2.49236e+21
minervaME1F 1.67465e+20 7.07948e+20 2.9936e+21
minervaME1G 1.38121e+20 5.92289e+20 2.41426e+21
minervaME1L 1.3399e+19 5.80679e+19 4.76996e+20
minervaME1M 1.58635e+20 8.99976e+20 3.99735e+21
minervaME1N 1.07385e+20 5.13728e+20 1.47458e+21
minervaME1O 2.98369e+19 1.5843e+20 9.86482e+20
minervaME1P 4.69792e+19 2.08622e+20 9.8819e+20

Table 5.1: Protons on target for different data sets.

In the current study, there are two different binning for Eavail. Bin-

ning I is constructed to study the different neutrino interaction models (coming

chapter) and Binning II, in which the double differential cross-section measure-

ment is presented. To define Binning II, we guarantee three critical things.

First, the distribution resolution is around 1σ in the diagonal in the majority

of the bins (migration matrix). Second, the dip region is distinguishable as

well as the other contribution in which we are interested. Finally, binning does

not present problems at the unfolding stage like Binning I does.

The q3 binning in both Binning I and Binning II are same, and they

are 6 bins. The total Eavail in Binning I is 17, and 11 for Binning II. The

binning definition is given by:

Binning I

q3[6] = {0.0, 0.2, 0.3, 0.4, 0.6, 0.9, 1.2} [GeV]

Eavail[17] = {0, 0.02, 0.04, 0.06, 0.08, 0.1, 0.12, 0.14, 0.16, 0.2, 0.25,
0.299, 0.35, 0.399, 0.499, 0.599, 0.799, 0.999}[GeV]
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Binning II

q3[6] = {0.0, 0.2, 0.3, 0.4, 0.6, 0.9, 1.2}[GeV]

Eavail[11] = {0.0, 0.04, 0.08, 0.12, 0.16, 0.24, 0.32, 0.4, 0.6, 0.8, 1.0, 1.2}[GeV]

5.4 Reconstruction Events with Nominal MC

The events that past the cuts are shown in Figure 5.1 as projections of q3 pads.

The MC breakdown used the true MC information.

The panels are distributed in such a way that the first two panels

represent the low region of q3 (from 0 to 0.3 GeV), the next panel represents

the medium q3 region (from 0.3 to 0.6 GeV), and the high q3 region (from 0,6

to 1.2 GeV). The red histogram in Figure 5.1 is the total MC with the error

band, which has statistical and systematic uncertainty. The blue, magenta,

green, and orange histograms, are QE, ∆(1231), 2p2h with enhancement, and

Other, which has mostly the other resonances, DIS, and a small sample of

coherent events.

In Figure 5.1, we observe that the low q3 region is dominated by QE

and Delta dominates the following q3 regions. Another important observation

is that most of the low and medium regions do not match the data well.

Therefore, new studies in those areas need to be done, and it is covered with

detailed studies in the next chapter.
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Figure 5.1: Event selection with MnvTune-v1.2 with the band coming form the
MC systematic errors, the blue lines represent the QE MC events, green the
MEC+2p2h fit, magenta the first resonance (∆(1231)) and in orange others
which mostly are DIS event a small sample of coherent events. Page 110
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CHAPTER 6

MODEL STUDY WITH LOW

RECOIL SAMPLE

This chapter aims to study the different interactions from QE, and MEC, to

the Resonant (RES) region. The QE region is studied with Bodek-Ritchie tail

enhancement applied to QE events. The MEC region was studied with SuSA

2p2h which replaces the default MEC. Finally, the RES region is studied with

the RES Removal energy, low Q2 π suppression, the Berger-Sehgal SPP with

RES Pauli-Blocking, the MK (Minoo Kabirnezhad) single pion production

(SPP) model, and QE-RPA on RES events. There is one more study performed

in the QE region (SuSA QE) which has been made available in GENIE 3.0.6

[237], but is not included in the main model’s studies because we can only use

muon kinematics in the reweight 1.
1An approximation version can be found in Appendix I. However, this must be used

only for warping studies.



6.1. BODEK-RITCHIE TAIL ENHANCEMENT

6.1 Bodek-Ritchie Tail Enhancement

GENIE’s generation of neutrino event starts with picking a neutrino from flux

distribution and a target with which the picked neutrino will interact. That

scattering occurs with a single nucleon, then the effects of the bounded nuclei

are added. There are several models for the motion of nucleons in the nu-

cleus, which can depend on momentum distributions and removal energy, as

shown in Figure 6.1. These momentum distributions or spectral functions are

compared with Global Fermi Gas (GFG) [238]. GENIE uses GFG with extra

incorporation of Short Range Correlation (SRC). The effect of this addition is

the tail above Fermi Momentum (kF) and it is appreciated in Figure 6.2 (the

upper left plot for carbon) and the tail of Figure 6.4. The specific implemen-

tation of this tail in GENIE is known as Bodek-Ritchie tail [239]. Another

well known version of this effect is the Berhan-Fantoni spectral function [90,

240, 241, 242, 243], used in other neutrino event generators [244].

A. Bodek et al. / Nuclear Physics B Proceedings Supplement 00 (2018) 1–6 2
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Figure 1: Left: Scattering from an off-shell bound neutron of mo-
mentum Pi = k in a nucleus of mass A. The on-shell recoil [A − 1]∗

(spectator) nucleus has a momentum P∗A−1 = Ps = −k. This process
is referred to as the 1p1h process (one proton one hole). Right: The
1p1h process including final state interaction (of the first kind) with
another nucleon.
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Figure 2: Nucleon momentum distributions in a 12C nucleus for sev-
eral spectral functions. The curve labeled ”Global Fermi” gas is the
momentum distribution for the Fermi gas model. The blue line is the
momentum distribution for the effective spectral function described in
this paper.

nal state interaction of the first kind” (FSI). The final
state nucleon can then undergo more interactions with
other nucleons in the spectator nucleus. These interac-
tions do not change the energy of the final state lepton.
We refer to these final state interactions as ”final state
interaction of the second kind”.

In general, neutrino event generators assume that the
scattering occurs on independent nucleons which are
bound in the nucleus. Generators such as GENIE[2],
NEUGEN[3], NEUT[4], NUANCE[5] NuWro [6] and
GiBUU[7] account for nucleon binding effects by mod-
eling the momentum distributions and removal energy
of nucleons in nuclear targets. Functions that describe
the momentum distributions and removal energy of nu-
cleons from nuclei are referred to as spectral functions.

Spectral functions describe the initial state.
Spectral functions can take the simple form of a mo-

mentum distribution and a fixed removal energy (e.g.
Fermi gas[8]), or the more complicated form of a two di-
mensional (2D) distribution in momentum and removal
energy (e.g. Benhar-Fantoni spectral function [9]).

Fig. 2 shows the nucleon momentum distributions in
a 12C nucleus for some of the spectral functions that are
currently being used. The solid green line is the nucleon
momentum distribution for the Fermi gas[8] which is
currently implemented in all neutrino event generators.
The solid black line is the projected momentum distri-
bution of the Benhar-Fantoni [9] 2D spectral function
as implemented in NuWro. The solid red line is the
nucleon momentum distribution for the Local-Thomas-
Fermi gas (LTF).

It is known that theoretical calculations using spec-
tral functions do not fully describe the shape of the
quasielastic peak for electron scattering on nuclear tar-
gets . This is because the calculations only model the
initial state (shown on the left panel of Fig. 1), and
do not account for final state interactions of the first
kind (shown on the right panel of Fig. 1) . Because
FSI changes the amplitude of the scattering, it modi-
fies the shape of 1

σ
dσ
dν . FSI reduces the cross section

at the peak and increases the cross section at the tails
of the distribution. In contrast to the spectral func-
tion formalism, predictions using the ψ′ superscaling
formalism[10, 11] fully describe the longitudinal re-
sponse function of quasielastic electron scattering data
on nuclear targets. This is expected since the calcula-
tions use a ψ′ superscaling function which is directly
extracted from the longitudinal component of measured
electron scattering QE differential cross sections.

In this communication we present the parameters for
a new effective spectral function that reproduces the
kinematics of the final state lepton predicted by ψ′ su-
perscaling. The momentum distribution for this ESF for
12C is shown as the blue line in Fig. 2.

1.1. The ψ′ superscaling functions for QE scattering

The ψ scaling variable[10, 11] is defined as:

ψ ≡
1
√
ξF

λ − τ√
(1 + λ)τ + κ

√
τ(1 + τ)

, (1)

where ξF ≡

√
1 + η2

F − 1, ηF ≡ KF/Mn, λ ≡ ν/2Mn,

κ ≡ |~q|/2Mn and τ ≡ |Q2|/4M2
n = κ2 − λ2.

The ψ′ superscaling variable includes a correction
that accounts for the removal energy from the nucleus.
This is achieved by replacing ν with ν − Eshift, which

Figure 6.1: Nucleon momentum distributions in a 12C nucleus for several spec-
tral functions from [238].
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Figure 6.2: Nucleon momentum distributions in a 12C nucleus (top left plot)
for RFG with Short Range Correlation added by Bodek-Ritchie [245].

6 Will be inserted by the editor

represented by a spectral function P (p, E) which describes the probability that a nu-
cleon involved in a lepton-nucleus interaction will have an initial 3-momentum p and
removal energy E. In the historical default model used since GENIE v2, the initial nu-
cleon momentum is sampled according to the relativistic Fermi gas (RFG) treatment
of Bodek and Ritchie [14]. This version of the RFG has non-interacting nucleons up
to the Fermi momentum kF , which is determined from inclusive electron scattering.
It also accounts for short-range nucleon-nucleon correlations [15] by adding a high-
momentum tail above kF to the usual distribution. A �xed, isotope-speci�c removal
energy E is used in all cases. Pauli blocking in quasielastic interactions is implemented
by requiring the �nal-state nucleon momentum to exceed kF . The Bodek-Ritchie RFG
continues to be used in multiple GENIE CMCs mainly for higher energy processes
and connection with past modeling.

Two newer nuclear model implementations are available for all target nuclides in
GENIE v3.2. The �rst of these is a local Fermi gas (LFG) model based on the work
of the Valencia group [16] and various other publications. Under this approach, the
high-momentum tail is neglected, and kF is a function of radius obtained by Fourier
transforming the nucleon number density ρ(r). The implementation of this model
underpins a related treatment of quasielastic and two-particle-two-hole interactions
(see Sec. 3.3), in which nuclear e�ects such as long-range correlations and Coulomb
corrections are handled according to the same local density approximation in the
Valencia model.

A variation of the original LFG model, called the correlated Fermi gas (CFG) [17],
has also been added in GENIE v3.2. The CFG keeps the radial dependence of the
LFG model while adding a high-momentum tail that lies above the local kF . The
original LFG distribution is renormalized to ensure that a given fraction of initial-
state nucleons is found in the tail. The current default of 20% is based on electron
scattering measurements [17] and may be adjusted in future GENIE tuning e�orts.
Both the LFG and CFG implementations in GENIE use a �xed nucleon removal
energy which is identical to that used by the Bodek-Ritchie RFG. Fig. 1 shows the
|p| distribution predicted by each of the three models of the nuclear ground state
discussed above, where p is the initial nucleon momentum.
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Fig. 1. Initial nucleon momentum magnitude distributions according to the GENIE imple-
mentation of relativistic Fermi gas, local Fermi gas and correlated Fermi gas models.

Figure 6.3: Nucleon momentum distributions for Local Fermi Gas, Relativistic
Fermi Gas and Correlated Fermi Gas (CFG) [246], figure taken from GENIE
[247].
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Figure 6.4: Bodek-Ritchie Tail Enhancement proposal in blue and black. Or-
ange are the default GENIE GFG with Bodek-Ritchie tail. The result are
presented with setup 1.

Bodek-Ritchie Tail Enhancement

Unlike the original Bodek-Ritchie work, we now know 20 to 25% of the reaction

rate is on nuclei in this tail, as GENIE added in the new GENIE 3 release (see

the relevant plot in Figure 6.3) [247], where the enhancement is in LFG. Since

they are not fully simulated in GENIE 2, we can apply weight to enhance

this component. One option is to reduce the QE global Fermi gas peak by the

same amount as we enhanced the tail, thus preserving the total QE event rate,

and one option in our implementation does exactly this (black histogram in

Figure 6.4 labeled as setup 2). This option can be turned off, thus equivalent

to increasing the overall scale by around 25%. This second option better

describes the MINERvA ME data and is what we are using. The study here

enhances the Bodek-Ritchie tail weighting up the QE events by a factor of 6

at 221 MeV and reduces the weight to a factor of 1 (i.e. no enhancement) at
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0.5 GeV or below 221 MeV.

The enhancement in the total MC is placed in the middle of the Ef-

fective Spectral Function and Benhar-Fontoni spectral function [238] as shown

in Figure 6.4, blue distribution.

Effect in Low recoil sample

The plots regarding the effects of the variation in the MC in the low recoil

analysis presented here follow an order, first an event rate, then the ratio

between MC upon MC, and finally the ratio of data over MC. In the event

rate plots, the continuous lines represent the MC with the model variation,

and the dashed lines the nominal MC. In the same plots, the red histograms

are always Total MC, and blue, green, and magenta are QE, 2p2h, and Delta,

following the Figure 5.1 color scheme. The black dots are MINERvA ME

data. The ratio plots MC upon MC are nominal MC upon MC with the

model variation. Between total over total and event type nominal MC over

event model variation type MC. Finally, the last ratio plots are data over MC.

The type of lines and color follow the event rate type plots.

The initial momentum of the struck nucleon is responsible for much

of the smearing of QE reaction in energy and momentum transfer. Stationary

nucleons would simply produce a delta-function thin line at the invariant mass

of a nucleon. Therefore these highest momentum nucleons will produce energy

and momentum transfers furthest from and broaden the QE peak.

As shown in Figure 5.1 and 6.5, the QE dominance decreases as one

goes a long higher q3 region. Another feature of the QE component is, at higher

q3, the shape of the QE spectrum is separated from other details and is easier

to appreciate. Let’s understand the enhancement splitting the q3 into three

regions, low q3 from 0.0 to 0.3 GeV, the medium region from 0.3 to 0.6 GeV,

and higher q3 part from 0.6 to 1.2 GeV. The low q3 dominated by QE shows an

enhancement of around 25% in the total. It goes higher than 50% in the region
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of 0.1 to 0.16 of Eavail in QE. In addition, a higher enhancement appears in the

tail of the QE distribution. The better appreciation is shown in the ratio plots

(Figure 6.6) comparing both MCs. The feature of tail enhancement is much

more appreciated in the medium and higher q3 region, where one can see the

whole QE spectrum. In both tails, the enhancement is more significant than

the peak.

On the other hand, the implication compared with the data is shown

in Figure 6.7. It seems that the enhancement is more substantial than the

nominal QE MC for the lower region q3 between 0.0 to 0.2 GeV. However, it

agrees with data in the following q3 range, similarly in the medium and higher

q3. The enhancement is more affecting the region where also has RES and

MEC (dip region) are.
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Figure 6.5: Reconstructed Eavail in projections of reconstructed q3 regions, the
dashed lines are nominal MC, and continuous lines are the BR tail enhance-
ment effect. In red the Total MC and in blue QE event types.
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Figure 6.6: Ratio of nominal MC over BR tail enhancement MC for recon-
structed Eavail in projections of reconstructed q3 regions, the dashed lines are
nominal MC, and continuous lines are the BR tail enhancement effect. In red
the Total MC and in blue QE event types.
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Figure 6.7: Ratio of data over BR tail enhancement MC for reconstructed
Eavail in projections of reconstructed q3 regions, the dashed lines are nominal
MC, and continuous lines are the BR tail enhancement effect. In red the Total
MC and in blue QE event types.
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6.2 Super Scaling Approximations SuSA

Super Scaling Approximations

In this subsection we will introduce general concepts of Super Scaling Approx-

imation (SuSA). The “superscaling” concept was first introduced by Alberico

et al. [248] when studying a scaling behavior of nuclear response2 in electron

scattering on top of existent non-relativistic “y” scaling in nuclear physics;

analogous to “x”3 scaling [249]. The superscaling is a formalism that describes

the charge lepton scattering. When valid, scaling behavior can be very power-

ful, allowing a small amount of data or calculation to describe a wide range of

situations. To be called superscaling, the scaling variable ψ has two require-

ments; first, the scaling variable does not depend on momentum transfer q

(scaling of first the kind), and is independent of Fermi Momentum (kF) (scal-

ing of second the kind). In other words, let’s take a CC neutrino reaction

(νl+A→ l−+B) with p and p′ lepton momenta. The four-momentum trans-

fer defined like Q2 = p′−p. We can define a dimensionless variables as follows

λ =
q0

2mN

, κ =
q3

2mN

, and τ = κ2 − λ2. The Fermi kinematic is defined as

ξF =
√

1 + η2F − 1, where ηF = kF/mN . A superscaling function could be,

fRFG(ψ) for Relativistic Fermi Gas (RFG) for example, where ψ is defined as:

ψ =
1√
ξF

λ− τ√
(1 + λ)τ + κ

√
τ(1 + τ)

. (6.1)

The equation 6.1 does not explicitly depend on momentum transfer or Fermi

Momentum. In addition, ψ also has a shift of energy binding Es (empirical pa-

rameter) becoming a ψ′ which has been found in the literature, and a detailed

discussion can be found in the references [250, 251, 252, 253, 254, 255, 256,

257]. In the QE electron scattering studies, the “universal” scaling function is

obtained based on the available separation of the scattering data into longi-

tudinal and transverse contributions. When the longitudinal and transverse

scaling functions are equal is called scaling of zeroth kind [258], by determin-
2A nuclear response function is a function that takes into account nuclear medium effects.
3Bjorken (x) scaling for quarks in the nucleon.
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ing this scaling function from a collection of data, the result is effectively an

empirical parameterization and interpolation of the input data.

SuSAv2 is an extension of super scaling approximation incorporating

the formalism information of the Relativistic Mean Field (RMF) theory by

merging the strong q dependence of RMF and SuSA with scaling of the zeroth

kind [258]. The implementation in GENIE that this work follows can be

found in [237]. If the application of a weighted theoretical calculation also

superscales and reproduces the empirical scaling function, like this one, then

it is an excellent model for these reactions. As good as the original empirical

function, and possibly able to make additional predictions about the hadron

system. The implementation in MINERvA is described in [259].

