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Abstract

Let K be an algebraically closed field of characteristic zero. The Jacobian Conjecture
(JC) in dimension two stated by Keller in [8] says that any pair of polynomials
P.Q € L = Kz,y] with [P,Q] = 0,P0,Q — 0,Q0,P € K* (a Jacobian pair)
defines an automorphism of L via z — P and y — Q.

It turns out that the Newton polygons of such a pair of polynomials are closely
related, and by analyzing them, much information can be obtained on conditions
that a Jacobian pair must satisfy. Specifically, if there exists a Jacobian pair that
does not define an automorphism (a counterezample) then their Newton polygons
have to satisfy very restrictive geometric conditions.

Based mostly on the work in [1], we present an algorithm to give precise
geometrical descriptions of possible counterexamples. This means that, assuming
(P, Q) is a counterexample to the Jacobian Conjecture with ged(deg(P), deg(Q)) = k,
we can generate the possible shapes of the Newton Polygon of P and ) and how
it transforms under certain linear automorphisms. By analyzing the minimal
possible counterexamples, we sketch a path to increase the lower bound of
max(deg(P),deg(Q)) to 125 for a minimal possible counterexample to the Jacobian

Conjecture.
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Resumen

Sea K un cuerpo algebraicamente cerrado de caracteristica zero. La Conjetura del
Jacobiano en dimensién dos postulada por Keller en [8] dice que cualquier par de
polinomios P,Q) € L = Klz,y| con [P,Q] = 0,P09,Q — 0,Q0,P € K* (un par
Jacobiano) define un automorfismo de L via z — P, y — Q.

Resulta que los poligonos de Newton de tal par de polinomios estan relacionados
intimamente, y al analizarlos, mucha informacién puede ser obtenida sobre condiciones
que un par Jacobiano debe satisfacer. Especificamente, si existe un par Jacobiano
que no define un automorfismo (un contraejemplo) entonces sus poligonos de Newton
deben satisfacer condiciones geométricas bastante restrictivas.

Basado en gran parte en el trabajo en [1], presentamos un algoritmo para
dar una descripcion geométrica precisa de posibles contraejemplos. Esto significa
que, asumiendo que (P, () es un contraejemplo a la Conjetura del Jacobiano con
ged(deg(P),deg(Q)) = k, podemos generar las posibles formas del Poligono de
Newton de P y ) y como se transforman bajo ciertos automorfismos lineales.
Al analizar los posibles contraejemplos minimales, esbozamos un camino para
incrementar la cota inferior de max(deg(P),deg(Q)) a 125 para un posible

contraejemplo minimal a la Conjetura del Jacobiano.
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Introduction

Let K be a characteristic zero field and let L = K[z,y] be the polynomial
algebra in two indeterminates. The Jacobian Conjecture (JC) in dimension
two stated by Keller in [8] says that any pair of polynomials P,Q € L with
[P, Q] = 0,P0,Q—0,Q0,P € K* defines an automorphism f of L via f(z) := P and
f(y) :== Q. If this conjecture is false, then there exist P, Q € L such that [P, Q] = K*,
and there exist m,n,a,b € IN, such that m,n > 1 are coprime, a < b, the support
of P is contained in the rectangle with vertices {(0,0), m(a,0), m(a,b), m(0,b)}, the
support of ) is contained in the rectangle with vertices {(0,0), n(a,0), n(a,b),n(0,b)},
the point m(a,b) is in the support of P and the point n(a,b) is in the support of Q.
Note that deg(P) = m(a + b) and deg(Q) = n(a + ).

In [7] Heitmann establishes several restrictions on these possible corners (a,b)
and in [7, Theorem 2.24] he determines various of these possible corners (a,b).
Moreover in [7, Theorem 2.25], for some of these corners, he finds families
{(r + sj,t + uj) : j € N} of admissible pairs (m,n). These corners were also
found in [1, Remark 7.14], using more elementary methods and discrete geometry on
the plane. In both articles the lists of possible corners where given without a formal
proof, referring to a computer program.

In [2] we found more conditions on the points (a, b), and in this article we present
an algorithm that generates the list of points satisfying all the conditions up to
a fixed upper bound for a + b. Naturally this list is included in the one found
in [1, Remark 7.14]. The algorithm also determines the families of admissible pairs
(m,n), for each of these corners.

In order to exploit the simple geometric ideas of our method we also present a
graphic interface of the program which includes all the filters and allows the user to
grasp in detail if and why a certain corner is admissible or not.

