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Resumen

(GAUSSIAN MULTIPLICATIVE CHAOS
Jhon Kevin Astoquillca Aguilar
2020

Asesor: Beltran Ramirez, Johel Victorino

Titulo obtenido: Magister en Matemaéticas

La teoria de Kolmogorov-Obukhov-Mandelbrot de disipacion de energia en
desarrollo de turbulencia se establecié para estudiar el comportamiento cadtico
de los fluidos. En ausencia de una base matemaética rigurosa, Kahane introduce el
caos gaussiano multiplicativo como un objeto aleatorio inspirado en la teoria del
caos aditivo desarrollada por Wiener. En esta tesis desarrollamos teoria aleatoria
en el espacio de medidas de Radon con el objetivo de definir rigurosamente el caos
multiplicativo gaussiano. Seguimos el articulo de Kahane y debilitamos algunas

condiciones para proporcionar una introducciéon accesible y autocontenida.

Palabras clave:
Medidas aleatorias
Procesos gaussianos
Caos gaussiano multiplicativo

Martingalas



Abstract

The Kolmogorov-Obukhov-Mandelbrot theory of energy dissipation in turbulence
developed was established to study the chaotic behavior of fluids. In the absence
of a rigorous mathematical basis, Kahane introduced the Gaussian multiplicative
chaos as a random object inspired by the additive chaos theory developed by
Wiener. In this thesis we developed random theory in the spaces of Radon
measures in order to rigorously define Gaussian multiplicative chaos. We follow
Kahane’s paper and weaken some conditions to provide an accessible and self-

contained introduction.

Key words and phrases: Random measures, Gaussian processes, Gaussian
multiplicative chaos, martingales with discrete parameter.

2010 Mathematics Subject Classification: Primary 60G57; Secondary
60G15, 60G42.



... para mi familia.



Contents

Introductionl

(1 Probability Theory|

(L1.1  Basic Notions| . . . . . . . . . . . .. .. ... ... ...,
(1.1.2  Daniell-Kolmogorov Theorem| . . . . . ... ... ... ..
[1.1.3  Measure Theory{. . . . . . ... .. ... ... ... ....
(1.2 Weak Convergence| . . . . .. ... ... ... ... ..

(1.3 Independencel . . . . . . . . ...

(1.4  Martingales and Uniform Integrability] . . . . .. . ... ... ..

7 G 0 Fields

2.3 Gaussian Spaces|. . . . . . . ...

[2.4  Regularity of Irajectories| . . . . . . ... ... ... ... ....

[2.5 Convergence of Gaussian Processes| . . . . . . . . ... ... ...

[2.6 Independence of Gaussian Fields|. . . . . ... ... ... ... ..

3 Random Measures|

vil

© O Ot w w W

11

15
15
21
24
26
28
31

34
34
39
44



[4.2.2  Uniqueness|
[4.2.3  Degeneracy|

Conclusions|

[A Appendix|

(Bibliography|

viii

59

61

62



List of Figures

1X



Agradecimiento

A todos los profesores que compartieron su conocimiento conmigo
durante toda la maestria en matematicas en la PUCP.

A mi asesor, el doctor Johel Beltran, por su apoyo indispensable a
pesar del delicado momento por el cual todos atravesamos, por
estar pendiente en responder mis preguntas y darme una mano
cuando lo he necesitado.

Al doctor David Garcia, por sus acertadas correcciones y
observaciones a lo largo de todo el texto.

A mis companeros, por las largas platicas donde aprendimos
matematicas por ensayo y error.

A mi familia, por ser mi soporte en todos los aspectos.

A Dios, mi salvador, por El tengo vida, tengo duefo y soy querido.



Introduction

The idea of Gaussian multiplicative chaos was introduced by Mandelbrot [Man72]
in his work on the Komogorov-Obukhov’s model of energy dissipation in
turbulence. Despite its functionality, it could not be constructed mathematically
until 1985 where Kahane, in his article Sur le chaos multiplicative [Kah85],

provides the fundamental ideas to define it as a random object.

Gaussian multiplicative chaos appears naturally in several branches of
mathematics, such as mathematical physics or mathematical finance. The reader
is referred to [RV14] for some examples. Motivated by its wide applicability,
this thesis explores the theory of multiplicative chaos in an introductory way by
focusing on the first definition of Kahane. The goal is the definition and study

of random measures of the form
1
M (dt) = exp (X(t) - §IE:[X?(t)]) o(dt) (1)

where (X (t)):er is a centred Gaussian field and o is a given Radon measure on a
locally compact Polish metric space T'. Gaussian multiplicative chaos is a random
measure of this form that allows the Gaussian field to have infinity variance, i.e.,
E[X?(t)] = oo. In this case it is not clear what meaning to give to a priori
because X is not longer a Gaussian field. We proceed in the text considering that
the function K (t,s) = E[X (¢)X(s)] is of the form

o0

K(t,s)= ZK"'

n=1

For every K,(t,s), we find a Gaussian field X, (¢) such that K,(t,s) =
E[X,(t)X,(s)] and then we use an approximation procedure to give meaning
to . The text is organized as follows.

In Chapter 1, we present some basic definitions and results of probability

theory in the context which we are interested in.

1



In Chapter 2, we introduce Gaussian random objects and some results about
them. Here, we realize the importance of the covariance kernel. Its richness

provides good properties to the Gaussian field.

In Chapter 3, we work with measures defined on locally compact Polish metric
spaces. The set of Radon measures defined on this space is endowed with a Borel
o-algebra in order to define a random measure. Some facts about distribution

and convergence of random measures are given.

In Chapter 4, Gaussian multiplicative chaos is defined as a random measure. It
is obtained as a weak limit of random measures. We discuss some problems about
the definition such as uniqueness and degeneracy. Finally, we briefly present an
extension of the theory.

Jhon Kevin Astoquillca Aguilar

Lima, Peru.
2020



Chapter 1

Probability Theory

This chapter is devoted to the basic of probability theory that will
be used in the text. For more detail and proofs, the reader is
referred to [AL06|, [Kal02|, [Klel3|, [Bog07] and [Ros06).

1.1 Stochastic Processes

1.1.1 Basic Notions

A probability space is a triple (2, F,P) consisting of:
e the sample space €2 which is an arbitrary nonempty set,
e the g-algebra F of subsets of €2, which are called events, and
e the probability measure P : F — [0, 1].

The Borel o-algebra on RY, 1 < d < oo, is denoted by B(R?). A measurable

function

X: (F) — (RYB(RY)
wo e X(w)
is called random variable. If we want to specify that d = 1 or d > 2 we say that
X is a real random variable or random vector, respectively. The expected value

of the real random variable X is the integral with respect to the measure P:

/Q X (w)P(dw).
3



It is denoted by E[X] or EX. This expectation exists if the the expectation of
the positive part X+ and the negative part X~ of X are not infinite at the same

time. We are considering

r" = max{r,0}, 2~ = min{—=z,0}.
Note that EX = EXT —EX .

We say that a random variable is integrable if E| X | < co. The expected value
of the random vector X = (X7,...,Xy) is E[X] = (EX},...,EX,) provided that
each real random variable X;, i € [1,d], is integrable. Here [1,d] = [1,d] N Z.
We say that a property is true P almost surely or simply a.s. if it is true outside
a set N € F such that P(N) = 0.

For every real p > 1, we denote by LP(2, F,P), or simply L, the space of
random variables X such that |X|P is integrable and where random variables

which agree a.s. are identified. Since the measure P is finite, we have for b < a,
LY(Q,F,P) c L°(Q, F,P).

Let X be a random variable, the probability measure Px(-) := P(X~1(+))
defined on B(R?) is called the probability distribution (or simply distribution)
of X. We write X 2 Y when the random variables X and Y have the same

distribution.

Definition 1.1.1. The collection {X,, : & € X'} of real random variables defined
on (£, F,P) is called a stochastic process indexed by the set X

We usually use the notation (X, )acx or (Xa)q if it is clear. When the index
set is N = {1,2,...}, we can refer to it as a sequence of random variables. The
family

{Py : (a1, 0n,...,04) € XF X = (X4, ..., Xa,), k € N}

of distributions is said to be the family of finite dimensional distribution
associated with the stochastic process {X, : a € X'}. Let X = (X,)aexr and
Y = (Y, )aecx be stochastic processes, we say that they have the same distribution
and it is denoted by X 2y if for every k € N and (ay,...,q) € XF,

(Xays s Xay) = (Yay, ., Ya,).



1.1.2 Daniell-Kolmogorov Theorem

Let 4 be a probability measure on (R, B(R)), we can ask if there is a probability
measure (€2, F, P) and a real random variable X on it such that its distribution
is p. The answer is affirmative, it is enough to consider (2, F, P) = (R, B(R), )
and the random variable X to be the map X (w) = w. Thus

Analogously, let u be a probability measure on (R? B(R?)). The probability
space (R?, B(R?), ) and the random vector X(w) = w can be considered to
obtain a random variable with distribution .

The Daniell-Kolmogorov theorem deal with this problem when we want to
construct a stochastic process {X, : @ € X'} indexed by X on some probability
space (€2, F, P) when a family of finite dimensional distributions is given. The

version of the theorem we will use appears as Theorem 6.3.1 of [ALOG].

Theorem 1.1.2. Let X be a nonempty set. Let Qx = {V(ai.ao,...an)
(a1, qn,...,a) € X* k € N} be a family of probability measures such that for
each k € N and (ay, ag, ..., qp) € X*,

-----

2. for all By, Bs,..., B, € B(R), 2 <k < 0,

Viar, o) (B1 X o+ X B1 X R) = V(ay, 0 _1)(B1 X -+ X Bi_1),

,,,,,

3. and for any permutation (iy,is,...,1;) of (1,2,--- k),

V(ail ..... aik)(Bil X X sz) = V(ay,..., ak)<Bl X X Bk)

Then, there exists a probability space (2, F, P) and a stochastic process Xy =
{Xo 1 a € X} on (QF,P) such that Qx is the family of finite dimensional

distributions associated with X y.

Remark. In the proof of [ALO6], Q = RY, F = B(R)®" and the stochastic
process X = {X, : a € X} is a projection from RY to R. Provided that
the above conditions (usually called consistency conditions) hold, the probability
measure P build on (RY, B(R)®%) is unique.



1.1.3 Measure Theory

We recall some basic results of measure theory. In the remainder of the chapter

we deal with random variables defined on the probability space (2, F, P).