SuSAv2 2p2h

The 2p2h events do not obey superscaling. But the SuSA collaboration wanted

a 2p2h prediction so they could compare their model to pionless reaction neu-

trino data. Led by Guillermo Megias, their calculation takes a similar approach

to the Valencia 2p2h and so does the GENIE implementation of it [237].

Compared to the Valencia version, it makes the calculation fully rel-

ativistic. In addition to accuracy, it also means the calculation is applicable

at higher momentum transfer. And the calculation includes some additional

diagrams and the resulting interference terms [237]. One additional comment

is that the super scaling approximation for MEC first takes out the QE peak.

The GENIE re-weighting comes from [260]. The main effect of SuSA is in

the dip region compared with Valencia 2p2h, which brings the ∆ part down

to lower energy transfers and into the dip region. In the low recoil sample,

SuSAv2 2p2h is compared with Valencia 2p2h plus low recoil fit (enhancement

of Valencia 2p2h). The maximum difference with total nominal MC is around

25% (Figure 6.9), with shifts of MEC peak is some q3 regions (medium) (Fig-

ures 6.10 and 6.11). The comparison of SuSAv2 2p2h with the data shows
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a larger disagreement than the nominal MC. However, that can be solved by

adding other effects in the dip region.

Figure 6.8: Right hand side plot SuSAv2 2p2h cross-section and left hand side
plot Valencia 2p2h cross-section, z-axis is (10−38 cm2/GeV2.)
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Figure 6.9: Reconstructed Eavail in projections of reconstructed q3 regions, the
dashed lines are nominal MC, and continuous lines are the SuSAv2 2p2h effect.
In red the Total MC and in green 2p2h event types.
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Figure 6.10: Ratio of nominal MC over SuSAv2 2p2h MC for reconstructed
Eavail in projections of reconstructed q3 regions, the dashed lines are nominal
MC, and continuous lines are the SuSAv2 2p2h effect. In red the Total MC
and in blue green 2p2h types.
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Figure 6.11: Ratio of data over SuSAv2 2p2h MC for reconstructed Eavail in
projections of reconstructed q3 regions, the dashed lines are nominal MC, and
continuous lines are the SuSAv2 2p2h effect. In red the Total MC and in blue
green 2p2h types.
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6.3 Removal Energy in Resonant Events (RES)

In the early days of electron scattering, to explain the data in the quasi-

elastic region, it was necessary to introduce removal energy ϵ̄ (called nuclear

parameter at that time [261]) for each target.

To understand the reason, let’s start with an elastic scattering on a

free nucleon, where the part of the kinetic energy is transferred to the nucleon

without losing kinetic energy in the process. In these cases, we expect a delta

function ideally. In other words, the kinetic energy is conserved in the center-

of-the mass but not the case in the lab frame. In the quasi-elastic scattering

process, there is a small energy exchange. In this context, a shift represents an

average cost that must be paid to remove a nucleon from the nuclear potential,

as is described in the Figure 6.12 for Ca40 target, and Figure 6.13 for carbon,

nickel and lead after the shift correction.

The removal energy treatment is handled in different ways by the

generators. For example, generators with spectral functions like NuWro, cal-

culated in two variables, missing energy and nucleon momentum, describes the

removal energy directly from probability distribution functions when picking

a nucleon [235]. On the other hand, one-dimensional Relativistic Fermi Gas

(RFG) models, like those used in Figure 6.13 and 6.12 need constant removal

energy, which is also the GENIE’s approach. The Local Fermi Gas (LFG)

accounts for the correlation between removal energy and local nuclear density

[235]. However, all the models described above do not consider the Optical and

Coulomb potentials of the nucleus. Also, they do not consider the final state

interaction (FSI) of the final state lepton to estimate the amount of energy to

be removed. Those approaches are described in detail in [262] which can be

added to the generators.
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Figure 6.12: Cross-section versus energy loss for inelastic scattering taken
from [263]. Solid line is the Fermi-gas and dashed line is Fermi-gas with a
displacement 35 MeV fo Ca40.
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Figure 6.13: Cross-section versus energy loss for inelastic scattering taken from
[261]

The same concept is used to introduce the removal of energy in res-

onant events. We are proposing a 25 MeV Removal Energy (RE) that will be

subtracted from the Eavail for resonant events. There were tested with many
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other values of RE (Figure 6.14) and the data has a preference for 25 MeV,

which is also appreciated in the ratio plots (Figure 6.15). Given that the Eavail

contains all the kinematic energy pion and proton and total energy of all other

particles except neutron, the amount is paid from the whole summed energy.

The implementation in the MC requires that in all charge current

resonant processes, after FSI, a 25 MeV is removed if there is at least a proton.

With this requirement, we guaranty that at least there is a nucleon going out

of the nucleus.

Figure 6.14: Eavail in pads of q3 for different removal energies applied to the
resonant events, MC def means nominal MC.
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Figure 6.15: Ratio of data over MC for Eavail in pads of q3 for different removal
energies applied to the resonant events, MC def means nominal MC.

The main feature of removal energy is a shift to the left of ∆ peak;

a characteristic observed in the crossing line of ratio plots (Figure 6.16 and

6.17), the medium and higher region of q3 the effect is much more substantial.

The more significant change occurred at high Eavail (Figure 6.18), where the

dramatic overestimation of the tail is much reduced because the excess in the

MC is migrated to the left.
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Figure 6.16: Reconstructed Eavail in projections of reconstructed q3 regions, the
dashed lines are nominal MC, and continuous lines are the purple RES effect
of Removal Energy. In red the Total MC and in purple RES event types.
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Figure 6.17: Ratio of nominal MC over MC RE for reconstructed Eavail in
projections of reconstructed q3 regions, the dashed lines are nominal MC, and
continuous lines are the RE effect. In red the Total MC and in purple RES
event types.
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Figure 6.18: Ratio of data over MC RE for reconstructed Eavail in projections
of reconstructed q3 regions, the dashed lines are nominal MC, and continuous
lines are the RE effect. In red the Total MC and in purple RES event types.
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6.4 Low Q2 Pion Suppression JOINT fit

MINERvA tuned the existent pion measurements partly inspired by MINOS

experiment parametrization [264] (hereafter LowQ2 Pion Supp. or LowQ2 π

Supp.). A Q2 dependence was found. At lower Q2 there is a suppression shown

in the iron (MINOS data [265]), less strong than the MINERvA parametriza-

tion. MINERvA has added this prominent effect to its MC and called it

MnvTune.v2. A detailed and extended study can be found in [266].

This particular tune affects the medium and higher available energy,

impacting the high q3 region primarily (See Figure 6.20). The suppression in

the MC in some available energy bins reaches around 80% of the total MC (see

Figure 6.21). That reminds one of the features of Resonant Removal Energy;

the improvement at a higher Eavail. But in this case, the small improvement

is only for higher available bins. The underlying physics effect, in this case, is

not a peak shift, it is just a suppression and that is why the worst description

of the data using this tune is in the medium region of available energy. That

makes us think that it is possible that the effect is part suppression and part

removal of energy cost.

Figure 6.19: Extracted low-Q2 suppression factors from the FrAbs+low-Q2

tunning to each channel. The fits compared with MINOS parametrization.
The Joint FrAbs Fit is applied in this work. Figure taken from [266].
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Figure 6.20: Reconstructed Eavail in projections of reconstructed q3 regions,
the dashed lines are nominal MC, and continuous lines are the purple LowQ2

Pion Supp. effect. In red the Total MC and in purple RES event types.
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Figure 6.21: Ratio of nominal MC over MC LowQ2 pion suppression for re-
constructed Eavail in projections of reconstructed q3 regions, the dashed lines
are nominal MC, and continuous lines are the LowQ2 pion suppression effect.
In red the Total MC and in purple RES event types.
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Figure 6.22: Ratio of data over MC LowQ2 pion suppression for reconstructed
Eavail in projections of reconstructed q3 regions, the dashed lines are nominal
MC, and continuous lines are the RE effect. In red the Total MC and in purple
RES event types.

Page 137



6.5. PAULI BLOCKING WITH BERGER-SEHGAL MODEL

6.5 Pauli Blocking with Berger-Sehgal model

Important points to consider, the Berger-Sehgal (B-S) pion production model

[267] adds the mass charge lepton, which is not the case on the Rein-Sehgal

(R-S) model. Second, the B-S has an additional upgrade, it incorporates the

Jarek Nowak’s MiniBoone GA, and GV tune Modify ModelConfiguration.xml

and BergerSehgalRESPXSec2014.xml [268], the detail of B-S can be found in

the technical presentation in [269]. To re-weight, [270] used a monochromatic

neutrino beam of 5 GeV, and B-S has integrated suppression of around 20%

at Q2 < 0.1 GeV [270].

The implementation we are testing against the MINERvA data also

adds Pauli blocking, which modifies the RES MC by weighting to zero resonant

events if the ∆ reaction produces a proton or neutron with momentum less than

Fermi level (∼ 211MeV) in carbon. The Pauli blocking addition suppresses

the low Q2 part of the resonance spectrum furthermore. Compared with the

Low Q2 suppression tune (MnvTune.v2) the overall suppression is around half

of the MnvTune.v2 and the main impact is in the medium region of q3.

The effect of that combined modification on low recoil sample are

showed in the Figure 6.25, 6.26 and 6.27. Significant change compared with

nominal MC, the is a suppression in the ∆ peak in medium q3 range by about

60% in the lower tail and lower Eavail. Second, the total change in the reso-

nant dominant region is less than 30%, mainly similar to nominal MC when

compared with the data and slight improvement at high Eavail regions. The

different changes are motivated theoretically. However, it is difficult to sepa-

rate, but this modification is the closest to what a neutrino experiment using

GENIE.v3 will get from the model.
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Figure 6.23: Cross-section with Rein-Seghan and Berger-Sehgal Pion produc-
tion model in GENIE, plot taken from [270]

Figure 6.24: Parametrization weight to implement in the low recoil sample,
parametrization provided by [270].

Page 139



6.5. PAULI BLOCKING WITH BERGER-SEHGAL MODEL

0.00 0.05 0.10 0.15 0.20 0.250

20

40

60
/GeV < 0.20

3
q0.00 < 

  POT ME Neutrino20 10×10.61 
 

0.00 0.05 0.10 0.15 0.20 0.25

/GeV < 0.30
3

q0.20 < 

Data
MC:
MnvTune-v1.2 Total

∆MnvTune-v1.2 
Pauli B. B-S Total

∆Pauli B. B-S 

Reconstructed available energy (GeV)

2
 E

ve
n

ts
 / 

G
eV

5
10

0.0 0.1 0.2 0.3 0.4 0.50

20

40

60
/GeV < 0.40

3
q0.30 < 

0.0 0.1 0.2 0.3 0.4 0.5

/GeV < 0.60
3

q0.40 < 

Reconstructed available energy (GeV)

2
 E

ve
n

ts
 / 

G
eV

5
10

0.0 0.2 0.4 0.6 0.80

20

40

60
/GeV < 0.90

3
q0.60 < 

0.0 0.2 0.4 0.6 0.8

/GeV < 1.20
3

q0.90 < 

Reconstructed available energy (GeV)

2
 E

ve
n

ts
 / 

G
eV

5
10

Figure 6.25: Reconstructed Eavail in projections of reconstructed q3 regions,
the dashed lines are nominal MC, and continuous lines are the purple Pauli
Blocking with Berger Sehgal effect. In red the Total MC and in purple RES
event types.
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Figure 6.26: Ratio of nominal MC over MC Pauli Blocking with Berger-Sehgal
for reconstructed Eavail in projections of reconstructed q3 regions, the dashed
lines are nominal MC, and continuous lines are the Pauli Blocking with Berger-
Sehgal effect. In red the Total MC and in purple RES event types.

Page 141



6.5. PAULI BLOCKING WITH BERGER-SEHGAL MODEL

0.00 0.05 0.10 0.15 0.20 0.250.0

0.5

1.0

1.5

2.0
/GeV < 0.20

3
q0.00 < 

  POT ME Neutrino20 10×10.61 
 

0.00 0.05 0.10 0.15 0.20 0.25

/GeV < 0.30
3

q0.20 < 

data/TotalMnvTune-v1.2
data/TotalPauliBBS

Reconstructed Available Energy (GeV)

R
at

io
 d

at
a 

/ m
c

0.0 0.1 0.2 0.3 0.4 0.50.0

0.5

1.0

1.5

2.0
/GeV < 0.40

3
q0.30 < 

0.0 0.1 0.2 0.3 0.4 0.5

/GeV < 0.60
3

q0.40 < 

Reconstructed Available Energy (GeV)

R
at

io
 d

at
a 

/ m
c

0.0 0.2 0.4 0.6 0.80.0

0.5

1.0

1.5

2.0
/GeV < 0.90

3
q0.60 < 

0.0 0.2 0.4 0.6 0.8

/GeV < 1.20
3

q0.90 < 

Reconstructed Available Energy (GeV)

R
at

io
 d

at
a 

/ m
c

Figure 6.27: Ratio of data over MC Pauli Blocking with Berger-Sehgal for
reconstructed Eavail in projections of reconstructed q3 regions, the dashed lines
are nominal MC, and continuous lines are the Pauli Blocking with Berger-
Sehgal effect. In red the Total MC and in purple RES event types.

Page 142



6.6. MINOO KABIRNEZHAD SINGLE PION PRODUCTION MODEL

6.6 Minoo Kabirnezhad Single Pion Production Model

A extended version of Rein [271] Single Pion Production M. Kabirnezhad (MK-

SPP) model is applied [272]. The MK-SPP model includes the lepton mass

effect, resonant, and non-resonant background pion production.

The non-resonant background is calculated on piN center-of-mass

frame (helicity basis) with 5 diagrams (Figure 6.29) instead of three Born

diagram (Figure 6.28), exactly the part in which GENIE was replaced by

DIS background. The main contribution at the time to compare with the

default resonant production with GENIE is this Non-resonant and interference

characterized of MK-SPP model.
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N
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l
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Figure 6.28: Born Diagrams from [272].

Figure 6.29: Five non-resonant diagrams taken from [272] and used in [273].

The MK-SSP model is implemented in NEUT [274], and to re-weight
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GENIE, the first step was to generate events in both generators with the

MINERvA flux and with invariant mass up to 2.0 GeV. The events were for

free nucleon in both cases. However, in GENIE, the DIS event was generated in

addition to Reigh-Sehgal resonant model. The reason is instead of calculating

the non-resonant amplitudes and the interferences directly, GENIE takes the

DIS model to propagate in the lower region (invariant mass lower than 1.7

GeV) as the background of RES, see Figure 6.30.

The total (RES and DIS for this case) inelastic cross section,

d2σinel

dQ2dW
=

d2σRES

dQ2dW
+

d2σDIS

dQ2dW
, (6.2)

where RES and DIS are,

d2σRES

dQ2dW
=
∑
k

( d2σR/S

dQ2dW

)
k
.Θ(Wcut −W ), (6.3)

d2σDIS

dQ2dW
=
d2σDIS,BY

dQ2dW
Θ(Wcut −W ) +

d2σDIS,BY

dQ2dW
Θ(Wcut −W ).

∑
m

fm. (6.4)

where the second part of the sum in the equation 6.4 affects the RES region.

)4/c2 (GeV2W

0 1 2 3 4 5 6 7 8 9 10

ev
en

ts

0

500

1000

1500

2000

2500

3000

3500

4000
KNO PYTHIATransition

RES DIS
Total

Quasi-elastic

Resonance

DIS

Fig. 1. (color online) W 2 distribution of νµ -water target interaction in GENIE. For the flux, we use an atmo-
spheric νµ neutrino spectrum at the South Pole [9]. Left red hatched region is quasi-elastic scattering, middle
hatched region is resonance interactions, and right green hatched region is from DIS. The W distribution can be
split to three regions, KNO scaling-based model only region, PYTHIA only region, and the transition region.

hadron multiplicity data are fit to a function of invariant mass squared, W 2, in order to extract the
parameters ach and bch,

〈nch〉= ach +bch · logW 2 , (1)

then, the total averaged hadron multiplicity is deduced to be 〈ntot〉= 1.5〈nch〉. In this way, averaged
hadron multiplicity is assigned for any interaction. To simulate the actual hadron multiplicity for
each interaction, the KNO scaling law is used. The KNO scaling law relates the dispersion of hadron
multiplicity at different invariant masses with a universal scaling function f (n/〈n〉),

〈n〉×P(n) = f
(

n
〈n〉

)
(2)

where 〈n〉 is the averaged hadron multiplicity and P(n) is the probability of generating n hadrons.
The scaling function is parameterized by the Levy function,

L(z,c) =
2e−cccz+1

Γ(cz+1)
, (3)

z = n/〈n〉 and an input parameter c. The input parameter is used to tune the function to agree with
data, which is mainly taken from the Fermilab 15-foot bubble chamber experiment [14].

At higher energy regions the AGKY model gradually transitions from the KNO scaling-based
model to PYTHIA6 discussed later. A transition window based on the value of the invariant hadronic
mass W is used, over which the fraction of events hadronized using the PYTHIA(KNO) model in-
creases(decreases) linearly. The default values used in the AGKY model are

1. W < 2.3 GeV/c2,KNO scaling-based model only region, (4)
2. 2.3 GeV/c2 <W < 3.0 GeV/c2, transition region, and (5)
3. 3.0 GeV/c2 <W,PYTHIA6 only region. (6)

More specifically, in the transition region, for an interaction with W, the probability to choose
the PYTHIA hadronization model is given by W−2.3

3.0−2.3 . Fig. 1 graphically shows this situation. This is

2

Figure 6.30: GENIE cut at Wcut = 1.7 GeV the resonate and the DIS region.
Figure taken from [275].

The re-weight was develop in two dimensional free nucleon cross
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section4, W and Q2. Because the GENIE W cuts the re-weight region is

0.0 < Q2 < 1.5 (GeV/c2)2 and 1.08 < W < 1.7GeV/c2. The events were gener-

ating for charge current neutrino channel, CC νµp→ µ−pπ+, CC νµn→ µ−pπ0

and CC νµn→ µ−nπ+.