At the end we list all possible corners (a, b) with a+b< 36, and their corresponding

(m, n)-families. Furthermore if (P, Q) is a counterexample to the Jacobian Conjecture

vil



that satisfy the inequality gcd(deg(P),deg(Q)) < 36, then we give additional
information on the Newton polygons of P and (). We also provide the same
information for the counterexamples that satisfy max{deg(P),deg(Q)} < 150.
Along this thesis we will freely use the notations of [1]. This work is almost
completely a transcription of the article [5], written with Jorge Alberto Guccione,

Juan José Guccione and Christian Valqui.
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Chapter 1

Restrictions on possible last lower

corners

The first step in our strategy is to construct a set of points in INg x INy, that includes

all the possible last lower corners (see [2, Definition 3.17]).

Definition 1.0.1. Let (a,b) € N x Ny and (p,0) € TN [(0,—1),(1,—1)[ (see
[1, Definition 1.5]). We say that ((a,b), (p,0)) is a possible final pair if one of the

following conditions is fulfilled:
1. b=0and (p,0) = (0,—1),

2. there exists an admissible chain of length k£ € IN (see [2, Definition 3.15])

€ = ((C))jefo,...k3s (Ri)jett,.kys (Pis 05) jett,h} )

with Cy, = (a,b) and (pk, o%) = (p, 7).

Remark 1.0.2. Recall from [2, Definition 3.17] that if ((a,b), (p, o)) is a possible final

pair, then (a,b) is said to be a possible last lower corner.

Remark 1.0.3. By [2, Definition 3.15(6)], if ((a,b), (p, o)) is a possible final pair, then
b<a.

Remark 1.0.4. By [2, Remark 3.19], we know that if a > 2b > 0, then ((a,b), (1, —2))

is a possible final pair.

Remark 1.0.5. By [2, Proposition 3.25], if (a, b) is a possible last lower corner, then b <
(a—b—1)2, which, since a > 1 and b < a, is equivalent to b < 1 (2a — v/4a — 3 — 1).
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Proposition 1.0.6. If ((a,b),(p,0)) is a possible final pair with b>0 and a <20,
then v, ,(a,b) > p and there exist a possible final pair ((r,s),(p',0")) such that:

I.r<a,s<bandr—s<a-—b,

3. 9 <ged(a—r,b—s) ord | ged(r,s), where ¥ = #j&rm,

Proof. By hypothesis there exists an admissible chain

€ = ((C))jefo,..ky: (R)jetr,nr> (pj, 04)jeqr,.ny)  with Cy, = (a,b) and (p, 0x) = (p, o).

Note that £ > 1 and set

1, Of— if k>1,
AW L e\
(0,-1) if k=1.

By [2, Definition 3.15(7)] we know that v,,(a,b) > p. We next prove the rest of
the proposition. Item (1) follows from [2, Remark 3.16], while item (2) follows
from items (4) and (5) of [2, Definition 3.15]. Moreover, by items (7) and (8)
of [2, Definition 3.15], the hypothesis of [2, Proposition 3.12]| are satisfied with
R = Ry,. Since a < 2b, case (1) of that proposition is impossible. Let 6 and ¢’ be as
in [2, Proposition 3.12]. By [2, Remark 3.13]

¥ volR) _ patobd

t p+o p+o

Hence ¥ | ¥, and so item (3) follows from items (2) and (3) of [2, Proposition 3.12]. [

Based on the previous results in Algorithm 1 we present a method for the
generation of a set PLLC that includes all possible last lower corners (a,b) with

a < Ty fOr a given x,,4.. In the algorithm we use an auxiliary list PFL.



Algorithm 1: GetPossibleLastLowerCorners

Input: Maximum x coordinate value x,,,, > 0.
Output: A list PLLC, that includes all the possible last lower corners (a, b)
with a < T00-

1 for a < 1 to x,,4, do

2 b0
3 whilebﬁ%(Qa—m—l)do
4 if b =0 then
5 (p,0)ap < (0,—1), add ((a,b), (p,0)ap) to PFL and add (a,b) to
PLLC
6 else if a > 20 > 0 then
7 (p,0)ap < (1,—2), add ((a,b), (p,0)ap) to PFL and add (a,b) to
PLLC
8 else
9 set (p,0)ap = (1,—1)
10 for ((r,s),(p,0)rs) in PFL such that r < a, s < b and
r—s<a—>bdo
11 Ny < ged(a —7,b— s)
12 Ny + ged(r, s)
13 (p,a)eNil(b—s,r—a)
14 g < ged(p + o, pa+ ob)
15 g Lot il
g —
16 if (p,0)rs < (p,0) < (P,0)ap; Vpola,b) > pand (¥ < Ny or
9 | Ny) then
17 (. 0)as < (p0)
18 if (p,0)ap < (1,—1) then
19 add ((a,b), (p,0)ap) to PFL and add (a,b) to PLLC
20 b+—b+1

21 return PLLC.