Theorem 1.1.3 (Monotone convergence theorem). Let (X,)nen be an increasing
sequence of positive random variables and let X = lim,,_,o, X, a.s. Then

E[X] = lim E[X,].

n—o0
Theorem 1.1.4 (Dominated convergence theorem). Let (X,)nen be a sequence
of random variables, let X = lim, oo X, a.s. and | X,| < Z for every n € N with

Z € L'. Then
E[X] = lim E[X,,].

n—oo

Theorem 1.1.5 (Differentiation under the integral sign I). Let I be an open
interval of R and f: I x 2 — R be a function such that

(i) for everyt € I fized, the functionw — f(t,w) isin L' (then it is a stochastic
process indexed by I);

(i) for every w € Q fized, the function t — f(t,w) is differentiable on I;

(iii) there exists a random variable Z € L' such that for everyt € I,

‘g{( )‘ < Z(-) a.s.
Then the function
t— E[f(t,w)]

is differentiable on I, 2 f(t,-) € L' and

L] = E [ 700

We can weaken the third hypotheses even further:
(73i)" for any compact subset K C I, there exists a nonnegative random
variable Zx € L' such that,

of

su
D1

teK

L, )‘ < Zx(") a.s.

Fubini and Tonnelli



If the index set X' of a stochastic process (X, )acx is endowed with the o-

algebra A we can ask if the map

X: AxQ — R
(,w) = X,(w)

is measurable with respect to the product c-algebra A ® F. In the affirmative
case we say that the stochastic process is measurable. The following theorem due
to Fubini and Tonnelli is used to interchange the order of integration of positive

stochastic processes.

Theorem 1.1.6. Let p be a o-finite measure on (X, A) and (Xo)acx a

measurable stochastic process taking values in R, then

1. The function
oz»—)/X(oz,w)P(dw)
X

is measurable with respect to A and

w / X (o, w)p(da)
0
1s a random variable.

2. We have

XxQX(a’w)d’u(gP:E[/XX(C“W)H(CW)} Z/)(E[X(Oz,w)]ﬂ(doz).

1.2 Weak Convergence

In this section we introduce convergence in distribution as a particular case
of weak convergence. The latter will be useful to characterize probability

distributions.

Definition 1.2.1. For any probability measures p, ji1, ji2, ... on R? we say that
[tn converges weakly to p and it is denoted by ju, — p if

[t [ s

for any bounded continuous function f on R



We say that a sequence of random variables (X, ),en defined on (2, F,P)
converges to the random variable X in distribution if their distributions Py,

converges weakly to the distribution Py of X. More explicitly,

E[f(Xo)] = E[f(X)]

for any bounded continuous function f on RZ. It is denoted by X, ENS ¢
In the study of the distributions of the random variables, the characteristic

functions are a very useful and easy to apply tool.

Definition 1.2.2. The characteristic function of a probability measure p on
(R4, B(RY)) is the function fi : RY — C defined as

(€)= [ < ntdn), ¢ert

where - denotes the usual Euclidean product on R? and i = /—1.

If X is a random variable on (2, F,P) that takes values in R¢, the
characteristic function of X 1is the characteristic function of its probability

distribution:

~

¢x(§) = Px(§) = /eig'xﬂ”x(dfv) =Elexp(i¢ - X)], ¢€R™

Example 1.2.3. A Dirac measure on R? is the probability measure J, defined
for a given z € R and A € B(R?) by

0, = ¢ A;
1, ze€ A

5,(A) = 1a(x) = {

If a random variable X has the Dirac measure ¢, as a distribution, then X = x

a.s. Its characteristic function is
E[e®¥] = i,

The following theorem is one of the most important tools in the text. It is
used to characterize distributions and establish convergence in distribution. It

appears as Theorem 5.3 of [Kal(2].

Theorem 1.2.4. (Uniqueness and continuity, Levy) For any probability measures

[y s fha, - . on RE we have i, — o if and only if fu, — f for every & € RY.

8



As a consequence, we can uniquely determine a probability measure x4 on R?
with its characteristic function ji using the theorem with u, = v, ie., if i =0
then pu = v.

In the literature, characteristic functions also are called Fourier transform.
The Fourier transform of a random variable X and a measure p are ¢x and fi,
respectively, both defined above. In this language, Theorem tells us that
the Fourier transform is injective for measures. If two random variables have the
same Fourier transform then they have the same distribution.

For measures on R = {(z1,...,24) : &y > 0, k € [1,d]} (endowed with
B(RL) = B(RY) N"R%) we can consider the Laplace transform /i, given by

i(6) = [ <outdo), ¢ Rl

A corresponding statement of Theorem holds for the Laplace transforms of

measures on Ri, then the Laplace transform is injective. Note that in this case

[t [ sau

for any bounded continuous function f on RZ. Thus, if X,, > 0 for every n € N

tn — v if and only if

and X > 0, the sequence (X,,), converges in distribution to X if and only if
E[f(Xn)] = E[f(X)],

for any bounded continuous function f on R,.

1.3 Independence

The notion of independence is an extremely useful tool in probability theory. It
makes calculations much easier. We start with independence of events.
We say that the events {A;,..., A,} C F are independent if

IED<A)\1 M---nN AM) = P<A>\1) o ]P(AM)
for all {A1,..., A} C [1,n].

Definition 1.3.1. A collection of events {A) : A € A} C F is called independent
if for every finite subcollection {\1,..., Ay} CA, k€N,

]P)<A>\1 M---N A/\k) = IP)(AM)]P)(A)Q) o IP)(A)\k)

9



More general, we can define independence for o-algebras.

Definition 1.3.2. Let {8, : n € N} be sub-c-algebras of F. We say that they
are independent if for every A, € B,, the collection of event {A;, As,...} is

independent.

We say that the random variables {X, : n € N} are independent if the
o-algebras {o(X,) : n € N} are independent, where o(X,) is the o-algebra

generated by X,,, i.e.,
o(X,) ={X;(A): Ac BRY}.

n

Independence of real random variables can be characterized by Fourier

transform.

Proposition 1.3.3. Let X4,..., X, be real random variables, the following are

equivalent:
(i) Xi1,...,X, are independent.

(i1) For all bounded measurable function f;: R — R, i € [1,n],

(i1i) The characteristic function of X = (X1,...,X,) is

E

¢X(€l> cee 7511) = H ¢X1(£2)
=1

As a consequence we have

Proposition 1.3.4. If X and Y are independent real random variables then

bx 1y (&) = dx(§)oy(§).

The following result is handy to verifies that o-algebras are independent. We
say that a nonempty family of subsets of ) is a m-system if it is closed under

finite intersections.

Proposition 1.3.5. Let {B, : n € N} be o-algebras of F. For every n € N, let
Cn C B, be a w-system such that o(C,) = B,. Suppose that for every A, € C,,
the collection {A,, : n € N} is independent. Then, the o-algebras {B,, : n € N}

are independent.

10



Remark 1.3.6. The 7-system
k
C = {ﬂX;il(Bai) (o, ... o) € X% B, € BR),k € N}
i=1

generates the o-algebra o(X, : a € X).

We say that the stochastic processes { X" : « € X}, n € N, are independent
if the o-algebras o(X} : « € X') are independent. By Remark it is satisfied
if for every k € N and (ay,...,a;) € X*, the random vectors {X,, : n € N} are
independent, where X,, = (X ,..., X7 ).

Given any sequence of sub-o—algebras {F,, : n € N} of F, we may introduce

the associated tail o-algebra
T =) o(Fust, Fosar- ),
neN
where o(F, 11, Fni2,.-.) is the o-algebra generated by Ugsp11F%-

Theorem 1.3.7. Let {F,, : n € N} be an independent collection of o-fields. Then
if A€ T then P(A) =1 or0.

1.4 Martingales and Uniform Integrability

In this section we introduce two special stochastic processes with important limit
properties. Martingales are hugely studied by its applications. In order to define
them we need to introduce conditional expectation and filtration.

Definition 1.4.1 (Conditional expectation). Let X be an integrable random
variable and G C F be a sub-g-algebra. A random variable Y that is measurable
with respect to G and

E[X14] = E[Y14]

for all A € G is called the conditional expectation of X given G and is written as
E[X|G].

We have some properties from the definition. Let X; and X5 be integrable

random variables:

e If G = F, then

11



e Linearity. Let a € R, then

E[aX; + X2|G] = aE[X1|G] + E[X.|G].

e If X, is measurable with respect to G, then

E[X:|G] = X;.

e If X is independent of X5, then
E[X:|o(Xs)] = E[Xq].
Definition 1.4.2 (Filtration). A collection {F,, : n € N} of sub-o-algebras of F
is called a filtration if F, C F,4 for all n € N.
Let {X,, : n € N} be a stochastic process. The oc—algebras
Fo=0(X1,..., Xp)
form a filtration. It is called the natural filtration of the stochastic process.

Definition 1.4.3. We say that a stochastic process {X,, : n € N} is a martingale
with respect to the filtration {F, : n € N} if

e X, is integrable for every n € N,
e X, is measurable with respect to F,, for every n € N and

e forallne N
E[X,i1|Fn] = X

Example 1.4.4 (Random walk). Let (X,,),en be a sequence of independent real

random variables with the same distribution, namely

1

pEl) = 5.

For every n € N, we set
n
Su=> X
k=1

The stochastic process {5, : n € N} is called random walk. We will prove that
this process is a martingale with respect to the natural filtration. For every
n €N,

12



e S, is integrable:

3

E[lSal] < ) E[[Xn[] = nE[| X4]] = n,

k=1
e it is clear that S,, is measurable with respect to F, for every n € N,

e and

E[Sys1|0(X1, s X0)] = E[Sh + Xt |0(X1, o, Xi0)]
= B[Su|o(X1, ooy Xo)] + E[ X1 |o(X1, 0, X))
= S, + E[X, 1]
= S,.

The following result is an example of the good properties that we have from

martingales.

Theorem 1.4.5. Let (X,)en @ nonnegative martingale with respect to F,, such
that
E[Xl] < 0.

Then (X,)nen converges a.s. to a finite limit X and E[X] < oc.

Uniform integrability is considered as a generalization of dominated

convergence theorem because it allows us interchange limit and expectation.

Definition 1.4.6. A stochastic process {X,, : n € N} is said to be uniformly
integrable if

o <S“pE[|Xn|1{Xn>K}]) = 0.

neN

If we have a uniformly integrable sequence such that there is a random variable
X such that
lim X, = X a.s.

n—o0

Then
lim E[X,]| = E[X].

n—oo
Starting from the definition it is a bit difficult verifying the condition of uniform
integrability. The next theorem give us a simple condition that implies this. It

is most often applied (and we will do) with p = 2.

13



Theorem 1.4.7. Let (X,,)nen be a sequence of random variables such that

sup B[ X,["] < oo
neN

for some p > 1. Then the sequence is uniformly integrable.

14



Chapter 2

Gaussian Fields

Before introducing the reader to Gaussian Multiplicative Chaos,
we need to mention some facts about Gaussian random objects.
Most of them are related with the kernel: Existence, regularity of
trajectories, independence and distributions. This chapter is based

on [Jan97|] and [LG16].

Throughout this chapter, we deal with random variables defined on a probability
space (2, F,P). Some of the probability spaces should be chosen appropriately

in the existence results that follow.

2.1 Gaussian Random Variables

We say that a real random variable Z is standard Gaussian if its density with

respect to Lebesgue measure is

1 < x? )
exp | ——
Vor 2
Its characteristic function is

E[¢¥?] = e¢/2,
Using the fact that

+00 +oo
/ e~ 2y = V2T and / ze " 2dy =1
—00 0

15



and integrating by parts we get that Z belongs to L?, for any positive integer p.
Since L* C L° for b < a, then Z belongs to all spaces LP, 1 < p < co. Moreover,
we have

EZ =0, var(Z) := E[Z* — (E[Z])?] = 1.