CC νµp→ µ−pπ+ Channel

The neutrino interaction in this channel is dominated by ∆(1232) resonance

with principal decay mode (Γ1) of 99.4% to proton and positive charge pion

[172]. In the Figure 6.31, we can observe for MK-SSP model (left) and RS

model (right) with high contributions in the high Q2 region and high tail in

the invariant mass with a visible cut in W = 1.7 GeV, more visible in the

Figure 6.33.

Figure 6.31: The z axis is dσ2/dQ2
TruedWTrue

(cm2/(GeV/c2))/(GeV/c2)2/nucleon and corresponds to charge current
νµp→ µ−pπ+ channel.

In the lower corner of Q2 and W , for W < 1.2 GeV/c2 there is a

enhance of around ∼1.5 (Figure 6.33) with in general means a shift to the left

of the ∆ tail. The small shift is coming from the contribution of background

part of MK-SPP model, which is appraised in the plots compared with BEBC

90 and ANL data for νµp→ µ−pπ+ channel (Figure 6.32). Once applied the re-

weight to low recoil sample that channel contributes more see grenn histogram
4The re-weight was implemented with the help of Clarence Wret from University of

Rochester
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of Figure 6.41 to total, see Figure 6.40, both are showing the contributions

in truth distributions. Same behavior is appreciated in the reconstructed total

(see Figure 6.42) and only resonant distributions (see Figure 6.43).

Figure 6.32: Data of BEBC [276] (left) and data of ANL [277] compared
against MK-SPP model with (red) / without (dashed blue) background. Plots
taken from Figure 10 and 11 from [272] and M. Kabirnezhad’s thesis [278].

Figure 6.33: Ratio of left (MK model) plot over right plot (GENIE ) of Figure
6.31, the region of interest is 1.08 < W < 1.7(GeV/c2) and 0. < Q2 < 1.5
(GeV/c2)2.
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CC νµn→ µ−pπ0 Channel

The same trend that ∆ channel follows the νµn→ µ−pπ0 channel. The Figure

6.35 show different model behaviour for ANL and BEBC 90 data, and that is

because they are in different energy regions, ANL goes from around 0,5 GeV

to 6 GeV and BEBC 90 for high energies that 6 GeV, that changes the Q2 and

therefore W (see ratio plot in Figure 6.36).

Figure 6.34: The z axis is dσ/dQ2
TruedWTrue

(cm2/(GeV/c2))/(GeV/c2)2/nucleon and corresponds to charge current
νµn→ µ−pπ0 channel.

Figure 6.35: Data of BEBC [276] (left) and data of ANL [277] compared
against MK-SPP model with (red) / without (dashed blue) background. Plots
taken from Figure 10 and 11 from [272] and thesis [278].

Page 147



6.6. MINOO KABIRNEZHAD SINGLE PION PRODUCTION MODEL

Figure 6.36: Ratio of left (MK model) plot over right plot (GENIE ) of Figure
6.34, the region of interest is 1.08 < W < 1.7(GeV/c2) and 0. < Q2 < 1.5
(GeV/c2)2.

CC νµn→ µ−nπ+ Channel

The trend is similar than ∆ and νµn → µ−pπ0 channel (see Figure 6.37,

6.38, and 6.39 ), for more resonance channels, with same ANL/BEBC 90 data

comparison and background effect.

Figure 6.37: The z axis is dσ2/dQ2
TruedWTrue

(cm2/(GeV/c2))/(GeV/c2)2/nucleon and corresponds to charge current
νµn→ µ−nπ+ channel.
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Figure 6.38: Data of BEBC [276] (left) and data of ANL [277] compared
against MK-SPP model with (red) / without (dashed blue) background. Plots
taken from Figure 10 and 11 from [272] and thesis [278].

Figure 6.39: Ratio of left (MK model) plot over right plot (GENIE ) of Figure
6.37, the region of interest is 1.08 < W < 1.7(GeV/c2) and 0. < Q2 < 1.5
(GeV/c2)2.
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Figure 6.40: True W distributions of low recoil sample, the top plots represent
the comparison of overall MK-SPP model against of MnvTune.v1, then the
following plots on bottom are the ratio and one over the ratio.

Effect on Low Recoil Sample

In low recoil variable q3 and Eavail the effect follows pretty much like the

described in the Figure 6.42 and Figure 6.43. Which is a small shift of the ∆

peak to lower W and therefore lower hadron energy, and a suppression of the

rate in the region where higher resonances and the non resonant terms overlap.
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Figure 6.41: True W distributions of low recoil sample, the top plots represent
the comparison of channel MK-SPP model against of MnvTune.v1, then the
following plots on bottom are the ratio and one over the ratio respect to
MnvTune.v1.

That shift and suppression behaviour is conserved partially in the

Eavail and q3 variables, see Figure 6.44 and 6.45. This model is similar with

less suppression and shift to Low-Q2 suppression, and resonant removal energy.

The improvement is in the medium and higher Eavail, with effect in all range

of q3 Figure 6.46.
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Figure 6.42: Reconstructed W distributions of low recoil sample, overall effect
in the total MC compared MC MK-SPP model with MnvTune.v1 (labeled as
MC def.). Bottom plots are the ratio between data over MC.

Figure 6.43: Data compared with MC-RES with MnvTune.v1 (default in the
label) and MK-SPP.
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Figure 6.44: Reconstructed Eavail in projections of reconstructed q3 regions,
the dashed lines are nominal MC, and continuous lines are the purple MK-
SPP effect. In red the Total MC and in purple RES event types.
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Figure 6.45: Ratio of nominal MC over MC MK for reconstructed Eavail in
projections of reconstructed q3 regions, the dashed lines are nominal MC, and
continuous lines are the MK-SSP effect. In red the Total MC and in purple
RES event types.
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Figure 6.46: Ratio of data over MC MK for reconstructed Eavail in projections
of reconstructed q3 regions, the dashed lines are nominal MC, and continuous
lines are the MK-SPP effect. In red the Total MC and in purple RES event
types.
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6.7 QERPA to RES events

In this section, we are going to discuss a re-weight of GENIE with QE-RPA

[227] to the resonant region. As we show above, the feature that should have

the resonant model is suppressed at low Q2. A suppression like QE-RPA does

in quasi-elastic. Here we tested moving or applying that weight into a different

event type region. The Valencia QE-RPA suppression depends on q0 and q3

and with this test we want to see if the screening effect can be in the ∆ relative

to the minimum energy transfer to produce the resonance. Maybe this effect

is similar to the calculated QE form and we can apply it with a shift whose

magnitude is mass delta minus mass nucleon.

The effect of this weight in the resonant part kind of BS plus Pauli

blocking, but in less intensity (see Figure 6.48). Indeed, there is a suppression

which describes better compared the MnvTune.v1 at high available energy and

q3 (see Figure 6.49).

Figure 6.47: Quasi-elastic RPA weight, figure taken from [227].
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Figure 6.48: Reconstructed Eavail in projections of reconstructed q3 regions,
the dashed lines are nominal MC, and continuous lines are the purple QE-
RPA to RES effect. In red the Total MC and in purple RES event types.
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Figure 6.49: Ratio of nominal MC over MC QERPA-RES for reconstructed
Eavail in projections of reconstructed q3 regions, the dashed lines are nominal
MC, and continuous lines are the QE-RPA to RES effect. In red the Total
MC and in purple RES event types.
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Figure 6.50: Ratio of data over MC QERPA-RES for reconstructed Eavail in
projections of reconstructed q3 regions, the dashed lines are nominal MC, and
continuous lines are the QE-RPA to RES effect. In red the Total MC and in
purple RES event types.
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6.8. SUMMARY

6.8 Summary

Some of the most recent theory-motivated models are added to examine the re-

constructed distributions to understand better the model elements that could

characterize the medium energy inclusive MINERvA data in Figure 5.1. The

MnvTune.v1.2 Monte Carlo simulation5 does not describe the MINERvA data.

The MnvTune.v1.2 includes a 2p2h model that was empirically tuned to previ-

ous MINERvA data [279]. The Low-Q2 pion suppression (see section 6.4 and

[264]) improves the simulation6, but it is also another empirical model based

on MINERvA data that is similar to the one measured by MINOS using an

iron target [265].

The previous sections described the effort in detail of all the models,

from QE to RES regions. The summary plots for each region are shown in

Figures 6.51 and 6.53. The qualitative description of each model is presented

in a single Table 6.1. In addition, the ratio plots of MINERvA ME inclusive

data over the simulation of each model are presented in Figures 6.52 and 6.54.

Incorporating the most recent theoretical work into the analysis re-

veals that a new tuning is required. The result is the so-called MnvTune.v3

(the reconstructed distribution plots are presented in the next chapter). The

MnvTune.v3 replaces the Valencia 2p2h model and its enhancement by the

SuSA 2p2h model [280, 281, 282], which has more events in the dip region

and fewer in the very low Q2. In the QE process, the initial nucleon’s high

momentum tail increases, which raises the QE rate overall, especially outside

the QE peak (in this thesis known as Bodek-Ritchie tail enhancement). And

the outgoing hadronic system for resonances takes away 25 MeV from events

with at least one proton in the final state; this moves ∆ events into the dip

region and away from very low Q2 (in this thesis known as resonant removal

energy).
5Usually used as the CV in MINERvA collaboration.
6The simulation with this tune is often called MnvTune.v2 by MINERvA collaboration.

Page 160



6.8. SUMMARY

The quantitative difference between the models is presented in terms

of χ2. The matrix elements of χ2 is defined by,

χ2
ijmodel

= (xi,measured−xi,expectedmodel
)×V −1

ij ×(xj,measured−xj,expectedmodel
) (6.5)

where the V is the measured covariance matrix and x is the cross-section. The

equation (6.5) shows the elements of the χ2 matrix. The χ2 is the the sum of

all the elements of the matrix. At the reconstructed level the data distribution

only has statistical uncertainties and the χ2 only accounts the data covariance

matrix. Later, at the background subtracted and unfolded stage the data

covariance matrix will play a bigger rule. For the moment the Equation 6.5 is

equivalent to ((data - mc)/σdata)
2.

The Table 6.2 shows the χ2 values of each q3 region and the total

χ2 for all the models; this includes the MnvTune.v3. The Figures 6.55 and

6.56 show the scaled bin-by-by χ2 (Eavail and q3 bins) for QE/2p2h and RES

models respectively.
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Figure 6.51: Reconstructed Eavail in projections of reconstructed q3 regions,
summary plot for the QE and 2p2h models study.
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Figure 6.52: Ratio of data over MC RE for reconstructed Eavail in projections
of reconstructed q3 regions, the dashed lines are nominal MC, and continuous
lines are the QE-RPA to RES effect. In red the Total MC and in purple RES
event types.
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Figure 6.53: Reconstructed Eavail in projections of reconstructed q3 regions,
summary plot for resonant models study.
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Figure 6.54: Ratio of reconstructed Eavail in projections of reconstructed q3
regions, summary plot for resonant models study.
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Figure 6.55: χ2 at reconstructed level for QE and 2p2h models.
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Figure 6.56: χ2 at reconstructed level for RES models.
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CHAPTER 7

MEASUREMENT OF DOUBLE

DIFFERENTIAL

CROSS-SECTION

In this chapter, we will present the double differential cross-section in q3 and

Eavail variables. The binning used here is the second presented in chapter

5 (Binning II). Before presenting the measurement, we will discuss the dif-

ference between MnvTune.v1.2 and MnvTune.v3. The event selection with

MnvTune.v1.2 was presented in chapter 5. However, those were with small

binning, do an apple-to-apple comparison is presented in the following sec-

tion.

The ingredient needed to get the cross-section is the background-

subtracted distribution, the efficiency, the migration matrices to unfold the
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background-subtracted distribution, the flux, bin-width, and target normal-

ization. The double differential measurement follows:(
d2σ

dxdy

)
αβ

=

∑
Uijαβ

(
Ndata, ij −Nbkgd

data, ij

)
Aαβ(ΦT )(∆x∆y)

, (7.1)

where x and y are any variable, Ndata, ij is the reconstructed events, Nbkgd
data, ij

is the predicted background events, Uijαβ is the unfoding matrix which takes

into account the two truth (α and β) binning and two reconstructed binning

(i and j), Φ is the flux integrated, T is the target, Aαβ is the efficiency and

acceptance correction, and (∆x∆y) are the bin-width.

The last part of this chapter is dedicated to discussing the systematic

uncertainty in the reconstructed and cross-section distributions.

7.1 Event distribution

In this section, we will focus on the shape difference between MnvTune.v1.2

and MnvTune.v3. The physics discussions are shown in the previous chapter.

In order to do that, we split into three regions of q3, as was presented in chapter

5. Besides that, the ratio plots also are included to have a better conclusion.

Low q3

QE dominates the low q3 (see Figure 7.1) as we saw previously; the difference

between MnvTune.v1.2 and MnvTune.v3 is the Bodek-Ritchie enhancement,

which means QE events have risen. We saw that the amount of the enhance-

ment is 25%; that effect, plus the small other component makes the total MC

increment. So, compared with the data, the data-MC difference is larger than

MnvTune.v1.2 (see first q3 pannel). But, this is not the case in the second

panel, in which the data-MC difference is small.
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Figure 7.1: Reconstructed Eavail in projections of reconstructed q3 regions.
The upper plots represent the MnvTune.v1.2 MC, and the lower plots are
MnvTune.v3 MC, in both cases compared against data. These are for the low
q3 region.

Another important observation is that in the same region where the

Bodek-Ritchie enhances QE, there is also 2p2h, and it is small. Therefore,

making the overall MC is less enhanced than if we use 2p2h without SuSA.

This observation is more noticeable in the second panel of Figure 7.1.

One more observation we can make, and it is related to the error

band, as we will see in the last part of this chapter, the MnvTune.v1.2 has

the low recoil fit uncertainty, which is gone in the MnvTune.v3 case. However,

the error band seems large because the RPA uncertainty and the RPA weight
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depend on how many QE events we have, so modifying that we change the

RPA uncertainty, therefore, the total uncertainty. The data and total MC

ratio with the last three comments are shown in Figure 7.2.
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Figure 7.2: Reconstructed Eavail in projections of reconstructed q3 regions
ratios. The upper plots represent the data/MnvTune.v1.2 MC, and the lower
plots are data/MnvTune.v3 MC. These are for the low q3 region.

Medium q3

In this region, we can see the importance of the 2p2h events. The difference

between both is the Valencia MEC, low recoil fit, and SuSA 2p2h. As we saw

partial in the previous region, the Valencia MEC plus low recoil fit is larger

than SuSA 2p2h. However, this difference is compensated with Bodek-Ritchie

enhancement. A similar comment that low q3 is valid for the error band. The
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error associate to SuSA is handle in the last stage, at cross-section level.
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Figure 7.3: Reconstructed Eavail in projections of reconstructed q3 regions.
The upper plots represent the MnvTune.v1.2 MC, and the lower plots are
MnvTune.v3 MC, in both cases compared against data. These are for the
medium q3 region.

Another observation, which will be valid for the high q3 is the Res-

onant events. The difference between both modes regarding interaction type

is the RES removal energy applied on MnvTune.v3. The contribution of the

addition was also visible in the low q3 region, at high Eavail. The overall effect

is the shift in the Delta-peak, enhancing particular regions of low Eavail and

suppressing others, and compared against data, it does a better description.

Similar uncertainty treatment that SuSA is performed in RES removal energy,
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which is added as the difference between data cross-sections unfolded with

MnvTune.v3 MC minus data cross-sections unfolded with MnvTune.v1.2 MC

together with Bodek-Ritchie tail enhancement and SuSA 2p2h, which we will

cover in the systematic section.
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Figure 7.4: Reconstructed Eavail in projections of reconstructed q3 regions
ratios. The upper plots represent the data/MnvTune.v1.2 MC, and the lower
plots are data/MnvTune.v3 MC. These are for the medium q3 region.

High q3

Finally, we have the high q3 region, in which we have the full effect of the

model variation coming from MnvTune.v3, the QE enhancement, the 2p2h

suppression compared with MnvTune.v1.2, and the resonant events shift. In

this panel, we can see another component growing and labeled as “other”, which
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is, as we saw before, the other resonances different from ∆, DIS events, and a

small number of coherent events. We can see an almost null difference between

MnvTune.v1.2 and MnvTune.v3 in the “other” type component. The reason is

that “other” is affected by the RES removal energy from MnvTune.v3.
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Figure 7.5: Reconstructed Eavail in projections of reconstructed q3 regions.
The upper plots represent the MnvTune.v1.2 MC, and the lower plots are
MnvTune.v3 MC, in both cases compared against data. These are for the high
q3 region.

The data event only has statistical uncertainty. The data distribution

will acquire the systematic uncertainty when we subtract the background, and

by the unfolding process, which will be described later in this chapter. In

conclusion, we can see that the ratio points are in the error band; only a few
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are outside. The double differential cross-section measurement will have the

uncertainty coming for the MnvTune.v3 covering those regions.
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Figure 7.6: Reconstructed Eavail in projections of reconstructed q3 regions
ratios. The upper plots represent the data/MnvTune.v1.2 MC, and the lower
plots are data/MnvTune.v3 MC. These are for the high q3 region.

7.2 Background Subtraction

The background is mostly coming from the neutral-current and µ+. The over-

all background is small, and it is 1.42%. Figure 7.7 shows the total Mn-

vTune.v3 MC compared with the scaled background (×10 in order to see the

background). The background subtracted data and MC will be used in the

unfolding step.
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Figure 7.7: Reconstructed Eavail in projections of reconstructed q3 regions. In
red the total MC and in black the background scaled by 10 to be visible.
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7.3 Efficiency

Another ingredient to get the double-differential cross-section, as we have seen

in the equation 7.1 is the efficiency. The definition follows:

Efficiency =
Selected signal events
Total signal events

. (7.2)

The efficiency usually depends on selection cuts and kinematic thresh-

olds or geometric acceptance of the MINERvA detector. This is the case here,

Figure 7.8 shows higher efficiency at low Eavail and poor efficiency at high

Eavail. The maximum efficiency is of 80% in some bins and minimum of 21%

through a combination of muon acceptance and resolution migration across

the q3 < 1.2 GeV analysis boundary. The low q3 region bins have, on average,

77%, medium q3 region bins, 72%, and high q3 region bins 53%, where high

Eavail and q3 containers have the lower efficiency. The breakdown in interaction

component are shown in Figure 7.9.
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Figure 7.8: 2D efficiency distribution as a function of Eavail and q3 (only illus-
tration, there is a mismatch in the binning).