Chapter 2

Construction of admissible

complete chains up to a certain

bound

Assume that the Jacobian Conjecture is false and define

B = min{ged(v1,1(P),v11(Q)) : where (P,Q) runs on the counterexamples of J.C.}.

(2.0.1)
Then, by [1, Corollary 5.21] there exists a counterexample (P, Q) and m,n € IN
coprime such that (P, Q) is a standard (m,n)-pair and a minimal pair (that is, the
greatest common divisor of vy (P) and v11(Q) is B). Let Ag be as in Remark 2.3.4.
By [1, Proposition 5.2 and Corollary 5.21(3)]

Ay = %enlo(P) and  ged(vn (P), v11(Q)) = v (Ao).

This point Ay corresponds to (a,b) in the introduction. In Theorem 2.3.2 below, we

obtain a chain
(607 R Gja‘Aj+1) = ((‘A07‘A6)7 SR (‘Aja‘A;)?‘A]Jrl)a

such that A is the geometric realization of Ag (see Definition 2.1.1), and that satisfies
(among others) certain geometric conditions, which are codified in Definition 2.3.1.
Then, we show that this chain also satisfies certain arithmetic conditions (see

the comment below Definition 2.4.2). The chains meeting the requirements of

4



Definitions 2.3.1 and 2.4.2 are called admissible complete chains. In Algorithm 8 we
construct all the admissible complete chains that satisfy v11(Ag) < M for a given
positive integer bound M.

By Theorem 2.3.2 and Remark 2.4.1 we know that Ag is the first coordinate
of €y for one of the admissible complete chains (C, ..., C;,A;+1) obtained running
Algorithm 8 with M > B. For example we obtain immediately that the Jacobian
Conjecture is false, then B > 16, since there are no admissible complete chains with
v11(Ap) < 16 (this result was already obtained in [1]). More importantly, we will see
that many of the admissible complete chains obtained in Algorithm 6 can not come

from a standard (m, n)-pair as in Theorem 2.3.2.

2.1 Valid edges

In this subsection and in the next one we introduce the basic ingredients for the
definition and construction of the complete chains.
For each [ € IN we let IN;y denote the set {(a,l) : @ € N}. In the sequel we will

write all instead of (a,l). Moreover we will use the notation I :=|(1,—1), (1,0)].

Definition 2.1.1. A corneris a pair (al, b) with ail € INyy and b € INy. For I =1 we
will write (a, b) instead of (all,b). The geometric realization of a corner A = (all,b)
is the point A = (%, b) (S %]N x INp.

Let I € IN. In the rest of this section given A, A" € INyy x Ny with A # A’, we

write

/ / / 2 / p
A= (all,;b), A =(al,b), ,o) =dir(A—A") and gap(p,l) = ———.
(@D, A = (@), (p.0) = di(A=4) and gap(p]) = L

Definition 2.1.2. Set d := gcd(a,b), @ = ¢ and b := %, The pair (A, A’) is called a

=

ale

valid edge if
1. (p,o) €1,
2. v1-1(A) #0, v1-1(A) <0 and v1 _1(A) < v _1(4"),
3. there exist enF € Nyy x N and p € N, with g < (bl — a) + 1/b and d { 1, such

that

enk = %A = pu(@l,b), v,,(enF)=p+o and ifl=1, then p < d.



4. If l=1and v; _1(A4’) > 0, then A" is a possible last lower corner.

The valid edge (A, A’) is called simple if vy (enF) — 1 = gap(p, 1) and (gap(p,l) > 1
or ’U()l(A,) > 0)

Remark 2.1.3. By item (1) the last inequality in item (2) is equivalent to vy (A—A") >
0. Moreover d > 1 since d 1 u. We can also replace condition (3) by

(3") 3 u € N, such that £ = y,,p:(ix)’ p <1l —a)+1/b,dtpand if [ =1, then

pn<d.

Moreover, such a p univocally determines enF via the equality enF = 5A. Write

enF = (f1 U, f2). Since v,,(enF) = p+ o and fo > 1,

1
" ged(fi— 1 fll — 1)

(p,0) (fal = 1,1 = fr).