Let 0 > 0 and m € R, a real random variable X is said to be Gaussian with

N (m, o?)-distribution when it satisfies any of the following equivalent properties:

. X262+ m, where Z is a standard Gaussian variable;

2. the distribution of X has density

1 ( (x — m)2>
exp| ——— | ;
V2oro P 202
3. the characteristic function of X is

. 0'2
E[e**] = exp (imf — 752).

We have then
E[X] =m, var(X) = o?.

The distribution A (m,c?) is also called normal distribution. By convention,
when o = 0 (degenerate case), N'(m,0) is simply the Dirac mass at m, Property 3
still holds in that case. The reason is that the sequence (X,,),en with distribution

N(m, 02) converge in distribution to X = m a.s. when o, — 0. In fact,

2
lim exp (z’mf — 0—52) = exp(imf),
n—o00 2
so this follows from Theorem [I[.2.4]

Proposition 2.1.1. Suppose that X follows the N (m,o?)-distribution, X’
follows the N'(m/, 0'?)-distribution and they are independent. Then X+ X' follows
the N'(m +m', o® + o'*)-distribution.

Proof. This is a straightforward consequence of Proposition
Ox+x/(€) = ¢x()ox () = Ele* B[]
2 ?
= exp (i(m+m’)§ _Ttoe §2> .

2

16



A random vector X = (Xi,...,X,) is said to be Gaussian if for all v =
(v1,...,vq) € R the variable

Z=v-X=vX=vX1 4+ v,Xy (2.1)

is a Gaussian random variable.

Remark. When we use matrix algebra, the vectors are in R%*!

Example 2.1.2. If X;,--- | X; are independent Gaussian variables, Proposition
2.1.1{ shows that the random vector X = (Xj,..., X;) is a Gaussian vector.
Example 2.1.3. If X;,---, X, are independent Gaussian variables, the random

vector X = (Xi,...,Xy) is a Gaussian vector thanks to Proposition m

Note that if X = (X3,...,Xy) is a Gaussian vector then X; is a Gaussian
variable for every i € [1,d]. The converse is not true.

Let X be a Gaussian vector with values in R?. We have for every v € R,

E[Z] =E[v- X]| =v-m,

d
var(Z) = var(v - X) Z v;uRS (4, k) = v,
7,k=1
where m = (EXy,...,EXy) and X(j, k) = cov(X;, X;) := E[X;X,]. Note that

var(Z) is nonnegative, it follows that for every v € R%.
vi¥e > 0.

In this case, we say that the matrix ¥ is positive semi-definite. Since Z follows

the N (v - m, v"Yv)—distribution, we can easily obtain the characteristic function

of X:

Elexp(i€ - X)] = exp(i€ -m — 1 £/5€).
As a result of Proposition [1.2.4] we can characterize the distribution of any
Gaussian vector with the vector m and the matrix 3. We denote by N (m, )

the distribution of this random vector. In this case, the Gaussian variables do

not always have density.

Proposition 2.1.4. A random vector is Gaussian if and only if its characteristic

function is

exp (i6-m - e'se)
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where m € R and ¥ is a symmetric and positive semi-definite matriz. This
Gaussian vector has a density if and only if the matrix 3 is nondegenerate. Its

density is given by
1
() = (2m)"¥%(det (X)) 2 exp <—§(v —m)'Y (v — m)) , vERL

Remark 2.1.5. If a matrix ¥ is symmetric and for all v € R? — {0}
v >0,

where 0 = {0,0,...,0}, then it is nondegenerate because its eigenvalues are real
and greater that zero. If a symmetric matrix Y’ is positive semi-definite and
degenerate we can approximate it by nondegenerate matrices. In fact, we can
consider ¥, = ¥/ + el where ¢ > 0 and [ is the identity matrix. They are

symmetric and for every v # 0,
V8w = vt (X + el)v = v'Sv + €||v]|* > 0.

Now, we introduce a very useful Gaussian integration by parts. Let X be a

Gaussian variable with mean zero and variance o2, then its density is
() 1 x?
x) = exp| —=—].
4 2o P\ 202

o’ (z) = —p(2)z.

Note that

Hence given a continuously differentiable function F' : R — R, we can integrate

by parts
E[XF(X)] = /mF(x)gp(a:)da:
= —JQ/F(x)gp’(x)dx
= —UQF(x)go(x)[z +02/F’(x)g0(x)dx
= o’E[F'(X)]
Therefore,
E[XF(X)] = E[X?E[F'(X)]. (2.2)

These computations are possible if
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1. XF(X) and F'(X) are integrable and
2. limy 100 F(x)p(x) = 0.

The identity (2.2) can be generalized to d dimensions. In this case second

condition is written as

Lemma 2.1.6. Let X = (Xy,...,X4) be a centred Gaussian vector (every
Gaussian coordinate has mean zero) and let F : R? — R be a continuous

differentiable function satisfying the condition of computation 1 and 2. Then

BLXF(X)] = BXX] - EIVF(X)] = S BXXE | 5 FOY)|.

for every i € [1,d].

Proof. Assume first that X has nondegenerate covariance matrix ». Then, its
density is

() = (2m)"¥%(det (X)) Y2 exp (—%Ut21v> :

Note that
Vo(v) = —p(v)S .

Then XVp(v) = —p(v)v and integrating by parts
EXF(X)] = /vF(v)ap(v)dv
—— [ P

—E/VF

=YE[VF(X

To see the general case, replace X by the nondegenerate > + ¢,/ and take limit

€n 4 0. We can consider an independent Gaussian vector Y with covariance
matrix / (see Example [2.6.5) and Y;, := /€,Y. Then X + 7Y, has ¥ +¢,] as a

covariance matrix and

E(X+Y,)F(X+Y,)]=E+e])EVFE(X +Y,).
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Since every component of Y, converges to 0 a.s., we have by dominated
convergence theorem,

E[XF(X)] = SE[VF(X)].
]

As a consequence, with the same properties of F' in Lemma [2.1.6] we have
the following result.

Corollary 2.1.7. Let Z = (Y, Xy,...,Xq) be a centred Gaussian vector and
X = (Xy,...,Xy), then

EYF(X)]=E[YX]-E[VF(X)] = Z]E[YXZ-]]E [gﬁ; (X)} ,

i=1

provided that Y F(X) is integrable.

Proof. We consider the function F : R%! — R defined by

F(y,x1,...,xq) = F(x1,...,24).
It follows from the previous lemma that,
E[ZF(Z)] = SE[VEF(Z)].
In the first coordinate of the vector we have

o
dy

E[YF(X) =E[YF(Z)] = E[YE (2)| + Zd:E[YXi]E

=1

N ) A I
= E[Y?]E _a—y(X)_ +) EYX,E Ep (X)}

=1

O )],

d
=0+ > EYXE
=1

Then
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2.2 Gaussian Fields

Given X an arbitrary set, we say that the stochastic process X = (X(2))zex
is a Gaussian field indexed by X if, for every d € N and (z1,...,24) € X4,
(X (21),...,X(zq)) is a Gaussian vector. In the literature, Gaussian fields indexed
by subsets of R are usually called Gaussian processes.

The important thing to know about Gaussian fields is that their distribution
is completely determined by their mean function m : x — E[X,] and covariance

(also called covariance kernel or simply kernel) K (z,y) = cov(X (z), X (y)).

Definition 2.2.1. A function ¥ : X2 — R is called positive definite if for any
d € Nand (vy,...,v4) € RY,

d
Z vjuEX(z;, x5) > 0. (2.3)

J,k=1

Since the left-hand side in ([2.3) corresponds to the variance of the variable
Z in (2.1) (with X; = X(z;)), the covariance of a Gaussian field is positive
definite. Moreover, it is easy to see that the covariance is symmetric. The

following reciprocal statement also holds:

Theorem 2.2.2. (Ezistence of Gaussian Fields) Given m : X — R arbitrary,
¥ X? = R positive definite and symmetric, there exists a unique distribution P
on (RY, B(R)®Y), under which the coordinate projections (X ())zex constitute a

Gaussian field with mean function m and covariance K.

Proof. This is a consequence of the Daniell-Kolmogorov theorem (1.1.2)). We

consider
Qr ={ve =N(my, 5p) :d> 1,2 = (1,...,14) € X,

where m, = (m(z1),...,m(zq)) and X, = (X(zj,2k))i1<jk<a- The three
conditions have to be fulfilled:

1. v, is a probability measure on (R, B(R?)) for every z € X%

2. Let A = Ay x --- x Ay where A; € B(R) for every i € [1,d], 2’ =
(21,...,2441) € X 2= (21,...,14) and 7 : R4 — R? be the function

that projects into the first d coordinates,
m(z') = x.
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We denote by v, 7~! the measure on R? defined by
I/x/ﬂ'_l(A) = VII(A X R)

for every A € B(R?). Then

V(A X R) = / L (0) ()

Rd+1

- / (@) (dv)
_ /R () () (dw),

The last equality is obtained by the change of variable formula. Hence, it

is enough to show that v,7~! = v,. Its characteristic function is

/R exp(i€ - w) (v (dw) = / exp(i€ - () (do)

Rd+1
— [ el oppi(ar)

Rd+1

1
= exXp (26, C My — 5(5/)t21/51>
: L,
= exp zﬁ'mm—§§*2x£ ,
where ¢’ € 771(¢) and its last coordinate is 0.

3. It is analogous to the previous one. Let g : R — R? be a permutation of

coordinates g(vy,...,vq) = (vj,,...,v;,) and y = (xj,,...,z;,). Then

l/y(le X X Bjd) :/ ]—Bj1><~~~><Bjd(v)Vy(dv)

1B;, x-xB, (9(g7"(v)))vsy(dv)

d

1Bl XX By (g_l(v))yy(dv)

d

I
T~ —E %

1B1 XX Bg ('LU) (Vyg) (dw)

d
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Hence, it is enough to show that v,g = v,, its characteristic function is

[ exotis w)ma)dn) = [ explic- g7 0wy

= [ explig(©)- o (o)
= exp (i0(6) = 5(06)%,9(6))

]

The beautiful thing about this is that it lets us construct Gaussian fields with

any prescribed mean function and positive definite covariance kernel. Now, we are

going to choose some special kernels. For the three examples (z1,...,z4) € X
and v = (vy,...,v4) € R% These are zero-mean Gaussian fields also called
centered.

Example 2.2.3. (Random plane). X = R¢, m(x) =0 and K (z,y) = z - y. This

satisfies the covariance kernel conditions,

d
E U{Ujl'i . .’L"j =

2,j=1

2
> 0.

d
E V4
i=1

Since X (z) is Gaussian for every x € R%, it follows N(0, ||z|)-distribution. If we
consider Z = (Zy,...,7,) with independent coordinates which follow A(0, 1)-

distribution, it is a Gaussian vector with distribution N (0,Id). Then for every

r € R? the random variable Z - is Gaussian with the same distribution of X (z),
ie., X(x) 2 7 .. For each sample we have a plane in R4 that passes through

the origin and has (Z;,..., Z4, —1) as a normal vector.