The last bin of the low q3 region shows large different efficiency of ∆. That is

consistent due to low resonant events in the low q3 region and large errors due

to low MC statistics.
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Figure 7.9: Efficiency breakdown in Eavail and projections of q3 regions.
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7.4 Migration Matrix

The next component to unfold the data and then get the double differential

cross-section is the migration matrix. Figure 7.10 account all reconstructed

and truth directions at once. The migration matrix allow as to see the reso-

lution of the analysis. For instance in Figure 7.10 the overall behavior corre-

sponds to Eavail (big boxes), in which we can see better resolution at low Eavail

and poor resolution at high Eavail. Similar behaviour is shown in q3 (small

boxes).
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Figure 7.10: Row normalized migration matrix of the 2D distribution. Small
boxes are q3 bins and big boxes are Eavail. The matrix also consider the overflow
and underflow bins.

The row normalized breakdown of the migration matrices is shown

below, where we can observe that at high Eavail and high q3 have poor resolution

due to Other contributions mostly (see the unpopulated diagonal bins in almost

all bins). The reason for that might be how we are handling the neutrons.
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Figure 7.11: Total migration matrices of Eavail in panel of reconstructed q3,
which corresponds to diagonal big boxes of Figure 7.10.
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Figure 7.12: QE migration matrices of Eavail in panel of reconstructed q3, which
corresponds to diagonal big boxes of Figure 7.10.
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Figure 7.13: 2p2h migration matrices of Eavail in panel of reconstructed q3,
which corresponds to diagonal big boxes of Figure 7.10.
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Figure 7.14: Delta migration matrices of Eavail in panel of reconstructed q3,
which corresponds to diagonal big boxes of Figure 7.10.
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Figure 7.15: Other migration matrices of Eavail in panel of reconstructed q3,
which corresponds to diagonal big boxes of Figure 7.10.
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7.5 Unfolding

The unfolding procedure is made because one wants to remove the detector

or model effect in some distribution. The place where that is hold is the

migration matrix. So, this means it is like an inverse problem that depends

on the migration matrix. But, given that the matrix can change, it makes

an ill-possed inverse problem due to sensibility to initial condition fluctuation.

So, a regularization method is introduced to solve that problem. MINERvA

uses D’Agostini iterative regularization method [286] (see more detail of the

method in the Appendix A).

To determine the number of iterations in the D’Agostini regulariza-

tion method, MINERvA uses an approximation of the response of the data

(as pseudodata), where Poisson throws1 were done within the data equivalent

statistical uncertainty and unfolded using the MnvTune.v3 model smearing

matrix. The pseudodata is obtained by modifying (or warping) the MC CV,

we denominate “fake data”.

If both distributions are the same, “fake data” and MC, then the re-

constructed MC unfolded distribution compared with the truth fake data dis-

tribution should the same in all iterations and all random universes. However,

if the warped MC is different, then the reconstructed MC unfolded compared

with truth fake data are different for low iteration, but they become the same

at large iteration. The χ2 versus the number of iterations information is used

to quantify the bias.

Another point to consider in the iterative regularization method is

that we get large uncertainties at high iterations. That inflation was observed

in the study with pseudodata and real data. As we will see in section 7.8, how

the uncertainty is assessed in MINERvA makes the inflation propagate to all

steps of the cross-section extraction for each systematic source.
1Random distribution known as random universes.
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Figure 7.16: Number of iterations vs χ2 of “truth fake data” and unfolded dis-
tribution. Left, reconstructed MC unfolded with 1 σ RPA variantion. Right,
reconstructed mc unfolded with one of the low recoil fit uncertainties. Thrown
with 100 Poisson random variations.

The low recoil analysis is sensitive to changes in the 2p2h region,

giving large χ2 no matter how small that warping is. That is not the case; for

instance, if we use one sigma shift of RPA to warp the MC (see Figure 7.16).

A detailed study was performed to understand the modification in the 2p2h

region. We saw, for instance, when we warped the MC with one of the low

recoil systematic (nn initial state), even if the χ2 is large, the unfolding was

performing as expected. In that case, the nn initial states move 2p2h strength

to higher true q0, but because there are so many neutrons in the final state, the

same cross-section strength appears at lower Eavail (expressed as 15% in truth

fake data/truth MC and 5% in reconstructed ratio), that effect was preserved

for the first iterations where the unfolded distribution is very close to truth

fake data [287].

For models or warping functions’ parameters that change the un-

folding matrix 2, like in the 2p2h region explained above, can induce large

differences between the primary and varied unfolded results. In these cases,

MINERvA opts for smaller numbers of iterations. So, we chose two as a num-

ber of iterations. In general, the iterative regularization unfolding reduces the
2Can be understood as statistical fluctuations due to large numbers of iterations
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bias, but will not completely eliminate it.

The fact that data is affected differently than MC by the unfolding,

indicates that the MC model does not describe the data. Because unfolding

procedure, in the case of data, modifies the migration matrix to match with

the data distribution (matrix represented in Figure 7.17). In the MC case, the

migration does not need a modification, so it is not affected by iterative reg-

ularization. The background-subtracted data and MC unfolded distributions

are shown in Figure 7.18.
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Figure 7.17: Unfolding matrix with row normalized. It following the same
structure that the migration matrix (see Figure 7.10), where the big boxes
represent the Eavail and the small boxes are the q3.
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7.6 Flux and Target Normalization

The normalization factor, representing the flux integral from 0 to 100 GeV,

3.115×1030 nucleon targets and 1.061×1021 proton on target, is used to obtain

the double differential cross-section.

7.7 Cross Section Extraction

The double differential cross-section in term of Eavail and q3,

d2σ

dEavaildq3
=

∑
Uijαβ

(
Ndata, ij −Nbkgd

data, ij

)
Aαβ(ΦT )(∆Eavail∆q3)

, (7.3)

is calculated , using the unfolded background subtracted event selection, then

it is divided by nucleon target and neutrino flux integration factor and ef-

ficiency. The measured double differential cross-section is shown in Figure

7.19.

The error bars shown in the data points correspond to total uncer-

tainty (statistical and systematic uncertainties). The breakdown of the sys-

tematic uncertainties for fractional and absolute uncertainties are shown in

Figures 7.40 and 7.42. The description of individual uncertainties is presented

in Section 7.8.

A discussion about cross-section comparison with neutrino genera-

tor, GENIE 3, NuWro SF and NuWro LFG (see Figures 7.44 and 7.45) will

be discussed in section 7.10. The χ2 interpretation of the different models

(MnvTune.v1.2 and MnvTune.v3) is presented in the section 7.11.
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compared with MnvTune.v3. The first bin of q3 is scaled by two.
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7.8 Systematic Uncertainty

Imperfect understanding of the flux and detector energy response and the

interaction model cause uncertainty in the measured double differential cross-

section. The treatment of the uncertainties follows the multi-universes method,

a similar method described in Section 3.4. The cross-section is re-extracted in

many simulations, where each MC has a shifted parameter that corresponds to

the source of each uncertainty. This makes a different systematic "universe"

that can be used to make a covariance matrix (see Section 7.9) based on how

it differs from the nominal cross-section. The multiverse method is critical

because it allows us to propagate the uncertainties in every step until getting

the cross-section.

In MINERvA a histogram holder objects (MnvHnDs) based on ROOT

THnDs [288] is used. The (MnvHnDs) object stores each systematic histogram

universe, the central value as well as a ROOT TMatrix for the covariance matrix

[289]. We can group the universes to get error bands.

The description of the uncertainties used in the measurement at re-

construction level are in the Tables 7.1 - 7.6. In GENIE there are two types of

parameters for intranuclear rescattering: those that control the total rescat-

tering probability, and those that control the fraction of each process (the

so-called “fate”), given a total re-scattering probability [290, 291].
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Detector Uncertainty

Systematic
Uncer-
tainty

Description

Flux The flux uncertainties has three contributions, the
hadronic production (see Table 3.2 and Figures 3.9
and 3.11), the focusing uncertainty (see Figure 3.12)
and the neutrino-electron flux constrain (see Section
3.5). All of them were discussed in the Chapter 3.

Hadronic
Energy

The input uncertainty is determined from hadron
calorimetry data taken with a test beam detector
[292].

Muon
Energy

Similar that Hadronic Energy it was determine with
test beam detector [292]. In addition it has muon
scale [225, 201] which it has up 3%.

Table 7.1: Detector uncertainty description.

Final State Interaction Uncertainty

Systematic
Uncer-
tainty

Description

FrPiProd
N

Represents the nucleon fates–pion production and it
is the tweak pion production probability for nucleons,
for given total rescattering probability, where 1 σ is
±20% [291].

FrPiProd
pi

Represents the pion fates–pion production and it
is the tweak pion production probability for pions,
for given total rescattering probability, where 1 σ is
±20% [291].

Table 7.2: FSI uncertainties I. Table taken from [290].
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Systematic
Uncer-
tainty

Description

MFP N Represents the nucleon mean free path and it is the
tweak where 1 σ is ±20%. It is fully correlated with
nucleon elastic fates cross section [291].

MFP pi Represent the pion mean free path and it is a tweak,
where 1 σ is ±20% [291].

FrAbs N Represents the nucleon fates-absorption and it is the
tweak absorption probability for nucleons, for given
total rescattering probability, where 1 σ is ±20%
[291].

FrAbs pi Represents the pion fates–absorption and it is the
tweak absorption probability for pions, for given total
rescattering probability, where 1 σ is ±30% [291].

FrCEx N Represents the nucleon fates-charge exchange and it
is the tweak charge exchange probability for nucleons,
for given total rescattering probability, where 1 σ is
±50% [291].

FrCEx pi Represents the pion fates-charge exchange and it is
the tweak charge exchange probability for pions, for
given total rescattering probability, where 1 σ is
±50% [291].

FrElas N Represents the nucleon fates–elastic and it is the
tweak elastic probability for nucleons, for given to-
tal rescattering probability, where 1 σ is ±30%. It
is also fully correlated with nucleon mean free path
[291].

FrElas pi Represents the pion fates–elastic and it is the tweak
elastic probability for pions, for given total rescatter-
ing probability, where 1 σ is ±10% [291].

FrInel N Represents the nucleon fates–Inelastic and it is the
tweak inelastic probability for nucleons, for given to-
tal rescattering probability, where 1 σ is ±40% [291].

FrInel pi Represents the pion fates–inelastic and it is the tweak
inelastic probability for pions, for given total rescat-
tering probability, where 1 σ is ±40% [291].

Table 7.3: FSI uncertainties II. Table taken from [290]
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Interaction Uncertainty
Systematic
Uncer-
tainty

Description

AGKYxF1π Represents the AGKY hadronization model – xF dis-
tribution and it is the tweak xF distribution for low
multiplicity (N + pi) DIS final state produced by
AGKY, where 1 σ is ±20% [293] (see new update
[294]).

AhtBY Represents the Bodek-Yang parameter AHT and it
is the tweak the Bodek-Yang model parameter Aht-
incl. both shape and normalization effect, where 1 σ
is ±25%.

BhtBY Represents the Bodek-Yang parameter BHT and it
is the tweak the Bodek-Yang model parameter Bht -
incl. both shape and normalization effect, where 1 σ
is ±25%.

CV1uBY Represent the Bodek-Yang parameter CV1u and it is
the tweak the Bodek-Yang model parameter CV1u-
incl. both shape and normalization effect, where 1
σ is ±30%.

CV2uBY Represent the Bodek-Yang parameter CV2u and it is
the tweak the Bodek-Yang model parameter CV2u-
incl. both shape and normalization effect, where 1
σ is ±40%.

EtaNCEL Represent the Eta (Elastic scattering) and it adjusts
eta in elastic scattering cross section, where 1 σ is
±30%.

MaCCQE Represent the MA (CCQE Scattering) and it adjusts
MA in Llewellyn-Smith cross section, affecting shape
and normalization. Earlier 1 σ were +25% and −15%
[295], now ±9% in this study due to a fit from z-
expansion with deuterium data [296].

MaNCEL Represent the MA (Elastic Scattering) and it adjusts
MA in elastic scattering cross section, where 1 σ is
±25%.

MaRES Represent the MA (Resonance Production) and it ad-
justs MA in Rein-Sehgal cross section, affecting shape
and normalization, where 1 σ is ±20% [295] . In ad-
dition GENIE has separate knobs for resonance CC
(MaCCRES) and NC (MaNCRES), which we gang
together.

Table 7.4: Interaction uncertainties I. Table taken from [290] except the MaC-
CQE 1 σ uncertainty.
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Systematic Un-
certainty

Description

MvRES Represent the MV (Resonance Production) and it
adjusts MV in Rein-Sehgal cross section, affecting
shape and normalization. One σ is ±10%. In ad-
dition, GENIE has separate knobs for resonance CC
(MvCCRES) and NC (MvNCRES), which we gang
together.

NormDISCC Represent the DIS CC Normalization and it adjusts
the overall normalization of the non-resonance inclu-
sive cross section [295].

NormNCRES Represent the NC Resonance Normalization and it
changes the normalization of NC Rein-Sehgal cross
section, where 1 σ is ±20%.

RDecBR1gammaRepresent the resonance decay branching ratio to
photon and it is the tweak resonance → X + gamma
branching ratio, eg ∆(1232) → p gamma. One σ is
±50%.

Rvn2pi Represent the 2pi production from νn/ν̄p non-
resonant interactions and affects NC and CC pro-
duction of two pion final states from non-resonant
inelastic (i.e. Bodek-Yang) scattering. νn/ν̄p pri-
mary process. One σ is ±50% [295]. On the other
hand, GENIE has separate knobs for resonance np
and nubar-n which we gang together (isospin sym-
metry). Also gang together NC and CC channels.
Value must be positive states.

Rvp1pi Represent the 1pi production from νp/ν̄n non-
resonant interactions and affects NC and CC pro-
duction of single pion final states from non-resonant
inelastic (i.e. Bodek-Yang) scattering. νp/ν̄n initial
states. One σ is ±50% [295].

Rvp2pi Represent the 2pi production from νp/ν̄n non- reso-
nant interactions and affects NC and CC production
of two pion final states from non-resonant inelastic
(i.e. Bodek-Yang) scattering. νp/ν̄n initial states.
One σ is ±50% [295].

Theta
Delta2Npi

Represent the delta decay angular distribution and
changes it in ON/OFF. The reweight to more correct
angular distribution (i.e. not isotropic).

VecFFCCQEshapRepresent the CCQE Vector Form factor model and
changes from BBBA to dipole, affecting shape only.

Table 7.5: Interaction uncertainties II. Table taken from [290].
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RPA and low recoil fit Uncertainties

Systematic
Uncer-
tainty

Description

RPA The RPA suppression uncertainty depend on Q2, to
high Q2 are calculated by changing at once all param-
eters of the particle-hole potential (see Appendix D)
with 1σ which is the sum of the effects in quadrature.
The LowQ2 is using the muon capture constraint (full
description in [227]).

Table 7.6: RPA and Low Recoil Fit uncertainties.

Event Selection Uncertainties (MC reconstructed uncertainties)

The following plots are the fractional uncertainties of the MC reconstructed

event selection. The presentation structure follows with a full summary of the

grouped main uncertainties (see Figure 7.20). Then the breakdown of the FSI

uncertainty (see Figure 7.22), Interaction uncertainty, and RPA uncertainty

(see Figure 7.27).

Main Fractional Uncertainties Grouped

The uncertainties can be split into three parts—first, the detector uncertainties

are Flux, Muon energy, and Hadronic Energy. Second, the FSI uncertainties,

and Finally, the Interaction and RPA uncertainties.

Page 198



7.8. SYSTEMATIC UNCERTAINTY

0.00 0.05 0.10 0.15 0.200.0

0.2

0.4

0.6
/GeV < 0.20

3
q0.00 < 

  POT ME Neutrino20 10×10.61 
 

0.00 0.05 0.10 0.15 0.20

/GeV < 0.30
3

q0.20 < 

Total uncertainty
Statistical
Flux
FSI
Hadronic energy
Interaction model
Muon rec.
RPA

Available Energy (GeV)

F
ra

ct
io

n
al

 U
n

ce
rt

ai
n

ty
 

0.0 0.1 0.2 0.3 0.40.0

0.2

0.4

0.6
/GeV < 0.40

3
q0.30 < 

0.0 0.2 0.4 0.6

/GeV < 0.60
3

q0.40 < 

Total uncertainty
Statistical
Flux
FSI
Hadronic energy
Interaction model
Muon rec.
RPA

Available Energy (GeV)

F
ra

ct
io

n
al

 U
n

ce
rt

ai
n

ty
 

0.0 0.5 1.00.0

0.2

0.4

0.6
/GeV < 0.90

3
q0.60 < 

0.0 0.5 1.0

/GeV < 1.20
3

q0.90 < 

Total uncertainty
Statistical
Flux
FSI
Hadronic energy
Interaction model
Muon rec.
RPA

Available Energy (GeV)

F
ra

ct
io

n
al

 U
n

ce
rt

ai
n

ty
 

Figure 7.20: Fractional uncertainties in projections of reconstructed q3.

The detector uncertainty (FLux, Hadron energy, Muon reconstruc-

tion energy, and angle) on average correspond to 10% in the event selection
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distribution. The bigger fraction uncertainties are RPA at low q3 and Hadronic

Energy at high q3. The dominant uncertainty along all the q3 and Eavail phase

space is the FSI.

Fractional FSI Breakdown Uncertainty

The fraction breakdown systematic uncertainties names follow same like Tables

7.2 and 7.3. The Dominant uncertainties are the (Main Free Path) MFP

for nucleons and nucleon fates–elastic. At low q3 and low Eavail the nucleon

fates–Inelastic also play an important role (QE mostly in those bins), and

at high q3 the important fraction comes from MFP of pions (basically DIS

region).

Total Uncertainty
Statistical
FrAbs_N
FrAbs_pi
FrCEx_N
FrCEx_pi
FrElas_N
FrElas_pi
FrInel_N
FrInel_pi
FrPiProd_N
FrPiProd_pi
MFP_N
MFP_pi
AllOthers

Figure 7.21: Legend used in Figure 7.22.
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Figure 7.22: Fractional uncertainties of Final State Interaction in projections
of reconstructed q3.
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Interaction Breakdown Uncertainty

The fraction uncertainties of the Interaction model dominate the high q3 re-

gion, where the DIS events are relevant. The large uncertainty is coming from

MaRES the Axial Mass in the resonant region (resonances higher than ∆ at

high q3) and MvRES the vector part. Another larger uncertainty is coming

from MaCCQE, the analogous uncertainty for QE (affecting at low Eavail as is

expected).

Total Uncertainty
Statistical
AGKYxF1pi
AhtBY
BhtBY
CV1uBY
CV2uBY
EtaNCEL
MaCCQE
MaNCEL
MaRES
MvRES
NormDISCC
NormNCRES
RDecBR1gamma
Rvn2pi
Rvp1pi
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VecFFCCQEshape
AllOthers

Figure 7.23: Legend of Interaction fractional uncertainty of Figure 7.24.
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Figure 7.24: Fractional Interaction breakdown uncertainties.
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RPA uncertainties

The RPA as it was shown before, has two sources of systematic uncertainty.

affecting low Q2 and high Q2. On the other hand, we know that RPA is only

applied to QE, therefore the only affected region should be low Eavail.
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Figure 1: The differential cross section from the GENIE implementation of the QE-like 2p2h model

(right) and the fraction of the total cross section with a pn initial state (left). The top plots

are ⌫C while the lower plots are ⌫̄C, both at 3 GeV. To guide the eye in this kinematics

space, the neutrino figure has lines of constant W = 938, 1232, 1520 MeV emphasizing

the dip region, and the anti-neutrino figure has lines of constant Q2 from 0.2 to 1.0 GeV2

emphasizing the low Q2 nature of the cross section.
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Figure 1: The differential cross section from the GENIE implementation of the QE-like 2p2h model

(right) and the fraction of the total cross section with a pn initial state (left). The top plots

are ⌫C while the lower plots are ⌫̄C, both at 3 GeV. To guide the eye in this kinematics

space, the neutrino figure has lines of constant W = 938, 1232, 1520 MeV emphasizing

the dip region, and the anti-neutrino figure has lines of constant Q2 from 0.2 to 1.0 GeV2

emphasizing the low Q2 nature of the cross section.

5

Figure 7.25: Differential cross-section with neutrino energy of 3 GeV. Left plot
is neutrino, where the white lines are W = {0.938, 1232, 15220} GeV. The right
side plot is anti-neutrino, where the white lines represents Q2 from 0.2 to 1.0
GeV2. Figure taken from [235].

Given the lines in Figure 7.25, we can easily see the Q2 in the q3 and

q0 (which is close to Eavail) to understand the effect of the RPA systematic

uncertainty. Let’s take for instance the 0.9 > q3 > 1.2 region; the low Q2

component remains, that is because at that high q3 region we have low Q2

component.
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Total Uncertainty

Statistical

RPA_HighQ2

RPA_LowQ2

AllOthers

Figure 7.26: Legend of fractional RPA uncertainty of Figure 7.27.
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Figure 7.27: Fractional RPA uncertainty.
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Detector Uncertainty

Total Uncertainty
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AllOthers

Detector Uncertainty

Figure 7.28: Legend of fractional Detector uncertainty of Figure 7.29.
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Figure 7.29: Fractional detector uncertainty.
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Detector Uncertainty Breakdown

Total Uncertainty
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Flux

AllOthers

Hadronic energy

Muon Reconstruction

Figure 7.30: Legend of fractional Detector uncertainty of Figure 7.31.
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Figure 7.31: Fractional detector (breakdown) uncertainty.
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Hadronic Uncertainty

Total Uncertainty
Statistical
Hadronic energy em
Hadronic energy highn
Hadronic energy highp
Hadronic energy lown
Hadronic energy lowp
Hadronic energy meson
Hadronic energy midn
Hadronic energy midp
Hadronic energy mu
Hadronic energy other
Hadronic energy tbpi
Hadronic energy xtalk
AllOthers

Figure 7.32: Legend of fractional Detector uncertainty of Figure 7.33.
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Figure 7.33: Fractional detector (breakdown) uncertainty.
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Muon Reconstruction Uncertainty
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Muon angle X
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Figure 7.34: Legend of fractional Detector uncertainty of Figure 7.35.
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Figure 7.35: Fractional detector (breakdown) uncertainty.
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Fractional Uncertainty of Background Subtracted Data

The point of start for data getting systematic uncertainty is at the background-

subtracted level. Before that step, the reconstructed data only holds statistical

uncertainty. A brief technical description is, that the universes associated

with each uncertainty variation must be created as the empty universe for

background-subtracted data. After this step, the uncertainty propagation in

the universes is straightforward.

As we saw above, the background is so small; therefore, the uncer-

tainty coming from that procedure is small too. Figure 7.37 is zoomed in to

see the details of the component of the uncertainties. The main contribution

is the statistical uncertainty, especially for a bin in the 0.0 < q3 < 0.2 GeV

region, followed by the FSI at low Eavail and hadronic energy.

Total Uncertainty
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Flux

FSI

Hadronic energy

Interaction model

Muon Reconstruction

RPA

Figure 7.36: Legend of grouped fraction uncertainties background subtracted
data (see Figure 7.37).
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Figure 7.37: Fractional Uncertainty of Background Subtracted Data. Y-axis
zoomed.
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Fractional Uncertainty of Unfolded Background Subtracted Data

The second way how the data acquire the systematic uncertainty is through

the unfolding procedure. Again, every universe is treated just like the central

value; D’Agostini’s iterative regularization is employed for every systematic

universe. This means, for instance, background-substracted data with a shift

given by one of the uncertainties is unfolded, making the end an effect in the

uncertainty. At this step one of the uncertainties started to grow; the hadronic

energy. To understand why it is necessary to remember. First, the unfolding is

applied to remove the detector effects to make comparable the data measured.

Second, at this very high q3 region, the DIS is one important component, and

as shown in the migration matrices, the poorest resolution region is high q3.

So, because the migration matrix is needed to unfold, the hadronic energy is

sensitive at that q3 range.
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Figure 7.38: Legend of grouped fraction uncertainties background subtracted
data (see Figure 7.39).
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Figure 7.39: Fractional Uncertainty of Unfolded Background Subtracted Data.
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Cross-Section Fractional Uncertainties

Finally, the fractional uncertainty of the data double differential cross-section.

In this section, the uncertainty like background-subtracted step and unfolding

is the propagation of the systematic uncertainty coming from the reconstruc-

tion level. All the uncertainties are described in the previous tables except

the new ones introduced at this stage, the so-called Signal Models (see Figure

7.40). Unfolding MnvTune.v1.2 uncertainty considers the difference between

the data cross-section unfolded with MnvTune.v3 and the data cross-section

unfolded with MnvTune.v1.2. With this, we are adding an uncertainty model

that is not in GENIE. With the procedure mentioned above, the idea is to

introduce an uncertainty due to model changes or improvements that Mn-

vTune.v3 has.

However, there is an important feature to notice, in a few particular

bins, the uncertainty coming from the new models is significant. The main

component contributing to that uncertainty is SuSA2p2h, with few contribu-

tions of removal energy. Careful identification and evaluation of the source of

that uncertainty are described in Appendix E. Another important contribu-

tion at a very high q3 region is one of the detector component uncertainty;

the Hadronic energy. That uncertainty starts growing at around 4% at the

background subtraction step. Then after the unfolding, it becomes large.
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Figure 7.40: Fractional Uncertainty of Data Cross-Section.
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Cross-Section Absolute Uncertainties

The Absolute Uncertainties of the data cross-section is showed in Figure 7.42,

compared with the fractional partner, this does not show large values.

Total Uncertainty
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Interaction model
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Signal Model

Figure 7.41: Legend of grouped absolute uncertainties background subtracted
data (see Figure 7.42).
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Figure 7.42: Absolute Uncertainty of Data Cross-Section.
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7.9. COVARIANCE MATRIX

7.9 Covariance Matrix

The total covariance matrix showed in Figure 7.43 is formed by adding the

covariance matrices for all sources of systematic uncertainty. The diagonal

elements of this matrix are represented by the error bars in Figure 7.19 as well

as the fractional and absolute uncertainties (see Figures 7.40 and 7.42).

For uncertainties that require more than one variation in the model

parameter, for instance, a ±1σ shift in the energy scale. The covariance matrix

of that uncertainty is the average of the covariance matrices. On the other

hand, there are uncertainties like flux, which has hundreds of universes. Each

universe variation comes from the random variation of its parameters according

to their probability distributions and correlations. Therefore, the covariance

matrix of that uncertainty is the covariance matrix of the averaged universes.
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Figure 7.43: Covariance matrix in q0 and q3 bin index mapping (V )
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7.10 Cross-section compared to neutrino generators

The double differential cross-section shown in Figure 7.19, 7.44, and 7.45 is

compared to different neutrino event generator predictions: MnvTune.v3, Mn-

vTune.v1.2, NuWro [297] (Spectral Function (SF) and Local Fermi Gas), and

the GENIE v3.0.6. This is similar to the LE data comparison models [298].

The GENIE v3 version uses a (LFG) and the Valencia model for both QE

with RPA [226] and 2p2h [233]. In the resonant region, the Berger-Sehgal

model replaces Rein-Sehgal [299]. The DIS region used Bodek-Yang model

[300], that includes the non-resonant background in the resonance region by

scaled the DIS model. The FSI uses the empirical hA FSI model due to the

MnvTune.v1.2 and MnvTune.v3 is based on GENIE v2 generator. The GENIE

collaboration call to this configuration as “G18_10a_02_11a” [294, 301].

The NuWro configuration for QE in LFG combined one with the

RPA effect. The SF configuration uses the GFG with a spectral function

initial nucleon state. In the resonant region, NuWro only has ∆ resonance,

and the non-resonant is the scaled Bodek-Yang DIS model for the rest of the

resonance region. In contrast to the empirical hA, NuWro uses Salcedo and

Oset’s model for FSI [302].

The model elements chosen for MnvTune.v3 at the reconstructed level

make, overall, a better agreement with the extracted cross-section. The NuWro

and GENIE v3 models, on the other hand, describe only parts in the kinematic

space of the data distribution. The considerable discrepancies are in the QE

and 2p2h regions. Both MnvTunes are far better compared with the other

generators. However, a comparison between them is challenging in the sense

that, in shape, the MnvTune.v3 seems a better model to describe the data,

but at the χ2 level is, by a small amount, the opposite. The interpretation

and discussion about that behavior are presented in the next section.

The comparison with the NuWro and GENIE 3 represents another
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challenge due to overlapping effects.
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Figure 7.44: Data double differential cross-section as function of Eavail and q3,
compared with MnvTune.v3, MnvTune.v1.2, GENIE3, NuWro SF, and NuWro
LFG.
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Figure 7.45: Data double differential cross-section as function of Eavail and q3,
compared with MnvTune.v3, MnvTune.v1.2, GENIE3, NuWro SF, and NuWro
LFG (Ratio).
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The QE process

As indicated previously, the largest differences between models are in the QE

region, which comprises nearly half of the provided data in each panel q3.The

only difference between versions in the NuWro case is the QE process, which

can be used to highlight how this aspect of the distribution is affected.

The spectral function model is notably distinct due to the absence of

an RPA screening (or empirically version [303, 304]) effect, and not due to the

spectral function. In the first one or two bins in panels with q3 < 0.4 GeV, it

generates a higher prediction than the data and all other models. The cross-

section is integrated into the NuWro spectral function using a two-dimensional

distribution of initial state off-shell nucleon momentum and removal energy.

Its implementation is substantially distinct from the enhanced Bodek-Ritchie

tail in MnvTune.v3, despite the fact that they share the theoretical motivation.

Figures 7.44 and 7.45 show two models with 5% to 10% differences in the QE

region. In contrast to the NuWro comparison, both models, in this case, have

the RPA effect, so only the spectral function and 2p2h changes are active, and

the spectral function effect alone has less than a five percent influence.

The data in the lowest bin in all panels is under-predicted by the local

Fermi gas version (NuWro LFG), then it resembles the other NuWro model.

At low Q2, it has an RPA screening effect. Its implementation is independent

of the Valencia model [226], although it is designed to generate a comparable

prediction. Moreover, it differs from the Valencia model RPA weight applied

to the two GENIE v2 tunes, and it underestimates the data in the first bin

of all panels. However, in other bins (around the QE peak), this model is

higher than the NuWro SF model and significantly higher than the GENIE

models, including the identical MnvTune.v1.2 and GENIE v3, and is a poor

overall description of the data. The initial nucleon momentum distribution of

the namesake LFG does not contain nucleons with high momentum and has,

on average, smaller momenta than a standard Fermi gas. This would result in
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a more narrow QE peak, but its impacts are harder to determine.

Comparing NuWro and MnvTune tunes relative to the data reveals a

second trend: in the following three to five available energy bins, as a function

of q3, NuWro shifts from overestimating to systematically underestimating the

data. In contrast, the two modified GENIE models are close to the data and

to one another, with certain data points preferring one model over the other.

These bins are a combination of the QE peak, 2p2h, and a small amount

of Delta resonance. The NuWro behavior could be explained by incorrectly

estimating the relative strength of these three processes. Even a simple form

factor impact (such as MQE
A ) for QE could explain a portion of these variances

in total rate and q3 trends for the generators.

The lowest available energy bins

Most of the difference between the predictions is in the lowest energy bins

in each panel. In addition to the RPA effect, there are three other effects.

Two come from how strong the FSI processes are that lead to neutrons and

low-energy nucleons in the final state. One is related to the removal of energy

applied to the hadronic system for the QE process.

The transformation of a QE proton into a neutron prior to its exit

from the nucleus is a unique component of these bins. The GENIE v2 tunes

predict that 20% of the events in the first Eavail bin of the lowest q3 < 0.6 GeV

panels are QE events with energy transfers above 100 MeV and feed down via

an FSI process, 10% are 2p2h events, and 2% are resonance events with the

same kinematics. In the most extreme scenario, 10% of the events have only

neutrons as the final state, resulting in zero Eavail. These happen when the

generator’s FSI model produces either the p→ pn knockout process, the p→ n

charge exchange process, or pion absorption followed by ejection of two or more

nucleons. The empirically tuned hA FSI model is nearly identical for all three

genie versions, but distinct from the Oset model utilized by NuWro[302] . A
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study of the hA vs. hN models in genie 3 (see Appendix G) indicates that this

choice alone accounts for 10% of the variance in these bins.

The FSI in GENIE hA and NuWro models produce a similar predic-

tion as does the INCL++ but, hN model and NEUT behaved differently ( see

reaction cross-section in [305]). Therefore, that is significantly translated to

the lowest Eavail bin.

The change in the nucleon removal energy for QE is translated an

underprediction in GENIE v3. In GENIE v2 (as well as the two MnvTunes), 25

MeV is explicitly subtracted from the proton. This 25 MeV is also subtracted

from the hadron state in resonance modification (RES Removal Energy). In

GENIE v3, this subtraction is not made. To reiterate the design, in the classic

(e,e′) nuclear effect paper [306], the QE peak is higher by 25 MeV. In GENIE,

this is accomplished by using the deForest prescription [307]. With Pauli-

blocking and the final 25 MeV subtraction, the resulting protons in GENIE v2

are produced down to zero kinetic energy. In GENIE v3 start the same, but

the Pauli-blocking step is not followed by a 25 MeV subtraction, so very few

protons are produced below 20 MeV. Additional ways to treat these effects

were described in section 6.3 for resonances and can be found in [308, 262]

and has been implemented for QE in MINERvA previous publication [309].

Overall this creates ±20% differences in the QE-rich first bin in each q3 panel.

The low Q2 resonances

All generators in 7.44, and 7.45 describe the low-Q2 resonances better than

MnvTune.v1.2 and the Rein Sehgal model. The MnvTune.v3 uses a new pre-

scription to apply removal energy to resonances similar to what GENIE v2 does

for the QE process (see Section 6.3). It preserves the event rate but shifts it

to lower Eavail. The pion production models in NuWro are within a few per-

cent of the MnvTune-v3 in the bins where this effect is significant. The ∆

model is from Lalakulich and Paschos [310] with deuterium-data based axial
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and vector form factors [311] and Pauli blocking. It would be similar to the

Berger-Sehgal with Pauli Blocking (see Section 6.5). On the other hand, the

higher resonances are treated very differently in NuWro, preventing firm con-

clusions. Instead of simulating the non-∆ resonances and their decay like other

generators, the NuWro event rate is entirely provided by the DIS model using

only the quark-hadron duality principle to reproduce the resonance interaction

rate on average.

Comparison to the previous measurement

Compared with the previous MINERvA result in Low Energy analysis [279],

this result has several improvements. All these changes cause the reconstructed

distributions to differ even with a consistent MC configuration like MnvTune-

v1.2. The important changes are in flux. In ME we applied the 12% ν + e

scattering constrain [205]. However, the 8% LE adjustment [312] was not yet

available for the first analysis. The +3.6% muon energy scale correction that

is applied to the ME data [201] has complex effects on this sample and is

also significant. There are numerous improvements of 2% or less including the

detector mass model and efficiency corrections. And the sophistication of the

uncertainty budget is improved.

On the unfolding side, the distributions use different central values

MC. The most prominent change is that the original analysis did not have any

addition to the 2p2h or QE rate in the dip region, that aspect of MnvTune.v1.2

was added afterward. Of equal significance, the original analysis used neither

a low-Q2 resonance suppression nor a ∆ hadronic energy shift to account for

that poorly predicted region of the sample.