Example 2.2.4. (Standard Brownian Motion). X = [0,00), m(x) = 0 and

K(z,y) = min{z, y}. This satisfies the covariance kernel conditions,
d d 2
v;v; min{x;, £} > min {x; v; | > 0.
3= vy = i (30

Brownian motion is by far the most known stochastic process for its many

applications.
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Example 2.2.5. (Square Exponential). X = R? m(z) = 0 and K(z,y) =
exp(—alz — y|*), where « is a positive real number. This process is heavily used
in machine learning and regression (prediction). This satisfies the covariance

kernel conditions,

d d 2
R LS ; —oly — |2 | >o.
Z vivse > exp (z’,jrg[[llr,ld]}{ alr; — xjl }) (; UZ> >

ij=1

Note that if X is a centred Gaussian vector and X = Y, then Y is a
centred Gaussian vector with the same covariance kernel, it is an application
of Theorem [L.2.4l It can be extended to Gaussian fields.

Lemma 2.2.6. Let X = (X (x)).ex be a centred Gaussian process with covariance
K and Y be a stochastic process with the same distribution, then Y is a centred

Gaussian field with the same covariance kernel.

Proof. Let d € N and (x1,...,74) € X9, then

(X(21), ..., X (22) 2 (Y(21),...,Y(24)).

It follows that (Y (z1),...,Y(z4)) is a Gaussian vector. By definition, Y is a
Gaussian field. Since the kernel of Y and X coincide in {1, ...,z4}%, we can

choose indexes appropriately and have

E[Y(z)] =0
and
E[Y(2)Y (y)] = K(z,y)
for every x,y € X. This completes the proof of the lemma. m

2.3 (Gaussian Spaces

For the sake of extensive study on Gaussian random objects, we add this section.
Here we will see that centred Gaussian fields may also be viewed as a subset of a
Hilbert space.

A Gaussian linear space is a real linear space of random variables which are

centered Gaussian. This space is a linear subspace of L? with the norm

1/2
X1, = ( / |X|2dw>)
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and inner product
(X,Y) = / XYdP = E[XY]

of L? on it. Thus, if X1,..., X, belong to a Gaussian linear space G and vy, ..., v,
are arbitrary real numbers, > " | v;X; € G, and then Y v;X; € G is a centred
Gaussian variable.

A Gaussian Hilbert space is a Gaussian linear space which is complete with
to the norm ||-||, (see Definition , i.e., a closed subspace of L? consisting
of centred Gaussian random variables. A Gaussian linear space can always be

completed to a Gaussian Hilbert space.

Theorem 2.3.1. If G C L? is a Gaussian linear space, then its closure G in L?

1s a Gaussian Hilbert space.

Proof. Suppose that X € G. We have to show that X has centered normal
distribution. There exists a sequence X,, € G such that X,, — X in L2 Let
0® = || X||> = E[X?] and 02 = || X,||>. Then

o2 = E[X?] = E[X?] = o°

n

as n — oo. Convergence in L? imply convergence in distribution (see

Remark 2.5.2)). Then for every £ € R,

E[e’fx} = lim E[eiﬁX"] = lim exp <—%£2) = exp (—%52> .

n—o0 n—o0

The result then follows from Theorem [1.2.4] ]
We give some important examples of Gaussian spaces.

Example 2.3.2. Let X be any nondegenerate, centred Gaussian variable. Then

{vX :v € R} is one-dimensional Gaussian Hilbert space.

Example 2.3.3. Let X = (Xj,...,Xy) be a centred Gaussian vector. Then

their linear span

d
{Z%‘Xi tv; € ]R}

i=1

is a finite-dimensional Gaussian Hilbert space.
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Example 2.3.4. Let Z,,...,Z; be independent real Gaussian variables. Then
their linear span
d
{ZviZi T € ]R}
i=1
is a finite-dimensional Gaussian Hilbert space. In this case {Z;,...,Z;} is an

orthogonal base.

Example 2.3.5. More generally, if X = (X (x)),cx is a centred Gaussian field,
then the linear span of {X(z) : © € X'} is a Gaussian linear space, and by
Theorem , the closed linear span of {X(z) : z € X} in L? is a Gaussian
Hilbert space.

2.4 Regularity of Trajectories

Definition 2.4.1. Let (X (z)).ex be a stochastic process. The sample paths of

X are the mappings
X — R

r = X(r)(w)
obtained by fixing w € ). The sample paths of X thus form a family of mappings
from X into R indexed by w € €.

From now on the index set & will be a metric space (T, p). Thus, it makes
sense to talk about continuity or measurability of sample paths. In this section, we

will show that by making some small modifications we can obtain those properties.

Definition 2.4.2. Let (X (¢))ier and (X (¢)):er be two stochastic processes. We

say that X is a modification of X (also we can say that X is a version of X) if
VieT, P{X(t)=X({t)}=1.
Modifications conserve the distribution.

Proposition 2.4.3. Let X be a version of X, then X and X has the same

distribution.

Proof. Let d € N and (z1, 29, ...,74) € X9, consider V = (X(x1),..., X (X))
and V = (X(z1),...,X(Xy)). We have

{V=V}={X(x)=X(@1),...,X(2a) = X(24)} = ﬂ{X(fﬂj) = X(;)},
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then P(V = V) = 1. Now, for every A € B(R?),

P(VeA) =PV ecAV=V)+P(VecAV£V)
—P(VEAV=V)+PV €AV £V)
=P(V € A).

The equality P(V € A,V # V) = P(V € A,V # V) = 0 holds for every
A € B(R?). Tt follows that V and V have the same distribution. O

The following result is a consequence of the previous proposition and

Lemma [2.2.6]

Corollary 2.4.4. Let X be a centred Gaussian field with covariance kernel K,

then a modification X is also a centred Gaussian field with covariance kernel K.

Particularly, if X is a random plane or a standard Brownian motion, then X
is also a random plane or a standard Brownian motion, respectively. However,
sample paths of X might have quite different properties than the sample paths
of X.

Example 2.4.5. Let ([0,1],8([0,1),\) be a probability space where X is the
Lebesgue measure on [0,1] and X = [0,1]. Let us consider D the diagonal of
[0,1] x [0, 1] and we define

X(z,w) =0 V(z,w), X(z,w)=I1p(z,w).

We have X (z,w) = 0 for ever z,w € [0,1] and X(z,w) = 0 for w # =, 1 for
w = z. We have therefore X (z,w) = X (z,w) for all w # z that it to say a.s.
because A(D) = 0. Then X and X are version of the same process. However, the

trajectories of X are continuous while those of X are not.

The following theorem given by Kolmogorov and Chentsov provides a widely
used criterion for establishing when a stochastic process has a version whose
sample paths are continuous. It applies to processes indexed by parameters that

takes values in Euclidean spaces.

Theorem 2.4.6. (Kolmogorov-Chentsov) Let X be a stochastic process whose
index set is a compact D C R? such that exists a,b,c > 0 verifying for every
t,se D:

E[IX(t) = X(s)|"] < cft — [,

Then exists a continuous version of X.
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Example 2.4.7. Let us consider the Brownian motion B = (B())zecj0,1- If
x < y, the random variable B(y) — B(xz) is distributed according to N (0,y — z).

In fact, B(y) — B(z) is a centred Gaussian variable and
var(B(y) — B(x)) =y — 2(min{z,y}) + 2 =y — z.

Thus B(y) — B(z) Z Jy—xZ, where Z is a standard Gaussian variable.

Consequently, for every a > 0,
E[|B(y) — B(x)|"] = (y — 2)*?E[|Z]] = Culy — )"

where C, = E|[|Z]*] < oo. Taking a > 2, we can apply Theorem with

b =5 — 1. It follows that B has a modification which has continuous sample

paths.

In Section [4.2] we will see, under more conditions on the metric space T, we

can get a measurable modification of Gaussian fields with continuous kernel.

2.5 Convergence of Gaussian Processes
There are several different notions of continuity for stochastic processes; the three
most important are continuity in probability, in L?, and almost surely.

1. Continuity in probability:

limP{| X (t) — X(s)| > e} =0, for each t € T and each ¢ > 0.

s—1

For t fixed we say that X (s) converges in probability to X (¢). It is denoted
by X(s) = X ().
2. Continuity in mean square, or L? continuity:
lirr% E[|X(t) — X(s)|)] =0, for each t € T.
5—
For ¢ fixed we say that X(s) converges in L? to X(¢). It is denoted by
X(s) 2 x ().

3. Continuity with probability one, or almost sure
P{lin%\X(t) — X(s)| =0, forallt € T} = 1.
5=

For t fixed we say that X (s) converges almost sure to X (¢). It is denoted
by X(s) =2 X(t).
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The limit of functions f : T"— R can be obtained in a discrete way

lim f(¢t) = L <= For every t, — ¢t : lim f(¢,) = L.

s—t n—o00

As a consequence we obtain a discrete theory which is easier to study. The

stochastic process (a sequence) {X,, : n € N} converges to X
1. in probability if

lim P{|X,, — X| > €} =0, and each e > 0.
n—o0

It is denoted by X, Z X;

2. in L2 if
lim E[|X, - X]*]=0, .

n—oo

It is denoted by X, L—2> X;
3. with probability one, or almost sure if
P{Ji_)n;o|Xn—X| :0} ~1.
It is denoted by X, =23 X

These modes of convergence are related

Proposition 2.5.1. If a sequence (X,)nen converges a.s. or in L? to X, then
it converges in probability. Conversely, if a sequence (X,)nen converges in
probability to X, there exists a subsequence (Xp, )ken which converges a.s. to

the random wvariable X .

Remark 2.5.2. Finally, we introduced convergence in distribution in Section [I.2]
it is the weakest mode of convergence in the sense that convergence in probability

implies convergence in distribution.

For Gaussian fields defined on metric spaces, continuity in probability and in
L? are equivalent; moreover they can easily be characterized using the covariance

kernel.

Theorem 2.5.3. Let (X (t))ier be a centred Gaussian field defined on a metric

space T'. Then the following are equivalent.
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(i) t — X(t) is continuous in probability.
(11) t — X (t) is continuous in L?.
(11i) The covariance kernel K(s,t) is a continuous function on T X T.

Proof. (i) = (i) Let t € T and (t,)nen be a sequence in T such that ¢, — t. We
want to prove
X(tn) — X(t).

By hypothesis
X(ta) = X(8),

then Y, = X (t,) — X(t) L, 0. The random variable Y, is Gaussian and follows
the A(0, o,)-distribution. Since Y, = 0, by Theorem [1.2.4

2 2 202
exp (—520") = ¢y, (£) = ¢o(§) = exp (—570) =1.