A third effect comes from the unfolding technique, which introduces

shifts in the data/MC ratio compared to the ratio in the reconstructed dis-

tributions. Some of these shifts are from features encoded in the migration

matrix. Other shifts arise from the iterative unfolding method. When the
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input model is far from the data, iterations can lessen the gap, removing some

of the bias from an imperfect starting model. In this analysis, iterations move

the ratio by 0.08 in the QE region compared to the ratio after the first un-

folding and the reconstructed distributions, closing the gap. The discrepancy

started at 25% and was reduced to 17% for MnvTune-v1.2, and went from

16% to 9% for MnvTune.v3. In the QE region of the previous measurement,

the reconstructed distribution was already well described, so iterations had a

negligible effect. Because of these changes, combining the published unfolded

LE result with the new ME result is not a viable analysis. Future analysis to

bring the LE cross-sections on the same footing or a joint analysis with the

reconstructed data using the data preservation packages [313] may shed more

light on the neutrino energy dependence.

7.11 Interpretation of the chi-square and conclusions

In the previous section, we discussed the distinctions between the various

model components in MnvTune and the neutrino generators. This section

discusses the chi-square metric at the cross-section level. Similar to the one

presented at the reconstructed level, this covariance matrix contains only the

diagonal elements, followed by the full covariance. Finally, a ∆χ2 Metric is

presented to comprehend the numbers’ underlying significance.

The χ2 is defined in Equation 6.5, each value for each bin is presented

in Figure 7.46 for the models presented in Figures 7.44, and 7.45. The summary

in each q3 region is presented in Table 7.7. Finally the all χ2 with diagonal only

covariance matrix is presented in Table 7.8. In contrast to the χ2 presented in

Table 6.2 the diagonal elements of the covariance matrix do have systematic

uncertainties.

Similarly, the χ2 with full covariance matrix is presented, for each bin

(see Figure 7.47), in bins of q3 (see Table 7.9), and total χ2 (see Table 7.10).
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The bin-by-bin ∆χ2 in each q3 and Eavial bin is defined as:

∆χ2
i =

∑
j

(
χ2
i,jmodel

− χ2
i,jMINERvA Tune v3

)
, (7.4)

where χ2
i,jmodel

comes form Equation 6.5. The ∆χ2 for diagonal and full co-

variance matrices is shown in Figure 7.48, the metric in all other models are

shown in Figure 7.49, and the Signal model uncertainty effect is illustrated in

Figure 7.50. The metric was used in previous MINERvA analysis [314]. A

negative ∆χ2 represents a bin where MnvTune-v1.2 predicts the data better

than MnvTune-v3 while a positive value means MnvTune-v3 predicts the data

better.
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Figure 7.46: χ2 calculated with only the diagonal elements of the covariance
matrix V
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Table 7.7: χ2 of the data with MC at cross section level. Here the NDF is 44.
Only Diagonal elements of covariance matrix.

MC/Generators q31 q32 q33 q34 q35 q36

MnvTune-V3 14.101 1.603 7.515 7.985 15.119 33.113

MnvTune-V1.2 2.147 7.582 18.872 26.654 52.008 33.187

NuWro SF 233.941 63.824 19.961 32.843 63.823 44.794

NuWro LFG 200.621 101.953 68.258 63.62 74.05 47.142

GENIE 3 (G18_10a_02) 181.701 70.072 130.798 128.573 97.159 60.865

Table 7.8: χ2 of the data with MC at cross section level. Here the NDF is 44.
Only diagonal elements of the covariance matrix

MC/Generators χ2 χ2/NDF

MnvTune-V3 79.4 1.8

MnvTune-V1.2 140.5 3.2

NuWro SF 459.2 10.4

NuWro LFG 555.6 12.6

GENIE 3 (G18_10a_02) 669.2 15.2
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Figure 7.47: χ2 calculated with full elements of the covariance matrix V
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Table 7.9: χ2 of the data with MC at cross section level. Here the NDF is 44.
Full covariance matrix

MC/Generators q31 q32 q33 q34 q35 q36

MnvTune-V3 376.333 0.004 214.505 90.979 375.73 43.198

MnvTune-V1.2 -66.576 -86.212 443.791 604.878 -22.448 89.721

NuWro SF 5325.64 2095.72 1866.02 -163.935 -250.224 1249.7

NuWro LFG 5054.29 6522.03 3196.81 -965.231 654.536 1610.43

GENIE 3 (G18_10a_02) 3972.51 763.282 4433.98 2309.32 -448.594 2491.57

Table 7.10: χ2 of the data with MC at cross section level. Here the NDF is
44. Full covariance matrix

MC/Generators χ2 χ2/NDF

MnvTune-V3 1100.8 25.

MnvTune-V1.2 963.2 21.9

NuWro SF 9981.8 226.9

NuWro LFG 16363.8 371.9

GENIE 3 (G18_10a_02) 14148.9 321.6

Figure 7.48: ∆χ2 for with all cross-section models. Left plot corresponds to
calculation with full covariance matrix, and right plot corresponds to diagonal
only covariance matrix.
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Figure 7.49: ∆χ2 comparison with full (left plots) and diagonal only (right
plots) covariance and matrix. Z-axis is the ∆χ2.

Figure 7.50: ∆χ2 with full covariance matrix. With (only systematic in left
plots) and without (the systematic is excluded right plot) the Signal Models
uncertainty. Z-axis is the ∆χ2.

Page 235



7.11. INTERPRETATION OF THE CHI-SQUARE AND CONCLUSIONS

Although it seems intuitive to assert that a lower chi-square indicates

a superior model, this is not the case. For instance, this is true in cases where

a single variable is tested, such as parameter fitting. At a first quick look, the

χ2 with the full covariance matrix appears to indicate that MnvTune.v1.2 is

superior to MnvTune.v3 by approximately 137. The other models’ χ2 shows

way worst values. On the other hand in the diagonal-only covariance matrix

case, the behavior is the opposite which follows the known lines of physics

models.

In order to understand the results, Equation 7.4 was introduced. Blue

means MnvTune.v1.2 is better, and red means MnvTune.v3 is better in each

bin. That description matches with the Figures 7.44 and 7.45 in diagonal

covariance matrix case, but not in the full covariance matrix case. That hap-

pens mostly at high Eavail and high q3 regions. Consequently, the "three"

model changes between the two MnvTunes (MnvTune.v1.2 and MnvTune.v3)

do not produce a unique solution. Another observation is the size of the ∆χ2

in the full covariance in bib-by-bin is on the same scale of full difference. In

contrast, the calculation of the χ2 with the diagonal only elements shows less

of this behavior; we can see more positive values than negative ones. In con-

clusion, the observation of the case of the full elements suggests that the full

covariance χ2 sum is not significant, and it can be thought of as fluctuations

of some kind.

A detailed study of the effect of each systematic uncertainty in ∆χ2

was performed in [315]. When a model uncertainty has the same shape as

a discrepancy, this can influence the ordering of chi-square. For instance, a

significant amount of χ2 in MnvTunev1.2 could originate from the low Q2

resonance region addressed in MnvTune-v3. Therefore, MnvTune-v1.2 would

have a small χ2 at the end. The largest effect was observed in the Signal model

uncertainty (see Figure 7.50).
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On the other hand, negative values in Figure 7.47 are due to large

anti-correlations in the Eavail and q3 bins, such as the one observed due to

hadronic energy (see Section H.2). Removing the Signal model in the χ2

calculation is 14053.4 for MnvTune.v3 and 30064 for MnvTune.v1.2.

In conclusion, this analysis describes the inclusive charged-current

neutrino interactions on a hydrocarbon (polystyrene) target at low three-

momentum transfer, as well as several model variants for these interactions.

The measured double-differential cross-section as a function of three-momentum

transfer and available energy is compared to three variants of genie and two

NuWro event generator configurations. The QE, 2p2h, and resonance pro-

cesses are inadequately described by these generators, despite the fact that

the most recent model elements represent a substantial advance.

Using an analysis of reconstructed data distributions with multiple

model elements, a new central value (MnvTune.v3) is generated for unfold-

ing and evaluating systematic uncertainties. The SuSA prediction for the

2p2h model, an enhancement of the high momentum tail of the struck nucleon

momentum for QE, and a deduction of 25 MeV removal energy from the res-

onance final state replace empirical tunes to MINERvA data. The choice of

that theory-motivated models certainly makes MnvTune-v3 superior overall,

but there is still a disagreement between the model and the data in different

regions suggesting better modeling is needed.
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CHAPTER 8

SUMMARY AND

CONCLUSIONS

The thesis has two main topics. The phenomenology study of the light neu-

trino decay at future long-baseline neutrino oscillation experiments and the

experimental study of the neutrino-nucleus interaction by measuring the dou-

ble differential cross-section.

The neutrino decay in the presence of matter was examined in the

first topic. Two upcoming oscillation experiments — Deep Underground Neu-

trino Experiment (DUNE) [148] and Agua Negra Deep Experiment Site (AN-

DES) [154] — were considered. A hypothetical beam from the Neutrino of

Main Injector (NuMI) was assumed for ANDES. The differences between them

are the baseline (LDUNE=1300 km and LANDES=7650 km) and the density

(ρDUNE = 2.96 g/cm3 and ρANDES = 4.7 g/cm3).



The phenomenological study of the light neutrino decay examines the

matter effect (for DUNE and ANDES), the sensitivity to the decay parameter

(only for DUNE), and the influence of the neutrino decay in determining the θ23

and δCP (only for DUNE). For these studies, the νµ and νe disappearance and

appearance channels were considered for both Forward Horn Current (FHC)

and Reverse Horn Current (RHC) flux modes. In this work, the decay is due

to the coupling of the neutrinos with a massless scalar, denominated Majoron.

The coupling can be scalar (S) or pseudoscalar (PS). In addition, the normal

mass ordering with the stable lightest neutrino was assumed. When the ν1

mass is zero (mlightest = 0 eV) the couplings are indistinguishable and it is

tagged as x31 → ∞. On the other hand, when the ν1 mass is different from

zero (mlightest = 0.07 eV [147]) is tagged as x31 → 1. On the other hand, when

the decay products are not detectable, it is referred to as invisible decay (ID),

and if they are detectable, it is called visible decay (VD). The sum of ID and

VD give us full decay (FD), and the absence of any decay is the standard

oscillations (SO).

To investigate the effect of matter on neutrino decay, the quantity

Φ × σ was defined. This value is proportional to the product of the flux and

cross-section. Also, the neutrino mass difference and mixing parameters were

fixed as follow [158]: ∆2
21 = 7.5 × 10−5 eV2, ∆2

31 = 2.524 × 10−3 eV2 (for

normal ordering), s212 = 0.306, s223 = 0.441, s213 = 0.02166, and δCP = −π/2.
The decay parameters tested were α3 = 4× 10−5 eV2 and α3 = 8× 10−6 eV2.

Those decay parameters represent the 10% of ⟨E⟩/L for DUNE and ANDES,

respectively.

In DUNE, the Matter effect in ID or VD for the νµ disappearance

channel is negligible for both flux modes. In this channel, however, the dif-

ference between ID and VD is more significant in FHC than in RHC. Due to

the pseudoscalar coupling, in the case of FHC, the decay product’s neutrinos

become antineutrinos (the opposite for RHC). Since the antineutrino cross-
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section is smaller than the neutrino, the final result leads to a large difference

in FHC mode. In general, the VD component is dependent on the coupling. In

the νe appearance, however, the VD component is relevant at low energies and

dominant in some cases like RHC. Similar to the νµ disappearance channel,

the slight difference between VD and ID for FHC is attributed to the helicity-

flipping decay. In contrast to νµ disappearance, the matter effect in the νe

appearance becomes relevant, but that is consistent with the vacuum-matter

difference in SO. Because the decay parameter tested is smaller, the result is

in the order of ID.

In ANDES, the matter effects are much more relevant due to the

larger baseline and matter density. However, the more remarkable result,

by far, is the suppression of ID contribution in the νe appearance channel

at low energy, leaving VD as the main component. At high energies, the

difference between VD and ID is smaller vacuum and larger in matter due to

the enhancement of ID to the matter. The x31 → ∞ contributes more in the

lower energy on contrast to x31 → 1.

The number of events was employed to determine the sensitivity of

DUNE to the decay parameter (in FD). In addition, only θ23 and δCP were

taken into account because the θ13 is fixed by reactor measurements [163].

The sensitivity to α3 is obtained by marginalizing the chi-square over the

defined truth values of θ23 and δCP combining νµ and νe disappearance and

appearance respectively. At 3σ(5σ) the sensitivity of α3 for x31 → 1 and the

pseudo-scalar coupling is, α3 = 3.8× 10−6 eV2 (6.4× 10−6 eV2), in the scalar

case is, α3 = 5.2×10−6 eV2 (8.8×10−6 eV2). On the other hand, the sensitivity

to α3 for x31 → ∞ is, α3 = 6.1×10−6 eV2 (1.0×10−5 eV2). The best sensitivity

found at 90% of C.L. is α3 = 2.0×10−6 eV2, which is comparable to the limits

get from atmospheric neutrinos α3 = 2.2 × 10−6 eV2 [316]. Finally, with the

phenomenological study, the impact of the SO, ID and FD was compared in

the determination of θ23 and δCP . The results show a small difference between
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SO and ID (for α3 ∼ 10% of ⟨E⟩/L for DUNE) and for FD the allowed regions

would shift towards larger values of θ23.

The experimental study of neutrino-nucleus interaction is an addi-

tional contribution to this thesis. The research was conducted within the

context of the Main Injector Neutrino ExpeRiment to study v-A interac-

tions (MINERvA) experiment[212]. MINERvA is an experiment on-axis in

the NuMI beamline [174]. Its active region consists of scintillation planes.

The detector is divided into a nuclear target, active scintillator, tracker re-

gion, electromagnetic and hadronic calorimeters[213], and MINOS Near De-

tector (ND) [214] as a spectrometer. The neutrino flux has an exposure of

10.61 × 1020 protons on target with a neutrino energy peak of 6 GeV. The

final measurement reports the double differential cross-section for ν−carbon

in two variables, three-momentum transfer (q3 = |q⃗|), and available energy.

The second variable corresponds to the kinetic energy of protons and charged

pions, plus the total energy of any other final state particles except neutrons.

A inclusive charge-current νµ interactions events were selected, with

the following requirements: θµ < 20◦ and 1.5 < pµ < 20.0 GeV. The selected

sample yielded 3,390,718 events with 98.64% purity. The measurement re-

gion has a limit in momentum transfer (q3 < 1.2 GeV). The nominal Monte

Carlo (MnvTune-v.1.2) employed is a GENIE v.2.12.6 [224] modified with

Valencia Random Phase Approximation (RPA) suppression applied to Quasi-

elastic (QE) interaction[226, 227], 43% of suppression on the non-resonant

pion production base on bubble chamber data[228, 229], suppression on co-

herent production of pion with kinetic energy lower than 450 MeV based on

Low Energy (LE) MINERvA data [317], and an enhancement of Valencia 2p2h

based a two-dimensional Gaussian fit on LE MINERvA data [279]. On the

other hand, the flux has an improvement using the neutrino-electron scatter-

ing MINERvA data [318], and finally, the muon energy from MINOS ND has

a scaling of 3.6%.[201]
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Despite the tunes employed in MnvTune-v.1.2, the disagreement be-

tween data and MC remains mostly along the QE to the resonant (RES) region.

Motivated by the discrepancy, several studies were conducted at the recon-

structed level. The region between QE and RES denominated “dip” region has

the contribution of Meson Exchange Current (MEC) or 2p2h. The first study

conducted was on the QE; by modifying the nuclear model. In GENIE, the

nuclear model is a relativistic Fermi-gas RFG. The nucleon momentum distri-

bution in RFG has a component attributed to the Short Range Correlation

(SRC) from 221 MeV to 500 MeV[239, 245]. The SRC represents the correla-

tion of pair nucleons, denominated Bodek-Ritchie (BR) tail. The modification

was applied to the BR tail. The change enhances the QE contributions by

around 25%. The second study was in the 2p2h region, where the Valencia

2p2h and its tune were replaced by Super-Scaling Approximation (SuSA) 2p2h

model [280, 281, 282]. Both BR tail enhancement and SuSA 2p2h are about

the size nominal MC. The third component that contributes to the dip region

is the RES events. A major number of studies were performed on RES, from

new models to new data-based tunes. Instead of GENIE’s Rein-Sehgal (RS)

model, the Minoo Kabirnezhad (MK) model was applied[272, 278]. The rele-

vant difference between MK and RS is the non-resonant pion production and

interference terms. The next variation was the addition of Pauli blocking in

RES with the Berger-Sehgal (BS) model[299], which, compared to the default

model, the new one includes the lepton mass and pion pole term. Another

update to the RS is the re-weight of a non-linear suppression function based

on exclusive analysis MINERvA data. The function depends on Q2, and the

suppression happens at low Q2. Similar suppression was observed in MINOS

iron data. Another test was the application of RPA to RES since RPA in the

QE has the suppression behavior at low Q2. Finally, a RES peak shift (mostly

∆ peak) in Eavail was added. Similar to QE removal energy from nuclear

potential, a 25 MeV was removed from the available energy (RES-RE).
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Based on all the studies on the reconstructed level, a new central

value (CV) was built, denominated MnvTune.v3, which corresponds to BR

tail Enhancement, SuSA 2p2h, and RES-RE.

The selected data events and later background subtracted. The back-

ground represents 1.42 % of the entire sample. The distribution was then un-

folded with the D’Agostini regularization [286]. The unfolded events were then

divided by the efficiency and scaled by normalization factors, which include

3.115×1030 nucleon target, flux integral, and the total exposure. The final

result represents the double differential cross-section d2σ/dEavaildq3.

The measurement uncertainty arises from the detector energy re-

sponse, the neutrino flux, the interaction model, the FSI, and MINERvA’s

modified interaction model. Evaluating each uncertainty source requires a

re-extraction of the cross-section, using a modified simulation with shifted pa-

rameters of its uncertainty. Then, the difference between each re-extracted

cross-section with the nominal cross-section is used to build the covariance

matrix.

Finally, the double-differential cross-section data were compared with

different neutrino generators. Two versions of NuWro[297], and GENIE 3[294,

301]. the main difference between GENIE 3 and MnvTune.v3 are the Local

Fermi Gas (LFG) instead of RFG, Valencia RPA to QE, Valencia 2p2h, and

BS instead RS. The FSI is similar to the one used in MnvTune.v3. On the

other hand, both NuWro models have different QE implementations than Mn-

vTune.v3, and for the initial nucleon state, one is LFG, and the other is RFG

with Spectral Function (SF). The RES region only accounts for the ∆ res-

onance with a model different from RS. NuWro uses the Lalakulich-Paschos

[310] with deuterium-data-based axial and vector form factors and Pauli Block-

ing model. Similarly, the FSI differs from GENIE, using a Salcedo-Oset FSI

hadron res-catering model[302].
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The generators describe the data in some regions. The significant

difference is at low available energy, where the QE interaction dominates the

distribution. The different QE treatments in NuWro explain the difference at

low available energy. Similarly, the under-prediction of GENIE 3 is explained

due to the systematic shift of the QE peak to higher available energy distri-

bution. The reason is the lack of the 25 MeV QE removal energy. With the

exploration of the RES available energy shift, still, a suppression at lowQ2 may

also be needed to describe the data. Overall, a single model can not explain

discrepancies in all the phase space, but the chosen models (MnvTune.v3) per-

form better. On the other hand, the comparison shown at the chi-square level

creates tension concerning the last statement. That result reflects the signifi-

cant correlation between the Eavail and q3 variables described in the covariance

matrix.
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APPENDIX A

MULTI-UNIVERSE METHOD

This appendix will describe the multi-universe method mathematically using

the multivariate normal distribution and random variable definitions. The first

definition needed is the symmetric positive definite matrix.

Definition A.1 Let G a symmetric positive definite matrix if

G ∈ Rn×n : G = GTand GvTG > 0 ∀ v ∈ Rn/v ̸= 0. (A.1)

Using the previous definition we can define the multivariate normal distribu-

tion, like

Definition A.2 Let R a continuous random vector in Rn, µ a vector in Rn,

and V a matrix V ∈ G. The multivariate normal distribution of R with mean



µ and covariance V if its probability density function is

fR(µ, V ) =
1√

2πn det(V )
e
−
1

2
(R−µ)TV −1(R−µ)

. (A.2)

Proposition A.1 Let R a vector in Rn with multivariate distribution, mean

µ, and covariance matrix V . Then,

R = µ+ SU, (A.3)

where U is random vector in Rn and S an invertible matrix in Rn×n.

The vector U has E[U ] = 0 and Var[U ] = I. While the S matrix comes from

V = SST = STS where it follows the Cholesky decomposition (see proof in

[319])

The proof of the proposition uses the linear density function proved

in [320] and probability density function 1D. The step-by-step proof of the

proposition A.3 is in the reference [321].

On the other hand, from equation A.2, we can say that the expected

value of R is given by E[R] = µ, and the covariance matrix by Var[R] = V ,

therefore,

V = E[(R− µ)(R− µ)T ] = E[RRT ]− µµT , (A.4)

the proof uses the previous proposition A.3 and the mean and variance of U

(see also [321]).

Page 246



247

APPENDIX B

DERIVATION OF ITERATIVE

REGULARIZATION:

D’AGOSTINI METHOD

In this appendix we will revisited the D’Agostini iterative regularization, using

the the following references: [286, 322, 323, 324, 325, 326, 327, 328].

The unfolding techniques, in general, answer the question of how to

extract a true spectrum from an observed smeared one. That means that it

does not have a unique solution due to sensibility to initial condition fluc-

tuation [326] . In the discrete case, the unfolding problem corresponds to:

y ∼ Poisson(Uλ), (B.1)

where y is the observed(smeared) data, λ is the truth distribution that we want



to measure, and the Uij isresponsible for the bin migration from the original

histogram to the observed histogram,

Uij = P (smeared in bin i|truth in bin j). (B.2)

Bayes’ theorem and iterative regularization

Let’s begin with the Bayes’ theorem as follow:

P (Cj|E) =
P (E|Cj)P (Cj)∑p
l=1 P (E|Cl)P (Cl)

(B.3)

Where Cj are the independent causes(Cj, j = 1, 2, ..., cn) which produce a

single effect E. The P (Cj) is the initial probability of the causes and P (E|Cj)

is the conditional probability of the jth cause to produce the effect.

If we consider many events n(E) with one effect, the expected number of events

assignable to each cause is [286]:

n̂(Cj) = n(E)P (Cj|E) (B.4)

Now, if we have many effects Ei (i = 1, 2, ..., nE) for a given cause Cj, the

Bayes formula (equation B.3) becomes,

P (Cj|Ei) =
P (Ei|Cj)P0(Cj)∑p
l=1 P (Ei|Cl)P0(Cl)

. (B.5)

In the equation B.5 Cj corresponds to true values in bin j and the Ei corre-

sponds to an event reconstructed in bin i. Considering the equation B.2 and

conditional probability from equation B.3, we have,

Uij = P (Ei|Cj), (B.6)

Which plays the rule of the response matrix. For nobs experimental observa-

tions, the distribution of frequencies is,
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n(E) = {n(E1), n(E2), ..., n(EnE
)} (B.7)

And the expected number which will be assigned to each of the causes and get

it only due the observed events is,

n̂(Cj)
obs =

nE∑
i=1

n(Ei)P (Cj|Ei) (B.8)

The P0(Cj) is the λ0j over the total observed, as follow, From the previous

equation, P0(Cj) the from equation B.5 is:

P0(Cj) =
λ0j∑nE

i=1 n(Ei)
(B.9)

Therefore we can rewrite the equation B.5, using equation B.6 and B.9

P (Cj|Ei) =
Uijλ

0
j∑p

l=1 Uilλ0l
(B.10)

Finally the expected number of events λ(1)j = n̂(Cj) assigned to each cause

Cj is, taking into an account a term due to finite efficiency or inefficiency∑nE

i=1 P (Ei|Cj) = ϵj, and lets call n(Ei) = yi,

λ
(1)
j =

nE∑
i=1

n(Ei)
P (Cj|Ei)

ϵj
=

λ0j∑nE

i=1 Uij

nE∑
i=1

Uijyi∑p
l=1 Uilλ0l

(B.11)

Expectation-Maximization(EM) algorithm in iterative regulariza-

tion

The Expectation-Maximization(EM) is a technique discovered by Dempster,

Laird, and Rubin in 1977. Let’s assume that we have observed the random

variable y, and we know that its distribution depends on some parameters θ.

The goal of the ME algorithm is to find the Maximum Likelihood Estima-

tor(MLE) of θ by the maximum likelihood L(θ; y) = P (y|θ) when some of the

data is missing.

Suppose we have an estimation problem in which we have a set

{y(1), ..., y(m)} consisting of m independent examples. We want to fit the pa-
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rameters of a model P (y, z) to the data. The likelihood is:

l(θ; y) =
m∑
i=1

log
∑
z

p(y, z|θ), (B.12)

where z(i) is a random variables, that is solved by two steps so called E-step

and M-step until convergence happen.

• E-step– For each i, set

Q
(t)
i (z(i)) := p(z(i)|y(i); θ(t)) (B.13)

• M-step– Set

θ(t) := arg max
θ

∑
i

∑
z(i)

Q
(t)
i (z(i)) log

p(y(i)|z(i); θ(t))
Q

(t)
i (z(i))

(B.14)

But using the Jensen’s inequality(l(θ(t+1)) ≥ l(θ(t))) we can have

l(θ(t+1)) ≥
∑
i

∑
z(i)

Q
(t)
i (z(i)) log

p(y(i)|z(i); θ(t))
Q

(t)
i (z(i))

(B.15)

For the case of iterative D’agostini iteration, we have to find the log-maximum

likelihood l(λ; y), the random variable, in this case, let’s say z. As we men-

tioned before, the EM algorithm finds the MLE when some data is missing. In

this case, the incomplete data is y and is related to the complete data Z = zij

by [325, 327]

y = [y1, ..., yp]
T = g(Z) = [

∑
j

z1j, ...,
∑
j

zpj]
T (B.16)

Form equation B.1, we have,

yj =
n∑

i=1

λiUij. (B.17)

For the another hand the random variable zij are Poisson distributed and

conditionally independent,

zij|λj ∼ Poisson(Uijλj) (B.18)
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Then the the complete-data log-maximum likelihood l(λ;Z) is as follows,

l(λ;Z) =
∑
ij

(
zij log(Uijλj)− log zij!− Uijλj

)
(B.19)

Hence the E-step need p(zij|yi, λ(k)) of zij given y and λ(k) is binomial with

sample size parameter or the number of successes yi and probability parameter

Uijλ
(k)
j /

n∑
l=1

Uilλ
(k)
l (B.20)

On the other hand, in the E-step of the EM algorithm, the conditional expecta-

tion of complete data log-maximum likelihood l(λ;Z) given y the observation

and the value λ(k) of parameter λ is:

Q(λ;λ(k)) = E[l(λ;Z)|y, λ(k)] (B.21)

considering the probability parameter (equation B.20) we can get for our case,

E[zij|yi, λ(k)] =
Uijλ

(k)
j∑n

l=1 Uilλ
(k)
l

yi (B.22)

Then changing zij to z(k)ij in equation B.19 and applying M-step on the (k+1)th

iteration we have finally have the D’Agostini formula,

λ
(k+1)
j =

1∑
i=1 Uij

∑
i=1

UijE[zij|yi, λ(k)] =
λ
(k)
j∑

i=1 Uij

∑
i

Uijyi∑n
l=1 Uilλ

(k)
l

. (B.23)

Estimation of the uncertainty

Let’s consider a general case, if we have measurement values of parame-

ters β1, ..., βm provided by an inference procedure, the new set of parameters

η1, ..., ηk, determined as functions of the measured ones. We want the uncer-

tainties on the new parameters. The covariance matrix Cij of the modified

parameters may typically be derived from the covariance matrix Θkl of the

original parameters as shown in [324]:

Cij =
∑
p,q

∂ηi
∂βp

∂ηj
∂βq

Θpq (B.24)
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In our case, lets consider the equation B.11 and rewrite it as,

n̂(Cj) = λ
(1)
j =

nE∑
i=1

Mijn(Ei) (B.25)

where

Mij =
1

ϵj

P (Ei|Cj)P0(Cj)∑p
l=1 P (Ei|Cl)P0(Cl)

. (B.26)

The covariance matrix V of the unfolded estimates n̂(Cj) is following the

equation B.24 [328]

V (n̂(Ck), n̂(Cl)) =

nE∑
i,j

∂n̂(Ck)

∂n(Ei)
V (n(Ei), n(Ej))

∂n̂(Cl)

∂n(Ej)
(B.27)

where
∂n̂(Cj)

∂n(Ei)
in general is

∂n̂(Cj)

∂n(Ei)
=Mij +

n̂(Cj)

P0(Cj)

∂P0(Cj)

∂n(Ei)
−

nE∑
k=1

Cn∑
l=1

n(Ek)ϵl
P0(Cl)

MikMlk
∂P0(Cl)

∂n(Ei)
. (B.28)

The covariance V (n(Ei), n(Ej)) due to independent Poisson fluctuation, and

it is [328],

V (n(Ei), n(Ej)) = n(Ej)δij. (B.29)
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APPENDIX C

HADRONIC TENSOR AND W

SELF-ENERGY IN NUCLEAR

MATTER IN THE CONTEXT

OF NEUTRINO-NUCLEUS

SCATTERING

This appendix includes remarks from [94] as well as the material given by [329].

It will be beneficial to have a general understanding of Neutrino-Nucleus Scat-

tering in the Many-Body Framework (MBF). This appendix does not provide

a step-by-step deduction.

In the electroweak Charge Current (CC) neutrino-nucleus inclusive



scattering we have, the following reaction,

νl(k) + AZ → l−(k′) +X, (C.1)

in the laboratory frame. The neutrino (νl) with momentum k interacts with

nucleus Az and as a result we get the charged lepton with momentum (k′) and

the recoil X. One can describe the double differential cross-section in terms,

for instance, in terms of the charged lepton kinematics [330, 331, 94, 332],

d2σ

dΩ(k̂′)dE ′
l

=
|⃗k′|
|⃗k|

G2

4π2
LµσW

µσ, (C.2)

where G is the Fermi constant, E ′
l is the energy of the charge lepton, L is the

leptonic tensor, and W the hadronic tensor. So far, the treatment is a regular

procedure. Then, we could decompose the Equation C.2 by writing the the

tensors, where we could introduce the structure functions for W and so on.

But, we want to do the procedure in the MBF [94].

The hadronic tensor is determined by W -boson self-energy, Πµσ
W , per-

turbative expansion in the nuclear medium. For that purpose, the neutrino

self-energy is evaluated for a neutrino moving in an infinite nuclear matter

[94]. The process is represented in Figure C.1.

ν(k) ν(k)l−(k′ )

Παβ
W (q)

μ σ

W+(q)
q = k − k′ 

W+(q)
β α

Figure C.1: Diagram of W -boson self-energy in a nuclear matter.
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The self-energy for a neutrino (with momentun k) moving in Fermi

gas, for instance, with a nuclear matter density ρ is given by [94],

Σr
ν(k, ρ) =

∫
d4q

(2π)4
iΓ̄µ

r (k)Dµα(q)Π
µσ
WDβσ(q)S(k

′)Γσ
r (k), (C.3)

where Dµν(q) is the propagator, in general has the following structure,

Dµν(q) =
−gµν + qµqν/M

2
W

q2 −M2
W + iϵ

, (C.4)

where MW is the W boson mass and q = k − k
′ . The Γ̄µ

r (k) and Γσ
r (k) are

given by,

Γ̄µ
r (k) = ūr(k)

g

2
√
2
γµ(1− γ5), (C.5)

Γσ
r (k) =

g

2
√
2
γσ(1− γ5)ur(k), (C.6)

where r represents the helicity of neutrino, g = e sin θW , e the electron charge,

and θW is the Weinberg angle. The spinor normalization is ūu = 2m. Finally

the lepton propagator S(k′) is given by,

S(k′) =
��k′ +ml

k′2 −m2
l + iϵ

, (C.7)

where ml is the lepton mass. Summing over all neutrino polarization, Σν =∑
r Σ

r
ν(k, ρ), then using the Cutkosky’s rules [333] (split by the dashed line in

Figure C.1, details, see [332]) to extract the imaginary part 1, we can get the

cross-section in terms of W -boson self-energy [94],

d2σ

dΩ(k̂′)dk′0
=
|⃗k′|
|⃗k|

G2

4π2

(
2
√
2

g

)2

×∫
d2r

2π

[
Ls
µβIm(Πµβ

W +Πβµ
W )− La

µβRe(Πµβ
W − Πβµ

W )
]
Θ(q0), (C.8)

where Θ(q0) is the Heavyside function, index s and a refers to symmetric and

anti-symmetric component of the tensor2. That way the hadronic tensor for

the Equation C.2 will be in term of W-boson self energy.
1From optical theorem [334], where the imaginary part is directly proportional to cross-

section [329]
2Remember that Wµν = Wµν

s + iWµν
a .
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In summary, the neutrino from the flux may disappear by inducing

many kinds of processes (introduced in the ‘blob’ of Figure C.1) such as one-

particle-one-hole (1p1h), two-particles-two-holes (2p2h), ∆(1232)-hole (∆h),

etc., until it appears again. In the coming Appendices, we will have brief look

at these excitations.
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APPENDIX D

PARTICLE HOLE: 1P1H,1P1Hπ,

2P2H AND RPA

In this example, the setting is neutrino scattering with the nucleus. In Ap-

pendix C we saw how the MBF treatment was used to calculate the double

differential cross-section by incorporating W-boson self-energy. The purpose

of this appendix is to provide a general understanding of how the W-boson

self-energy increases. The first expansion term in 1p1h1 corresponds to the

QE process2 when the W-boson is absorbed by a nucleon (see left diagram of

Figure D.1). The 1p1h1π process comes next (right diagram if Figure D.1),

followed by the 2p2h phase (see Figure D.2). Finally, the linked Random

Phase Approximation (RPA) with the 1p1h contributions to W-boson self-

energy accounts for the influence of medium polarization (see set of diagrams
1refers to 1 particle (p) - 1 hole (h) due to one particle going out, leaving a hole in the

nucleus.
2The QE process for a neutrino-nucleon scattering within the nucleus.



D.1. 1P1H

in Figure D.3).

D.1 1p1h

In order to evaluate the self-energy for 1p1h case, the propagator of the free

nucleon is needed (see [332] ),

S(p; ρ) = (�p+M)

[
1

p2 −M2 + iϵ
+

2πi

2E(p)
δ(p0 − E(p))Θ(kF − |p|)

]
, (D.1)

, where kF is the local Fermi momentum, M the nucleon mass, E(p) =√
M2 + p2, and ρ the nuclear matter density. Given in equation D.1 we can

define G(p; ρ),

G(p; ρ) =
1

p2 −M2 + iϵ
+

2πi

2E(p)
δ(p0 − E(p))Θ(kF − |p|) (D.2)

Considering the nonsymmetric nuclear matter and taking into account the

vector and axial nucleon currents, the W-boson self-energy is given by [94],

Πµν
W = −i cos2 θC

(
g

2
√
2

)2 ∫
d4p

(2π)4
Aµν(p, q)G(p; ρn)G(p+ q; ρp), (D.3)

where θC is the Cabibbo angle, Aµν(p, q) is the nucleon tensor. To get the

cross-section the W-boson self-energy should be added in equation C.8.

The nucleon tensor is given by,

Aµν(p, q) =
1

cos2 θC
Tr
[
Γ̄µ(q)(�p+ �q +M)Γν(q)(�p+M)

]
, (D.4)

where the Γµ is the interactions vertex of W-boson, and it has the vector-axial

form

Γµ = V µ − Aµ. (D.5)

According to [304, 332, 94] the vertex considers Lorenz invariance,

QCD symmetries, conservation vector current, and partial conservation of axial

current.
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D.2. 1P1H 1π

W+(q)

ν

W+(q)

μ

Πμν
W;α

P(p′ )N(p)

1p1hα = 1p1hβ = π

W+(q)

W+(q)

ν

μ

N(p) N′ (p′ )
πλ(kπ)

Πμν
W;β

Figure D.1: Diagram of W -boson self-energy in a nuclear matter, 1p1h and
1p1h π.