With £ =1 we have g,, — 0. Then

E[|X (t,) — X(D]?] = E[Y?] = 02 - 0.

n

(i) <= (ii) It follows from Proposition [2.5.1]
(it) = (44i) By definition K(t,s) = E[X(t)X(s)], it is a inner product in L?,

. . . . . L? L?
then it is continuous in L? x L2, i.e., if X,, = X and Y,, == Y we have

lim E[X,Y,] = E[XY].

n—oo

Let (t,)nen and (sp,)nen be sequences in 7' such that t,, — ¢t and s, — s. Since
X (tn) LN X(t) and Y (s,) LN Y (s), we have
nh~>n;10 K(tp, sn) = liTIlnIE[X(tn)Y(sn)] =E[X()Y(s)] = K(t,s).
(17) <= (i4i) Since
E[|X () — X(s)]*) = K(t,t) — 2K(t,s) + K (s, ),

it follows from continuity of K (¢,¢) in 7' x T O
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2.6 Independence of Gaussian Fields

Let K(s,t) be a real function, positive definite and symmetric defined on 7' x T
From now on we will call this functions as kernel, then by Theorem [2.2.2]
there exists a probability space and a centred Gaussian field defined on it with
covariance kernel K. If I have another kernel K5 we can get a centred Gaussian
field defined in another probability space, not necessarily the same. In this
section we define a probability space where both Gaussian fields exist and they

are independent. This idea will be extended for a countable collections of kernels.

Proposition 2.6.1. Let K| and K5 be kernels defined on T'XT" then there exists a
probability space and independent centred Gaussian fields (X (t))ier and (Y (t))er

defined on it with covariance kernel Ky and Ky, respectively.

Proof. Let (21, F1,Py) and (€9, F5, Py) be the spaces obtained by Theorem
and the Gaussian fields X' = (X'(t))ier and Y’ = (Y'(t))ter with covariance

function K; and K, respectively, and
(Ql X Qg,fl ®F2,]P>1 ®P2)

be the product space and m; : Q; x Qy — (); the projections on the i—th
coordinate, i = 1,2. We claim that the process X = (X (t))er, where

X(t) = X/(t) o T,

defined on the product space is a Gaussian field with K7 as covariance kernel.
According to Lemma we have to proof that X and X’ have the same
distribution. Let d € N and (¢1,...,tq) € T? then the characteristic function of
V=(X(t1),...,X(tq)) is

/ exp ( Zfz wl,w2)> dPy @ Py
Q1><QQ

The latter is the characteristic function of V' = (X'(¢1),..., X'(t4)). Analogously,
we define Y = (Y (t))ier. Let us see that they are independent. Let W =
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(Y(t1),...,Y(tq)) and W' = (Y'(t1),...,Y"(ts)). Note that
V=V'omr; and W =W'om,.
Then for every A, B € B(R?),

P, @Py(VeAWEB)=P, Py (V) (A) x QN Q x (W) (B))
=Py @ Po((V') 1 (A) x (W) "(B))
=P (V' € A)P,(W' € B)
=P, @Py(V € A)-P, @ Po(W € B).

The last equation is due to the equality of distributions.

Example 2.6.2. We can repeat the procedure in a finite case. Let >; and
¥, be symmetric and positive semi-definite matrices R¥*¢. Then there exists a
probability space and independent centred Gaussian vectors X and Y defined on
it with covariance matrix »; and 3, respectively. In this case is not necessary

Daniell-Kolmogorov theorem.

Example 2.6.3. Let K; be a kernel and ¢ a positive number. Note that if we set
Ky(s,t) = o, it is a kernel. Thus, we can get a centred Gaussian field (X (¢))ier
and a Gaussian variable 07 where Z is a standard Gaussian variable such that
for every d € N and (t1,...,tq) € T% the variables (X (t1),...,X(t4)) and Z are

independent.
We repeat the procedure for a countable collection of kernels.

Theorem 2.6.4. Let (K, )nen be a sequence of kernels defined on T x T, then
there exists a probability space and independent centred Gaussian fields (X, (t))er

defined on it with covariance kernel K, , respectively for every n € N.

Proof. For every n € N, let (X (t))ier be a centred Gaussian field with covariance
kernel K, defined on (Q,, F,,P,),

(Q, F,P) (HQH,®}}L,®P >

neN neN neN

the product space and 7, (w) = w, are projections. We consider the stochastic

processes

{X,(t) =X (t)om,,t €T :n €N}
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defined on the product space. Let d € N and (¢4, ...,t;) € T%, the characteristic
function of V,, = (X, (t1), ..., X, (t4)) is

/exp< Z& o (t) > /exp( Z@X’ )dIP’
/ exp( Z@X’ )dIP

Then (X,,(t))ier and (X (t))ier have the same distribution. To prove that the
collection of stochastic processes { X, (¢) : n € N} is independent we need to prove
that the collection {V,, : n € N} is independent (see Remark [L.3.6)), i.e., that the
collection of o-algebras {V,"1(A,) : n € N, A, € B(R%)} is independent. For a

finite collection {nq,...,n;} C N we set
Vi = (X (1), X (ta)) = Vi 0 7,
for i € [1,k]. Then,
P(Vay € Ay, Vo € Any) = PU(V7) 7 (Any) X0 x (V)7 H(Aw)
= Pnl(vél € Am) X X P”k(‘/?",bk € Ank)
=P(V,, € 4,,) x---xP(V,, € 4,,).
In the first equation the product is in ®,F,, complete the rest with €2, for

nEN\{nl,...,nk}.
[

Example 2.6.5. Again as Example [2.6.2l Let (X,)n.eny be a sequence of
symmetric and positive semi-definite matrices R?*?.  Then there exists a
probability space and independent centred Gaussian vectors (X,,),en defined on

it with covariance matrix X,,, respectively for every n € N.
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Chapter 3

Random Measures

A Gaussian Multiplicative Chaos is formally defined as a random
measure. We develop random theory on the space of Radon
measures defined on a Polish metric space, then we define random

measures and some basic notions of them. This chapter is based on

[DV.1084] and [DV.JOSH].

3.1 Measures on Metric Spaces

The subject of this section is measure theory on metric spaces. We denote the
space by T and its metric by p. Let B(T) be the Borel o—algebra, the one
generated by the open sets; its elements are the Borel sets. Every measure on T
in this text is a nonnegative, countably additive set function defined on B(T).

A metric space is called locally compact if for each point = € T it has a
compact neighborhood, i.e., there exists an open set U and a compact K included
in T, such that x € U C K.

Let E € B(T). The measure p is called outer regular on E' if

p(E) =inf{u(U) : U D E,U open}.
Similarly, p is named inner regular on F if
pu(E) =sup{u(K): K C E, K compact},

and locally finite if every point of T has a neighborhood U for which p(U) is

finite. This property can be characterized with compact subsets.
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Lemma 3.1.1. On locally compact metric spaces, locally finiteness is equivalent

to finiteness on compact subsets.

Proof. Let u be a locally finite measure and K C T' compact. For every xz € K,
we have an open set U, such that u(U,) < oco. Since {U, : x € K} is an open
cover for K, there is a finite subcover {U,, : i € [1,n],z; € K} such that

n

K c|JU...

=1

then
p(K) < p (U Ua:i) < ZN(Umi) < 00.
i=1 i=1

Conversely, for every x € T', there is an open set U and a compact set K, such
that x € U C K. Since pu(K) < oo, then u(U) < oco. O

If i is outer regular and inner regular on all Borel sets, u is called regular.

Definition 3.1.2. A measure p on a locally compact metric space is called Radon

measure if it is locally finite and regular.

A metric space is called separable if it contains a countable dense subset i.e.
there exists a set D = {x, € T : n € N} such that D = T. When T is locally
compact and separable there exists an increasing sequence (K, ),en of compact

subsets of T" such that 7" = |J,, .y K». This space is o-compact.

Definition 3.1.3. A metric space is said to be o-compact if it is union of

countable many compact subsets.
As a consequence, in locally compact separable metric spaces.

e [t can be obtained a special increasing sequence of compacts which contain
all compacts (see Proposition [3.1.8]).

e A Radon measure is o-finite.

e Every closed set F'is o-compact, i.e., it can be written as a countable union
of compact sets. In fact,
F=|JFnK,

neN
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e Every open set is o-compact, i.e., it can be written as a countable union of

compact sets. In fact, consider

1
Fn:{xET:p(:U,F)<;},
where p(x, F) = inf{d(z,y) : y € F'}. Then

F:ﬂFn.

neN

Note that F), is an open set. Thus, by Morgan’s law every open set is a

countable union of o-compact sets.

An important property of these spaces is the ease of finding regular measures.
The next result is a special case of Theorem 2.18 of [Rud87]| recalling here only

what we need.

Theorem 3.1.4. Let T be a locally compact separable metric space and p a

measure on T such that (K) < oo for every compact set. Then p is regular.

Remark 3.1.5. Probability measures defined on Polish metric spaces (see

Definition [3.1.13)) are regular (see [Bil99)]).

As a consequence of the previous theorem, a measure p on T is a Radon

measure if and only if x is finite on compact sets.

Example 3.1.6. Dirac measure is a Radon measure on locally compact separable
metric spaces. For every compact set K, we have 6,(K) = 1 or 0, for some a in

the space. In general, finite measures in these spaces are Radon measures.

Example 3.1.7. Lebesgue measure A on R? is a Radon measure. Since every
closed ball is compact, this space is locally compact. R? is separable, and for

every compact K
AMK) < 0.

Proposition 3.1.8. Let T' be a locally compact separable metric space. Then
there ezists an increasing sequence (K, )nen of compact subsets of T such that
K, C K, for everyn € N and T' = U,enK,,. Furthemore, every compact K of

T is contained in a K; for some j € N.
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Proof. Let (K] )nen be the family of compact sets of 1" such that | J, . K, = T
We define the desired family of compacts as follows. Let Ky = K. For each
x € Ky let U, be the open set obtained by definition of locally compact. Since
{U, : x € Ky} is an open cover for Ky, there is a finite subcover {U,, : i € [1,m]}.

Set
Uo=JU., =JT..
1=0 =0

Since every U,, has compact closure, Uy is compact and

K, C LJ(L” C Ug.
i=1
Define K; = K] U U,. It follows that Ky C K7. We continue with the same
procedure by induction. Let U,, be a compact set such that K,, C U; and define
Ky = K, UU, for every n € N. Since K, C K, we have,

T=|]JK, =] K
neN neN

Suppose K C T is compact, then {K; : n € N} is an open cover of K and there
is a finite subcover {K,, :i € [1,m]}. Set N = max{ni,...,ny,} then

Kc6mkdmcKN

=1

The next definition will be important to define random measures.

Definition 3.1.9. A measure i on a metric space is called boundedly finite if
u(B) < oo for all bounded measurable set B € B(T).

A subset B of T' is called bounded if it is included in a ball of finite radius.
Thus, this definition only depends on the metric; if we change the metric, it is
possible that a bounded set is not bounded in the new metric and vice versa as
we will see in Example [3.1.10}

Note that if T" is a locally compact separable metric space and p is boundedly
finite, then it is a Radon measure because compact sets are bounded, so we can

use Theorem [3.1.4, However, the next example shows that the converse does not
hold.
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Exercise 3.1.10. We consider R with the metric p(z,y) = min{|z — y|,1}
which induces the same topology than the usual metric, but in this metric every
measurable set is bounded, in particular R. The Lebesgue measure A is a Radon

measure but A(R) = oco.

Remark. If two metrics p; and p, on T generate the same topology we say that
they are equivalent. Note that if there exists two positive constants «, S such
that

Olp1<l',y) S pz(:t,y) S /Bpl(xvy)a

then p; and py are equivalent. The converse is not true.

Since measures on a metric space T are defined on B(T') that is generated
by open sets, they ignore the interchange of equivalent metrics. Topological
properties such as locally compactness or separability are preserved under this
interchange. With this in mind, we can ask if there exists an equivalent metric
of a locally compact separable metric space such that bounded sets are included
in compact sets. The answer is affirmative, it is a consequence of the Theorem
2.61 of [HGG1]. It says that there is an equivalent metric such that

VB C T bounded, B is compact, (3.1)

that is, a set is compact if and only if it is bounded and closed. Therefore, in
this space, a measure p is a Radon measure if and only if it is boundedly finite.
There is a property that is not preserved by interchange of equivalent metrics,

completeness.

Definition 3.1.11. A metric space is said to be complete if every Cauchy

sequence of points in 7" has a limit that is also an element of 7.

The following proposition shows that a metric space with the property (3.1)

is complete.

Proposition 3.1.12. Let T' be a metric space such that every bounded set has a

compact closure then T is complete.

Proof. Let (z,)nen be a Cauchy sequence in T, then it is bounded. Since
{z, : n € N} is bounded and closed, it is compact. Hence, the sequence has
a convergence subsequence converging to o € T. For being Cauchy sequence,

the whole sequence converges to xg. O]

Definition 3.1.13. A metric space separable and complete is called Polish
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3.2 Random Measures

Random measures theory is a branch of modern probability of increasing interest
in both theory and applications. Throughout the next sections of this chapter we
deal with measures defined on a locally compact Polish metric space T" with the
property and random variables defined on the probability space (2, F,P).

In order to define random measures we introduce the following family of
measures

M = M(T) = {p boundedly finite on T}
and the family of sets
{A € B(T) : B is bounded}.

In M we introduce the o—algebra B(M) generated by all evaluation maps m4
with A € A which are defined by

Ta: M — Ry
pooep(A).

It is the smallest o—algebra with respect to which every evaluation map is a

measurable function. In R is considered B(Ry).

Definition 3.2.1. A random measure M is a measurable mapping from (2, 7, P)

into (M, B(M)).

For the richness of the metric space we can make the definition more flexible.

First, by Property (3.1)),
M = {u Radon measure on 7'}.

Second, in the definition of B(M) we can consider the whole collection of

evaluation maps A € B(T).

Proposition 3.2.2. The o-algebra B(M) is the smallest with respect to which

every evaluation map w4, A € B(T) is measurable, i.e.,
o(ma:AeB(T)) =0c(ma: A€ A).
Proof. Let A € B(T'). We have to prove that the map

Ta: (M,BM)) — (R, B(Ry))
I — (A)
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is measurable. We consider a sequence of compact sets (K,,),ey included in A
such that p(A) = lim, 0 u(K,). Then for every a € Ry,

{peM:ulA)>a}l = ﬂ U{uEM:u(Kn)>a—1/n}.

meNneN

In other word,

w3 (laoo) = () Uit (@@= 1.,

meN neN

The proof follows by Remark The other inclusion is trivial. O

Remark 3.2.3. In the other sense we can consider a smaller collection thanks to
Theorem A.2.6.I11 of [DVJ08al]. The o-algebra B(M) is the smallest o-algebra
with respect to which the evaluation map w4 is measurable for all sets in a

semiring S of bounded sets generating B(T'). Therefore
o(ma:AeB(T))=0(ma: A€ A)=0c(ra: AES).

A semiring S is a collection of subsets of T" with the properties (i) S is a 7-
system (ii) every symmetric difference of sets of S can be represented as a finite

union of disjoint sets in S.

Remark 3.2.4. It is useful to note that the collection {7;(G) : G € B(R,), A €
R} generates the o-algebra o(ms : A € §). In fact, this collection is contained
in M. Conversely, with the o-algebra generated for it every evaluation map is

measurable, then it contains M. Particularly, it happens with R = A or B(T).

In the notation of random measures, for every sample point w € {2 we associate
a particular realization that is a Radon measure on T'; we denote it by M (-, w).
For each fixed A € B(T), M(A) = M(A,-) is a function mapping € into R*, and
thus we can ask if it is a random variable. The following result shows that this

is true.

Theorem 3.2.5. Let M be a mapping from (Q, F,P) to (M,B(M)) and S a
semiring of bounded Borel sets such that generating B(T). Then M is a random

measure if and only if M(A) is a random variable for every A € S.

Proof. Because M(A)(w) = M(A,w) = 7a(M(-,w)) as in Figure 3.1} we have for
any G € B(R")



When M (A) is a random variable, M ~!(7,*(G)) € F, it follows by Remark [3.2.4]

that M is a random measure. Conversely, when M is a random measure,

MY (7, (G)) € F, so then M(A) is a random variable. O
0 M:w— M (-,w) . M
M(A):w—M(Aw) wap—p(A)
R+

Figure 3.1: Random Measure M

Particularly we have the previous theorem with & = A or B(T). Let us
summarize the ideas. When M is a random measure, then

o for fixed A € B(T'), the mapping w +— M (w, A) is measurable from (2, F)
to (R4, B(Ry)) and

e for every w € (2, the mapping A — M(w,A) is a Radon measure on
(T, B(T)).

We give some examples of random measures.
Example 3.2.6. The map § : T'— M defined by
dw,A) =0,(A) =14(w), weT AecB(T),

is a random measure, where 0, are Dirac measures. In fact, the map is well
defined since Dirac measures are totally finite and for every A € B(T'), we have

a nonnegative random variable 14(w). We conclude with Theorem [3.2.5]

Example 3.2.7. Let T = R and {Z(z) : * € R} be a Gaussian process with
continuous paths. Then set

M(A,w):/AZQ(x,w)dx.

It is a random measure. For every w € €, it is clear that M(A,w) > 0 because

Z*(z,w) > 0. Moreover, M((,w) = 0 and for a disjoint sequence (A,)nen of
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elements of B(R):

M (U An,w> :/ZlAnZz(x,w)a(dx)

neN neN

-y / 1. Z2(z, w)o(dz)

neN

= M(A,,w).

We use monotone convergence theorem to interchange the integral with the sum.

Since z +— Z?(x,w) is continuous, it is bounded in every compact K, thus

M(K,w) = /KZQ(x,w)dx < 00.

Hence, by Theorem |3.1.4] it is a Radon measure. Now, we have to prove that
for every element A of S = {[a,b) : a < b € R}, M(A) is a nonnegative random
variable. The collection

S ={[a,b):a <beR}

of subsets is a semiring on R and o(S) = B(R). For every n € N, we can divide

the set A into subintervals A,; with lengths 1/n or less. Let
To={Ani i €[1,k,]}

be the sequence of partitions and t,; € A,,;. Since Riemann integral and Lebesgue

integral agree in continuous function, as n — oo

kn
Mo(A) =) Z°(tni) MAni) — / Z*(x)dx = M(A).
i=1 A
Therefore, M(A) is a nonnegative random variable as the pointwise limit of
nonnegative random variables. This completes the proof.
Given a random measure M,
{M(A): AeB(T)}

is a family of nonnegative random variables. In the other direction, we can ask
when a family of nonnegative random variables form a random measure. Since it

is a measure we require for disjoint sets A, B € B(T') that
M(AUB) = M(A)+ M(B) as. (3.2)
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and for all sequences of bounded Borel sets A,, such that A, | 0,
M(A,) — 0 as. (3.3)
The next result answers the question, it appears as Theorem 9.1.XV of [DV.JO8D].

Theorem 3.2.8. Let {My : A € B(T)} be a family of nonnegative random
variables indexed by the sets of B(T) and a.s. finite valued on bounded Borel sets.
In order for there to exist a random measure M (A, w) such that, for all A € B(T)

M(A)= M4 a.s.,

it is necessary and sufficient that (3.2)) hold for all pairs A, B of disjoint elements
of A and that (3.3) hold for all sequences {A, : n € N} of elements of A with
A, 0.

In Chapter 4 we will use a stronger version of this theorem considering a

countable collection that generates B(7'), namely

k
R = {UAl : A; are disjoint elements of C,i € [1,k], k € N} ,

=1

where
C = {Closed balls with center x; and radius ¢; : z; € D, q; € Q}

and D is a countable dense subset of T'. It is a consequence of Lemma 9.1.XIV
of [DV.JO8h].

Theorem 3.2.9. Let {M, : A € R} be a family of nonnegative random variables
indezed by the sets A € R. In order that, with probability 1, the Ma(w) should
admit an extension to a measure on o(R) = B(T), it is necessary and sufficient
that hold for all pairs A, B of disjoint elements of R and that hold
for all sequences {A,, : n € N} of elements of R with A, | 0.

Remark 3.2.10. Note that R C A, then if a family of nonnegative random
variables indexed by the sets A satisfying the conditions (3.2]) and (3.3]) we can

use the previous theorem.
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3.3 Properties of Random Measures

The Gaussian Multiplicative Chaos is built as a weak limit of a sequence of
random measures. Among the different modes of convergence of random measures
we introduce one that is related with the metric space and weak convergence of

random variables.

Definition 3.3.1. We say that the sequence of random measures (M, ),en defined
on T' converge weakly to the random measure M defined on T if for every finite

family {Ai,..., Ax} of bounded and measurable sets of B(T), i.e., A; € A,
i € [1, k], the distribution of the random vector (M, (A1), ..., M,(Ax)) converge
weakly in B(R*) to the distribution of (M(A),..., M(Ay)).

To obtain a random object well defined we need uniqueness in a distribution

sense.

Definition 3.3.2. The distribution of a random measure M is the probability
measure it induces on (M, B(M)). It is denoted by P,

Note that with 7,*(G) € B(M), A € B(T) and G € B(R,) we have,

Py (m,H(G) =P(w € Q: M(-,w) € 7,1(Q))
=PlweQ: M(Aw)eq)
= Pura)(G).

It gives us an idea that it is possible to characterize the distribution of a random
measure with some family of elements of {M(A) : A € B(T)}.

Proposition 3.3.3. The distribution of a random measure M is determined by
the distribution of (M (Ay),..., M(Ag)) for all finite families of elements of A.

This is a consequence of the following lemma.

Lemma 3.3.4. Let Py and Py be probability measures on (2, F). Suppose that
there exists a m-system C C F such that o(C) = F and

VAEC, Pi(A)=Py(A).