D.2 1p1h 1π

The W-boson self-energy of the right diagram in Figure D.1 accounts for the

pion production in the intermediate states. In contrast to the previous case,

here we have a sum in the vertex which describes theWN → πN ′, and the pion

propagator needs to be taken into account to have the W-boson self-energy,

which is given by [233]

Πµν
W =

(
g

2
√
2

)2 ∑
N.N ′,λ

∫
d4kπ
(2π)4

∫
d4p

(2π)4
G(p; ρN)G(p

′; ρN ′)Dπ(kπ)

× Tr
(
(�p+M)γ0jµ†A γ

0(�p
′ +M)jνA

)
, (D.6)

where p′ = p+ q− kπ,
∑

N.N ′,λ is the sum over all possible charge for pion and

nucleon, Dπ(kπ) is the pion propagator. Jµ
A account for part of the amplitude of

W+N → N
′
πλ process, where λ is the charge of the pion. The contributions

of the amplitudes are coming from the seven Feynamn diagrams of Fig. 2

[273].As the aim of this appendix is to describe superficially the components

of the W-boson self energy for 1p1h1π, the reader can find all the contributions

of Jµ
A explicitly in [233, 273].
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D.3. 2P2H

D.3 2p2h

In this case, the W-boson self-energy starts as the 1p1h1π (right diagram of

Figure D.1). However, the pion is interrupted by a second 1p1h (see Fig-

ure D.2). The cut rule does not affect the pion; therefore, their propagators

contribute to the cross-section as virtual meson, which is known as meson

exchange current (MEC).

The W-boson self-energy for 2p2h follows similar like 1p1h1π except

the propagator part, and is given by [233],

−iΠµν
W =− i

(
g

2
√
2

)2 ∑
N.N ′,λ

∫
d4kπ
(2π)4

∫
d4p

(2π)4
(p, q)G(p; ρN)G(p

′; ρN ′)

×D2
π(kπ)F

4
π (k

2
π)
f 2
πNN

m2
π

k⃗2πUλ(kπ)

× Tr
(
(�p+M)γ0jµ†A γ

0(�p
′ +M)jνA

)
, (D.7)

where Fπ(kπ) is the pion form factor and it is,

Fπ(k
2
π) =

Λ2
π −m2

π

Λ2
π − k2π

, (D.8)

where Λπ = 1.2 GeV and
f 2
πNN

4π
= 0.08 [335]. The Uλ in equation D.7 is the

Lindhard function3 for a 1p1h by an object of charge λ [233].

W+(q)

W+(q)

ν

μ
N′ (p + q − kπ)

2p2hη =

Πμν
W;η

N(p)

πλ(kπ)

πλ(kπ)

Figure D.2: Diagram of W -boson self-energy in a nuclear matter, 2p2h.

3A recommended book with discutions about the Lindhard functions is [336].
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D.4. RPA

In summary, the double differential cross-section of the inclusive CC neutrino

interaction is expressed in terms of the lepton and hadron tensor (d2σνl/dAdB ∼
LµαW

µα). The hadron tensor is determined by the W-boson self-energy (Πµρ
W (q)

of Figure C.1) in the Many-Body Framework (MBF) treatment for a given nu-

clear medium. The important part then becomes on what kind of processes

we include in the W-boson self-energy (the ‘shaded’ with the region in Figure

C.1). So, by introducing a 1p1h process, for instance, we can get the QE in-

teraction, or by introducing the 1p1h1π, we can get the pion production, and

so on.

The hadronic tensor is not just replaced by the W-self energy, instead,

the self-energy of the neutrino is evaluated (represented diagrammatically in

Figure C.1). On the other hand, it turns out that the imaginary part of that

process is equivalent to the nuclear cross-section due to the so-called optical

theorem. The theorem takes advantage of the unitary nature of the S-matrix

(it can be understood as a matrix that has the time evolution information of

all the initial and final states [337]). Finally, in order to get the imaginary

part, a set of rules (Cutkostky’s rules [333]) is needed.

The more complex the process we want to introduce, the more com-

plex the W-boson self-energy becomes. In this appendix, we superficially in-

cluded 1p1h, 1p1h1π, and 2p2h, but we can have W-boson self-energy that

involves delta particles, and so on.

D.4 RPA

The nuclear environment yields an additional effect, a deviation (usually quench-

ing) on the value of the couplings (axial-vector) [338],

geff
A = qgfree

A , (D.9)

where q is denominated quenching factor, gfree
A is the free-nucleon value of

the axial-vector coupling. In other words, the strength of the electroweak

couplings may vary from their free nucleon values due to the bound nucleons
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D.4. RPA

in the nuclear media. This effect can be interpreted as a long-range correlation

due to its medium polarization effect. The method used by [94] to introduce

that effect in the neutrino-nucleus is by replacing the 1p1h excitation with a

Random Phase Approximation (RPA) response.

The RPA response was initially derived by [339, 340, 96] without

the diagrammatic technique, which latter was justified by [341]. The ‘random

phase’ name remains more historical than an actual random process.

+ + + + . . .

W+(q)

W+(q) W+(q)

W+(q)
W+(q)

W+(q)
W+(q)

W+(q)

ν

μ
μ

ν
ν

μ
μ

νV
V

V V

V
V

Figure D.3: Diagram of W -boson self-energy in a nuclear matter. Figure based
on [94].

The Figure D.3 shows an infinite series of irreducible diagrams to

account the RPA in 1p1h process. So, the diagrams can be expressed in

general terms as [329],

∑
(contributions) = Ū(q) + Ū(q)V (q)Ū(q) + Ū(q)V (q)Ū(q)(q)V (q)Ū(q) +· · ·

=
Ū(q)

1− Ū(q)V (q)
(D.10)

where Ū(q) represents the propagator and it can be expressed as a non-

relativistic Lindhard function. In the example diagram of Figure D.3, V lines

stand for an effective interaction.
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D.4. RPA

So, returning to the discussion about the couplings, only axial cou-

plings are more likely to vary4 due to pionic effects changing the nuclear re-

sponse functions [342]. Because of the link between the partial axial-vector

conservation and pion field, or called PCAC relation, in the nuclear environ-

ment [343]. So, in a realistic case, the particle-hole is described by mesons

π and ρ exchanges. The effective interaction V for the particle-hole, can be

[233],

V = c0{f0(ρ) + f ′
0(ρ)τ⃗1τ⃗2 + g0(ρ)σ⃗1σ⃗2}+ τ⃗1τ⃗2

3∑
i,j=1

σi
1σ

j
2V

στ
ij (q) (D.11)

V is Landau-Migdal type interaction [233], and the coefficients c0, f0(ρ), f ′
0(ρ),

g0(ρ), g′0(ρ) are determined in [344, 233]. σ⃗ is the Pauli matrix in the spin space

and τ⃗ in the isospin space [233]. The last part of the equation D.11 is,

V στ
ij = qiqjVl(q) + (δij − qiqj)Vt(q), (D.12)

where

Vl(q) =
f 2

m2
π

[(
Λ2

π −m2
π

Λ2
π − q2

)2
q23

q2 −m2
π

+ g′l(q)

]
(D.13)

Vt(q) =
f 2

m2
π

[
Cρ

(
Λ2

ρ −m2
ρ

Λ2
ρ − q2

)2
q23

q2 −m2
ρ

+ g′t(q)

]
(D.14)

where g′ is the Landau–Migdal parameter.

4Other couplings, like charge couplings, are prohibited by the conservation of vector
current.
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APPENDIX E

CROSS-SECTION

UNCERTAINTY

UNDERSTANDING

In this appendix, we are focused on understanding which of the components

of the MnvTune.v3 ( in this appendix referred to as newCV too) models are

affecting the uncertainty in the data cross-section. The plot in question is the

upper left in Figure E.1. At high Eavail there is a large uncertainty.



Figure E.1: Low q3 region fractional uncertainty. Understanding the sec-
ond q3 panel, we compare newCV:MnvTune.v1.2, newCV:newCV(no SuSA),
newCV:MnvTune.v1.2 with removal energy, newCV:newCV(no removal en-
ergy). In this context newCV means MnvTune.v3. The red line represents
60%, back lines represents 45% and green line represents 25% of the fractional
uncertainty.

The uncertainty is addressed by counting the difference in data un-

folded by different MCs. The upper right side (newCV:MnvTune.v1.2) means

both have removal energy and Bodek-Ritchie tail enhancement. But, the only

difference is the SuSA2p2h. in other words, it is missing SuSA2p2h in one

of the MC, and as a consequence, it is returning large uncertainty. Second,

the left plot at the bottom (newCV:MnvTune.v1.2 with removal energy) says

that the difference is in low recoil 2p2h enhancement and SuSA2p2h, so, in

conclusion, the removal energy contributes but is not that much larger than

SuSA2p2h. Finally, the bottom left plot (newCV:newCV(no removal energy))

says that if both have SuSA2p2h, the large uncertainty reduces significantly,
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confirming the left-side plot conclusion.

Figure E.2: Reconstructed 2p2h and truth 2p2h for SuSA2p2h, default MEC
and default MEC withlow recoil tune.

Previously we identified the largest contribution of the uncertainty;

now, let’s focus on understanding why that happens. Figure E.2 shows the

truth and reconstructed distribution for all the three components of the 2p2h

contributions. It turns out that the bin causing the problem is not affected

by the low recoil tune (no enhancement at all). In that particular bin, the

comparison is direct with what default Valencia MEC gives.

Figure E.3: Ratio of double differential cross-setion with SuSA over Valencia
default MEC.

In Figure E.3 the ratio of SuSA2p2h over MnvTune.v1.2 is shown,

and the plot in question is pointed by the arrow. This particular bin is where

the a large difference between SuSA2p2h and Valencia. The Default MEC

enhances the dip region while the SuSA 2p2h enhances the ∆ region.
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APPENDIX F

REMOVING THE UNPHYSICAL

EVENTS OF THE EXTENDED

2P2H SAMPLE

In order to use the SuSA 2p2h prediction the Valencia 2p2h model should

be extended the to higher q3 regions (q3 < 2.0 GeV ). However, the Valencia

model has a non-relativistic component to the calculation (see high q3 region

of Figure F.1), it produces an unphysical prediction especially at high q3 but

low Q2.



Figure F.1: Extended 2p2h distribution in truth variables (q3,q0) with unphys-
ical events at high q3 region.

To remove the unphysical events an additional weight reduces the

prediction to zero in that region, keeping the Valencia prediction at lower

energy transfers. The weight has a W and q0 dependence.
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Figure F.2: Right side, truth W and q0 before weight to remove the unphysical
events. Left side, same distribution with the removing weight.

In Figure F.2 the weighting function reduces to zero for events (W >

1.7 GeV), and between 1.5 to 1.7 GeV negative linear weight was applied. In

addition, the q0 has the same treatment in the region from 1.8 to 2.0 GeV.
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Figure F.3: The weight function in the truth q0 and q3 distribution designed
by Richard Gran.

After re-weighting the distribution (q0, q3) with the function shown

in Figure F.3 is illustrated in Figure F.4.

Figure F.4: Extended 2p2h distribution in truth variables (q3,q0) without un-
physical events at high q3 region.
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APPENDIX G

CROSS SECTION

COMPARISON WITH GENIE 3

VARIATIONS

In this appendix, the double differential cross-section is compared with other

configurations of GENIE 3. The labels of the configurations represent different

variations on the modification on the ground state, interaction types, and

(more importantly) in the final state interaction [294, 301].

The comparison are presented in Figure G.1 and the ratios respect

to the MnvTune.v3 are presented in Figure G.2.
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Figure G.1: Data double differential cross-section as function of Eavail and q3,
compared with MnvTune.v3, MnvTune.v1.2, and GENIE3 (variations).
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Figure G.2: Data double differential cross-section as function of Eavail and q3,
compared with MnvTune.v3, MnvTune.v1.2, and GENIE3 (variations) Ratios.
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APPENDIX H

CROSS SECTION χ2 AND

COVARIANCE MATRIX

In the present appendix, the χ2 and covariance matrix is presented. For the

MnvTune.v3, MnvTune.v1.2, NuWro FS, NuWro LFG, and GENIE 3 (10a).

Then, an evaluation of the contributions of each systematic uncertainty (Flux,

Hadronic Energy, Muon Reconstruction, RPA, FSI, Interaction Models, and

Signal Model) on the χ2 is displayed. Finally, a combination of the system-

atic uncertainties (FSI+Interaction Models, Flux + Hadronic Energy, Flux

+ Hadronic Energy + Muon Reconstruction, and Hadronic Energy + Muon

Reconstruction) are presented.



H.1. CROSS-SECTION χ2 COMPARISON DIAGONAL/FULL COVARIANCE
MATRIX
H.1 Cross-section χ2 comparison diagonal/full covariance matrix
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Figure H.1: χ2 comparison mc:MnvTune-v3
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Figure H.2: χ2 comparison mc:MnvTune-v1.2
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H.1. CROSS-SECTION χ2 COMPARISON DIAGONAL/FULL COVARIANCE
MATRIX
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Figure H.3: χ2 comparison mc:NuWro SF
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Figure H.4: χ2 comparison mc:NuWro LFG
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H.1. CROSS-SECTION χ2 COMPARISON DIAGONAL/FULL COVARIANCE
MATRIX
GENIE3 10a
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Figure H.5: χ2 comparison mc:GENIE3-10a
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

H.2 Cross-section χ2 and covariance matrix (systematic)

Full Covariance matrix with only Flux uncertainty
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Figure H.6: covarianve matrix with only flux uncertainty
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Figure H.7: χ2 full covarianve matrix with only flux uncertainty
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

Full Covariance matrix with only Hadronic energy uncertainty
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Figure H.8: covarianve matrix with only hadronic energy uncertainty
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Figure H.9: χ2 full covarianve matrix with only hadronic energy uncertainty
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

Full Covariance matrix with only Muon energy and angle uncer-

tainty
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Figure H.10: covarianve matrix with only Muon reconstruction uncertainty
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Figure H.11: χ2 full covarianve matrix with only muon energy and angle un-
certainties
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

Full Covariance matrix with only RPA uncertainty
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Figure H.12: covarianve matrix with only RPA uncertainty
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Figure H.13: χ2 full covarianve matrix with only RPA uncertainty
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

Full Covariance matrix with only FSI uncertainty
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Figure H.14: covarianve matrix with only FSI uncertainty
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Figure H.15: χ2 full covarianve matrix with only FSI uncertainties
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

Full Covariance matrix with only Interaction model uncertainty
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Figure H.16: covarianve matrix with only Interaction model uncertainty
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Figure H.17: χ2 full covarianve matrix with only interaction models uncertain-
ties
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H.2. CROSS-SECTION χ2 AND COVARIANCE MATRIX (SYSTEMATIC)

Full Covariance matrix with only Signal Model uncertainty
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Figure H.18: covarianve matrix with only Signal Model uncertainty
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Figure H.19: χ2 full covarianve matrix with only Signal model uncertainty
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H.3. CROSS-SECTION χ2 (SYSTEMATICS UNC. COMBINATIONS)

H.3 Cross-section χ2 (systematics Unc. combinations)

Full Covariance matrix with only FSI + Interaction model uncer-

taintes
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Figure H.20: χ2 full covarianve matrix with only FSI and Interaction model
uncertainties
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H.3. CROSS-SECTION χ2 (SYSTEMATICS UNC. COMBINATIONS)

Full Covariance matrix with only Flux + Hadronic energy uncer-

tainty
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Figure H.21: χ2 full covarianve matrix with only flux and hadronic uncertain-
ties
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H.3. CROSS-SECTION χ2 (SYSTEMATICS UNC. COMBINATIONS)

Full Covariance matrix with only Flux + Hadronic energy + Muon

energy and angle uncertainty
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Figure H.22: χ2 full covarianve matrix with only flux, hadronic energy, muon
energy+angle uncertainties
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H.3. CROSS-SECTION χ2 (SYSTEMATICS UNC. COMBINATIONS)

Full Covariance matrix with only Hadronic energy + Muon energy

and angle uncertainty
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Figure H.23: χ2 full covarianve matrix with only hadronic energy, muon en-
ergy+angle uncertainties
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APPENDIX I

SUSAV2 QE

Its implementation is a hadron tensor. It pulls one target nucleon from a

GENIE Local Fermi Gas and then gives it energy and momentum transfer

in the lab frame to send it out in the nucleus to be FSI re-scattered [260].

The general feature of the SuSA QE compared to the GENIE GFG, is that

GENIE has a more narrow effect on the QE peak, and SuSA QE extends on

the tails, contributing to the dip region between the QE and the Delta (see

Figure I.1 and I.2). This feature of putting events in the dip region had the

same SRC motivation as the spectral function and the Bodek Ritchie tail and

our enhancement of it.



Figure I.1: SuSAv2 QE cross-section in function of q0 and q3 on the left, and
the right hand side plot GENIE with GFG cross-section in terms of q0 and q3,
plots taken from [260]. Z-axis represents the cross-section.

Figure I.2: Ratio plot from SuSAv2 QE cross-section over GENIE with GFG
cross-section in terms of q0 and q3. The enhancement on the high energy
transfer side is unmistakeable, compared to the Global Fermi gas. Plots taken
from [260]

Effect of SuSAv2 QE on low recoil sample

For the SuSAv2 QE the RPA effect is turned off. The difference between

SuSAv2 QE (RPA turn off) with nominal is around 40% maximum at the low

q3 region. However, the higher contrast in QE events is more than 60% in the

tails of QE distribution shadowing from other contributions (Figure I.3), as is

expected from the 2D ratio above (Figure I.2). Compared with the data, higher

q3 agrees better and is not the case at low q3 where the nominal MC works
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better (Figure I.4 and I.5). Compared with the previous Bodek-Ritchie tail

enhancement, SuSA-QE preserves the quasi-elastic rate. The data prefers the

overall increase in quasi-elastic as much as the increase in the dip region. The

second observation from [260], the simulation of the resulting ejected nucleon

in the SuSA implementation in GENIE is suspicious [345] and anyway can not

be reproduced by simple re-weighting. The Eavail prediction not only does not

describe data, but it also does not describe the SuSA prediction. We will not

use this iteration for the newCV (referred to in the thesis also as MnvTune.v3)

and hope a better implementation is available in the future.
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Figure I.3: Reconstructed Eavail in projections of reconstructed q3 regions, the
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In red the Total MC and in blue QE event types.
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APPENDIX J

MINERνA COLLABORATION

Figure J.1: MINERvA Collaboration meeting Pittsburgh, USA 2019
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