Then ]P)l = Pg.
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In Remark we see a collection of subset of M that generates B(M) but it
is not a m-system. We consider a slightly different collection which is a m-system
and still generate M:

k
C = {ﬂwAZ_l(Gi) t A, € A,G, € B(Ry),keN,i e [[1,k]]}.
i=1

Proof of Proposition 3.3.3. Let M; and M, be random measures and their

distributions Py, and P, respectively. If
(My(A1), .., Mi(A)) = (Ma(Ay), ..., Ma(Ap)),
then for Gy,..., Gy € B(R,),
P(M(Ay) € Gy,...,Mi(Ag) € Gi) =P(Ma(Ay) € Gy, ..., My(Ag) € Gi).

Consequently, if C' = ﬂleﬂzil(Gi)

Py, (C) =P(M; € C)
=P(Mi(Ay) € Gy,..., M (Ax) € Gy)
=P(My(Ay) € Gy,..., My(Ay) € Gy)
=P, (C).
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Chapter 4

(Gaussian Multiplicative Chaos

In 1985, in his article Sur le chaos multiplicatif, Kahane introduced
and developed the theory of Gaussian multiplicative chaos. Using a
kernel o-positive definite we will construct a random measure with
an approximation procedure following the ideas of the article. We
deal with the uniqueness and degeneracy of the object and finally
we introduce an extension of the theory. This chapter is based on
[Kah85] and [RV14).

4.1 The Chaos

Chaotic phenomena are disordered and irregular dynamic behaviors found in
many natural systems, have long been involved in physics, particularly in the
study of fluid motion. In the latter, the Navier-Stokes equations have contributed
to the complete description of fluid flow. Despite being widely applied in different
branches of science, it has not yet been proven if this equation has a solution in
three dimensions and if they are smooth. It belongs to the seven millennium
problems for which the Clay Mathematics Institute has offered a US$ 1 million
award for a correct solution. One of the key thing in this problem is about
understanding turbulence: The chaotic random motion of particle in fluids. It is
difficult to model and understand mathematically.

Around 1940, it is the Russian school that makes the essential mathematical

contributions, studying the velocity flux of a turbulent flow as a random field (A.
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N. Kolmogorov, A, Obukhoff, ...). In 1961 Kolmogorov and Obukhoff study the
distribution of energy dissipation as a random measure introducing the concept of
random multiplicative cascades. A rich geometrical and scaling perspective was
subsequently advanced by Mandelbrot in 1974 (He defined this random measure
as a limit of a martingale), and a complete mathematical treatment was initiated
by Kahane and Peyriére in 1976.

With the aim of giving mathematical rigor to the Kolmogorov-Obukhov
energy dissipation model introduced by Mandelbrot, Kahane developed the

Gaussian multiplicative chaos in 1985.

4.2 The seminal work of Kahane in 1985

Throughout this chapter we deal with centred Gaussian fields indexed with (7, p),
a Polish metric space locally compact with the property (3.1). As in the precede
chapter, M(T") denotes the space of Radon measures defined on B(T).

4.2.1 Existence

In this section we provide the first definition of Gaussian multiplicative chaos due
to Kahane in the article [Kah85|. Let K (s,t) be a continuous kernel on 7' x T. Tt
is a kernel of a Gaussian field X = (X(t))ser defined on some probability space

(Q2, F,P) (see Theorem [2.2.2)), then
K(t,s) = E[X(£)X(s)].

Remark 4.2.1. We can get a measurable version of X if it is continuous in L2,
it is due to the Theorem 1 of the page 171 of |[GS74]. The condition is satisfied
because K is continuous on 7' x T', we can use Theorem [2.5.3] This version is
still a Gaussian field with the same covariance kernel (see Corollary [2.4.4)).

Let 0 € M(T), then we are able to integrate X (¢,w) with respect to o, P and
o ® P. We associate to X (t) the process P defined by

P(t) = exp (X(t) - %E[XQ(t)]) — exp (X(t) - %K(t,t)) |

Since the distribution of the process X (¢) depends only on K(t,s), the same is

true for the distribution of P(t). Notice the normalization

EP(t) = 1 (4.1)
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for every t € T. It follows from the following lemma.

Lemma 4.2.2. Let X be a centred Gaussian variable with variance o and v € R,

then X — v is a Gaussian variable and

2

E [X~] = exp (‘% - U) .

Let s,t € T, since X (t)+ X (s) is a centered Gaussian variable by the previous
lemma,

EP(t)P(s) = exp(K(t,s)).
With the measure ¢ and the process P we can built a random measure.

Theorem 4.2.3. The mapping

M(A,w):/AP(t,w)a(dt),

denoted by Po, is a random measure.

Proof. For every w € Q, M(-,w) is a measure on 7' (the proof is the same as
Example|3.2.7). For every compact set K of T, we have by Fubini’s theorem and

(@1,
EM(K) = E/

K

P(t)o(dt) = / EP(t)do(t) = o(K). (4.2)

K
Then M(K,-) is finite a.s. Particularly, it is true to the compacts (K, )nen
obtained in Proposition [3.1.8 Since every compact is contained in some Kj,
M (A,-) is finite in compacts sets a.s. Hence by Theorem it is a Radon
measure a.s. Finally, by Fubini’s theorem, M (A) is a nonnegative random variable
for every A € B(T). We can conclude using Theorem [3.2.5] O

The random measure M depends only on K (t,s) and o where K (t,t) is the
variance of X (t). The aim of this text is formally define a random measure as
in Theorem for a “Gaussian field” with infinite variance, i.e., K(¢,t) can
be infinite. In [Kah85] Kahane constructed a theory relying on the notion of a
o-positive definite . A function K : T'x T — R, U {oco} is o—positive definite if

there exists a sequence K,, : T" x T'— R of continuous kernels such that

K(s,t) =Y Ku(s,1).
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We can consider independent Gaussian fields (X,,(¢));er with covariance K, (see
Theorem [2.6.4). It is considered an approximation procedure to get the random

measure desired. For every n € N, we set
Yult,s) = (K1 + Ko+ -+ Kp)(t, s).
It is a positive kernel, then the process
Yo(t) = (X1 4+ X0)(F)

is a Gaussian field with covariance X,,. We define

1
Qn(t) = (PP P,)(t) = exp (Yn(t) - §En(t,t)) .
Given 0 € M(T), we have the random measure M, = @Q,,0.

Theorem 4.2.4. The sequence of random measures (M, )nen converge weakly in
the space M(T) to a random measure M, which is called Gaussian multiplicative

chaos.

Proof. Let
Fo=0(X;(t):ie[l,n],teT)

and A € B(T) be a bounded set. We will prove that the sequence {M,,(A) : n €
N} is a martingale with respect to the filtration (F,).en.

e Since the map
Qn: (T'xQ) — R,
(tw) = 1at)@n(t,w)
is measurable with the o-algebra B(T') ® F,, by Fubini’s theorem [1.1.6]
M, (A) is measurable with respect to JF,, for every n € N.

e We deduce from (4.2)) that M, (A) is integrable:
E[M,(A)] = o(A) < 0(A) <
for every n € N.

e Finally, let B € F,,,
E{My11(K)15] = E [ [ R PamPotan).
A
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using Fubini and
E l / (lePnlB)PnHa(dt)] _ / B[P, - - PR [Py, o (dt)
A A

=E |:/ P1 cee Pnlgo'(dt)lB
A
Therefore
E[Mos1(A)|Fa] = M ().
Since E[M,,(A)] = o(A) for every n € N,

sup E[M,,(A)] = o(A) < oo,

neN

by Theorem ((1.4.5)) M, (A) converge a.s. to a random variable M 4. Moreover,
e for all disjoint and bounded A;, Ay in B(T),

MAlqu = lim Mn(Al UAQ)

n—oo

= lim Qn(t)o(dt)

n—oo A1UAs
= lim Qn(t)g(dt) + Qn(t)a(dt)
n—oo [ 4, A
= MAl -+ MAQ.
e for any bounded sequence (A,,)en such that A, | (), we have by (4.2)),
E[My,] =0(A,) — 0

when n — oco. Thus (My, ), converges in L' to 0. On the other hand, the
sequence (My, ), is decreasing, it follows that it converges a.s. to a random

variable M. We can extract a subsequence of (My, ), which converges to
0. Thus M., = 0 a.s. Therefore

My, — 0 a.s.

Satisfied (3.2) and ({3.3]), Theorem allows us to conclude that there is a

random measure M such that for every bounded set B of T,
M(A) = M4 a.s.
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Finally, the sequence of random measures M, converges weakly to the random
measure M. It follows of a.s. convergence of (M,(A;),...,M,(Ax)) to
(M(Ay),...,M(Ayg)) for every finite family {Ay,..., Ay} of bounded sets A; €
B(T). m

Thus, for every 0 € M and a o-positive definite kernel K, we have a random
measure M. There are important questions about the construction of M related

with the good definition what we will focus in the rest of the chapter.

4.2.2 Uniqueness

We can obtain other decomposition if we interchange the order of K, in

o0

K(s,t) =Y Ku(s,t). (4.3)

n=1
As a consequence, there are different nonnegative and positive definite kernels
(K )nen such that >~ >° | K/ = K. For the sake of well definition of the Gaussian
multiplicative chaos, we need that the limit of the random measures obtained

with the kernels K/ to be the same in distribution.

Theorem 4.2.5. The distribution of the Gaussian multiplicative chaos does not
depend on the sequence (K, )nen of kernels used in the decomposition (4.3)) of K.

In order to give a proof we need the following lemma.

Lemma 4.2.6. Let (X1,...,X,) and (Y1,...,Y,) be two independent centred

Gaussian vectors such that
Vi, 7 € [1,n], E[Xin] < E[Y;Y;]

Then for all combination of nonnegative numbers pi, ..., p, and for F(z) = e™*,

xre€Ry and A >0,
(S]]

F <Z pieXiéE[Xf])
i=1

Proof. We define
(Zpl st )})],

ol




with Z;(t) = VtX; + V1 —1tY;, t € [0,1], i € [1,n]. It is a deterministic
interpolation. The aim of the proof is show that ¢ is decreasing on [0, 1]. Thus

We consider

where
Wa(t) = 3 presp (246) — JEIZ(7).
Note that E[Z;] = 0 and
E[Z7] = tE[X]] + (1 — t)E[V?].

In order to derivative under the expectation we satisfy the conditions of

Theorem [LL1.5

(i) For every t € (0,1) fixed, f(t,w) is a integrable random variable, because

F' is continuous and bounded.

(ii) For every w fixed, t — f(t,w) is differentiable and

, (< E[Z:(t)]\ [ X Y; E[X?] - E[Y’]
f(t,w)-(épiexp(Zi(t)— 5 )(2\/%—2 — 5 ))

X F'(W,(t)).

(iii) Let K be a compact subset of (0,1). For every i € [1,n],

)

exp (Zi(t) -

sup <exp(X; +Y)),

teK

X; Y; E[X?] - E[W]) ‘
su — — L : < |laX; +0Y; +¢|.
ey (2\/5 21—t 2 < |

Since the bounds are in L' as well as their product and F is bounded, we

can conclude that for every w € €2,

sup
teK

dt

if(t,m' < 7(w)
for some Z € L'.
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Therefore, we can take the derivative under the expectation,

( esp (i) - ZA) (- L —mpe+ E[Yﬂ))

x F'(Wa(t))]

_ i Dy K% _ %) exp (Z,-(t) - E[Z;(t)2]> F'(Wn(t)]

- Ug [(E[Xf] — E[Y?]) exp (Zi(t) = w> F’(Wn(t)}

¢'(t)=E

N (4.4)
Considering X = (% - IL_t) Y = (2, - E[Z2),..., Z, — 1E[Z2)) and
Flxy,. .., T,) = €5 F' (ipiez )
we can apply Corollary I} Note that }
VF(zy,...,2,) =" F" (zn; piexi) (pre®™, ..., 1+ pie™, ... ppe™).
Then :
E[XF(Y)] =E[XY] - E[VF(Y)]
- (B0 - BV E [exp (200 - ZED ) ow o)
+ 3, (B ~ EYY)
x E {exp (Zi(t) L Z,(t) - E[Zg(m - E[Zg(t)]F”(Wn(t)))} ,

where we have used the following fact,
E KXZ Vi

Vi V11—t

We use the last equation in (4.4]) and we get

) Zj] = E[X;X;] - E[V;Y]].

#(0) =5 30> by (BIXX] ~ B[V

xi; Fx; <Zz-(t) + 7,0 - ] E[Zg(t”) F”(Wn(t))} .
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Since F' is convex in Ry, F”(x) > 0, and by hypothesis we have
¢'(t)<0
for every ¢t € (0,1). It can be proved by dominated convergence theorem that the

function ¢ is continuous on [0, 1]. Therefore ¢ is decreasing on [0, 1]. O

It can be extended in some sense to Gaussian fields

Corollary 4.2.7. Let (X;)ier and (Yy)ier be independent Gaussian fields with

covariance Kx and Ky respectively such that
KX(ta S) S KY(tv S)

for everyt,s € T. Then for F(x) =e ™, x € Ry and A > 0,

E [F (/A exp (X(t) - W) a(dt))}
<E [F (/A exp (Y(t) — w) a(dt))} :

where A € B(T) is bounded and o € M(T).

Proof. We prove the case when the Gaussian fields has continuous paths, the

general case is proved in [Kah85]. Let K be a compact set and D a countable

dense subset of K. Thus, for every n € N, we have k,, elements of D such that
kn

K c| /By

i=1
where B = B(t?,1/n) is the ball with center ¢! and radius n=! and t? € D for
i € [1,k,]. By continuity of ¢ — X (¢,w) we have

kn
X(t) = lim Y 1pn(t)X(]).
=1

We can do the same to P(t) and by dominated convergence theorem

kn

/K P(t)o(dt) = lim ZU(B;)P(ty).

With the same argument

E [F (/K p(t)a(dt)” ~ lim E

Lemma is used to conclude. The same procedure works to bounded sets

o (§ e

=1

because its closure is compact. O]
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Proof of Proposition 4.2.5. Let (K,)nen and (K])nen be two decomposition of K
with associated independent Gaussian fields sequences (X, )nen and (X),)nen and

associated random measures (M,,),en and (M]),en, respectively. Both sequences

(i Kk> and (i Kg)
k=1 neN k=1 neN

converge pointwise toward K in a nondecreasing way. Therefore, if we choose a

compact set K C T then, for each p € N the sequence

(Ee5v)).,

converges pointwise to 0 in a nonincreasing way, where f~ the negative part of
f,ie.,

(f())” = max{—f(t),0}.
By Dini’s Theorem (see we have uniform convergence, i.e., there exists a

ng € N such that for every n > ng,

‘ (Z K (t,s) — ZKk(t,s)>

k=1 k=1

<,

for every (t,s) € K x K. Since 0 < f(t)~ < f(t), we have

n

P
ZKk(t,s) <e+ Y Ki(ts).
k=1 k

=1

We can consider a standard Gaussian variable Z independent of (X)), for every
n € N such that the random variable Y ,_, X} +/€Z has e+ ,_, K;(t,s) as a

covariance function. We can apply Lemma [4.2.7

E[F (M,(K))] < E F (/K exp (Yn(t) t ez - BRI E[Zz]) a(dt)ﬂ

2 2

_glr (eﬁzs /K exp (Yn(t) - W) a(dt)ﬂ
_E F (eﬁZM;L(K))] -

Since the sequences of random measures (M, ),en and (M]),en converge weakly

to M and F' is continuous and bounded,

E[F(M(K))] = lim E[F(M,(K))]

p—o0
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and
E[F(eV*’M'(K))] = lim E [F (e*ﬁZM,’L(K)ﬂ .

n—oo

Therefore,
E[F(M(K))] < E [F (eﬁZM’(K)ﬂ .

Since € > 0 can be chosen arbitrarily small, we can use dominated convergence

theorem to get
E[F(M(K))] < E[F(M'(K))].

The opposite inequality is proved analogously. Thus
E[F(M(K))] = E[F(M'(K))].

Since F(z) = e **, by Theorem [1.2.4] we have M (K) L M'(K). If we consider

the measure

ul(dt) = 37 AL, (#)o(d),
i=1
where B; C T are bounded sets and we follow the same procedure we have
F (Z AiM(Ai)> F <Z &M’(Bz-))
i=1 i=1

By Theorem [I.2.4]
(M(By),...,M(By) 2 (M'(By),...,M'(By)).

E =E

Hence M and M’ have the same distribution.

4.2.3 Degeneracy

Let A be a bounded set, then

M(A) = lim [ Q,(t)o(dt).

n—oo A

We are focus in the event
{we: M(A)(w) =0}.

For fixed m we can consider for n > m

M, (A) = /A exp (Yn(t) - E[L;(m) o(dt)

= /Aexp (Ym(t) — —E[Yg%(t)]) exp ( Z Xi(t) — —]E[Xf(t)]> o(dt).

k=m-+1
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Since

exp <Yn(t) — W) > 0,

that {M(A) = 0} happens depends on
exp ( > Xi(t) - w> o(dt).

k=m+1
Thus, {M(A) = 0} € 0(Xpi1, X2, ... ) for every m € N. It follows that it is
in the tail of the independent family of o-algebras By = o(Xx(t) : t € T), k € N.
Hence, by Theorem [1.3.7]

P(M(A) = 0) € {0,1}.

So it is possible that M identically vanishes. It is called degenerate case. It is
not so straightforward to check if the Gaussian multiplicative chaos is degenerate
or not, but there is an easy condition to avoid P(M(A) =0) = 1.

Proposition 4.2.8. Let A be a bounded set such that o(A) > 0. Then
P(M(A) = 0) =0 if
E[M(A)] = o(A).

This condition is satisfied if M,,(A) is a martingale bounded in LP, for some
p>1, ie.,
sup E[MP(A)] < oo,
then it is uniformly integrable (see Theorem [1.4.7)). Thus
E[M(A)] = lim E[M,(A)] =o(A).
n—oo

We give an example in the next section.

4.3 Model of Mandelbrot

In [Man72|, Mandelbrot introduced the “limit-lognormal” model, the Kahane’s
theory is developed to give meaning to it. We define In, (z) by

In, (z) = max{ln(z), 0}.

The “limit-lognormal” model deals with a kernel K defined on R? and given by

Ko = tos, (1)), 45)

|z =yl
where R > 0. We can obtain a Gaussian multiplicative chaos from this kernel.
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Lemma 4.3.1. The function K of the form (4.5)) is of o-positive type.

For easy we can work with

f@) = K(2 +22) = Iny (R).

|

Proof. Tt can be written by straightforward calculations as

e () = [ lelvlan

i, §(di)
2" R

where
VR (dt) = 1[073)

For all » > 0, we have

R 1 R 1 [
)l () =2 —|a|) v (d).
e () = () = 3 [ e le vt

Therefore we have to look the r > 0 such that (¢t — |z|"); is positive definite: It

is known as the Kuttner-Golubov problem (see [Gne0l]). We can write
T [e.e]
In, (-) => K,
]
with

Kola) = [ (e ol st

n

with 7 = 1 in dimension 1 and r = 1/2 in dimension 2. In dimension 3 it is an
open question whether it is of o-positive definite. Note that, using the notation

of Section 2, we have,
ENEW) = [ [ EQu@)@wlotdn)oldy)
— [ [ e (= otdnatan)
< [ [exo (K otdr)atan)

s//|£y|o<dx)a(dy).

If we consider d = 2 and o the Lebesgue measure on R it follows that the

martingale is bounded in L?. Then the Gaussian multiplicative chaos associated

is nondegenerate.

O
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Conclusions

1. The result and applications. The Gaussian multiplicative chaos is a
random measure well defined on a Polish metric space. It is understood as
the limit of random measures obtained from Gaussian fields and a Radon
measure. In this text we present this procedure rigorously and detailed for
being an introduction to the subject. We developed the Kahane’s seminal
paper [Kah85] with modern ideas of [RV14]. The latter provides several
applications of the subject in Economics: Volatility of a financial asset,
Physics: Liouville Quantum Gravity and KPZ, and mainly the Kolmogorov-
Obhukov model in turbulence (we present a brief introduction in Section

4.3) which is where the Gaussian multiplicative chaos topic originates.

2. Extensions of the theory. In the light of natural applications of Kahane’s
theory, we note that it is difficult to use. Mainly because proving that a
kernel is o-positive definite is not an easy task. One way to facilitate this
would be to develop a theory that allows obtaining a Gaussian multiplicative

chaos with positive definite kernels, which appear more naturally.

Our theory does not address the following:

e s a kernel o-positive definite a positive definite? A kernel K of o-
positive definite is nonnegative and positive definite. The reciprocal is

still an open question.

e What happens if you work with another way of approximation? For

example, convolutions.

The second point is developed in [RV10] in Euclidean spaces. For o-positive
definite kernels the random measure obtained is the same as Kahane. The
procedure consists of using a sequence of continuous functions that converge

to the Dirac delta function. Thus, the convolution of the kernel with this

59



sequence gives us a sequence of differentiable kernels that smooth down
their singularities. The Gaussian multiplicative chaos is obtained as the
weak limit of the random measures of these kernels. It gives us a theory that
works with positive definite functions and Gaussian fields with continuous

paths. The theory is therefore much easier to use.
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Appendix A
Analysis

Theorem A.0.1. (Dini’s Theorem) Let X be a compact topological space and

(fn)nen be a sequence of continuous functions from X to R. Suppose that:

o The sequence (fn)nen is nondecreasing, i.e., for every x € X, the sequence

of real numbers (f,(z))nen 18 nondecreasing.

o The sequence (fn)nen converges pointwise to a continuous function f from
X toR.

Then the sequence (fy)nen converges uniformly to f.

In the previous theorem, we can replace the hypothesis “nondecreasing” by

“nonincreasing’”.
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