This equality implies fo > 1, because by condition (1) we have p > 0. Thus,
by [2, Remark 3.9] we know that

gap(p,l) = foss :
ng(fl o lu f2 > 1)
Consequently vg; (enF) — 1 = gap(p, ) if and only if ged(f; — 1, fo — 1) = 1.

Notation 2.1.4. Fixed [ € IN and given A = (%,b) € 1IN x No we set A = (all,b) €
]N(l) X ]NO.

In Algorithm 2 we obtain a list StartingEdges consisting of all valid edges (A, A")
starting with a given A € IN x IN such that v, _;(A) < 0. We use freely the results
of Remark 2.1.3. Before running this algorithm with input a corner A = (a,b) it
is necessary to run Algorithm 1 with input greater than or equal to a, in order to
obtain a list PLLC.



Algorithm 2: GetStartingEdges

Input: A corner A = (a,b) € N x IN with a < b, and a list PLLC.
Output: A list StartingEdges, consisting of all valid edges (A, A’).
d < ged(a, b)

for y=1tod—1do

3 enkF < £(a,b)

4 (p,0) + dir(enF —(1,1))

5 fori=1to FJ do

[uny

N

p
6 A+ (a,b) —i(—0,p)
7 if v _1(A") <0 or (v;-1(A4") >0 and A" € PLLC) then
8 t add (A, A’) to StartingEdges

9 RETURN StartingEdges

In the following proposition we show among other things how a regular corner of

an (m,n)-pair (P, Q) gives rise to a valid edge.

Proposition 2.1.5. Let | > 1 and let (P,Q) be an (m,n)-pair in LY. Assume
that if | = 1, then (P,Q) is a standard (m,n)-pair in L (see [1, Definition 4.3]).
Let (A, (p,0)) be a reqular corner of (P,Q) (see [1, Definition 5.5]) and let
A= Lst,,(P). Write

l,s(P) = xm%ymb/p(z) with z ==z~ vy, p € K[2] and p(0) # 0.
The following facts hold:

1. If Il = 1, then the reqular corner (A, (p,0)) is of type II.

2. If (A, (p,0)) is of type II (see the comments above [1, Definition 5.9]), then
(A, A") is a valid edge.

3. If \ € K* is a root of p, then
, where my denotes the multiplicity of \.

vo1(A—A")

N se o mx —
If moreover (A, A’) is simple, then = gap(p,l)




4. If (A, (p,0)) is of type IL.b), then there exists a root A\ € K* of p such that

, _pa+obl _ my

b < ro] < (2.1.2)

m
where my denotes the multiplicity of X in p.

Proof. 1) By [1, Remark 5.10 and Propositions 5.22 and 6.1].

2) First note that by [1, Remark 1.8] we have A € 1IN x N(g. We now check
that the pair (A, A’) satisfies conditions (1)—(4) of Definition 2.1.2. The fact that
(p,o) € I and the inequality v; _1(A) < 0 follow from [1, Definition 5.5]). Moreover,
v1,-1(A") # 0 by [1, Corollary 5.7(1) and Theorem 2.6(4)], while v _1(A) < vy _1(A4")
by Remark 2.1.3, because vg; (A") < vo1(A). So conditions (1) and (2) are true. Let
p and F be as in [1, Proposition 5.14] and set enF := en, ,(F"). All the assertions
in condition (3), with the exception of the last one, follow from the definition of y
and items (3) and (4) of that proposition. Assume now [ = 1 (which by hypothesis
implies that P, @ € L). By [12, Theorem 10.2.1 and Proposition 10.2.6] there exists
k € IN such that (km,0) € Supp(P). So

1 1
Upo(A) = Evp,U(P) 2 Evp,a(kma 0)=kp=p=>p+o=u,.(enk).

Since pv,,(A) = dv,,(enF) and d 1 p, this implies that @ < d. We finally prove
item (4). Since (A4, (p,0)) is of type II and vy _1(A") > 0, it is of type ILD).
Consequently if [ = 1 it follows from [1, Remark 6.3] that (A, A’, (p, o)) is the starting
triple of (P, @) (see [1, Definition 6.2]), and so condition (4) is true by [2, Remark 3.23],
because by hypothesis P, () € L.

3) Let F be as in [1, Theorem 2.6] and write
F=a1y’f(z) withz:= ey, f € K|[z] and f(0) # 0.
By [2, Remark 3.9] there exist p, f € K[z] such that

p(2) =p(2") and f(2) = f(2"), where k = gap(p, ).

So,
t:=degp = degp — voi(enpo (P) —stpo(P)) _ val(A — A/).
k k 2
By [2, Remark 3.8] we have my < degp, which yields 7> < v(g;;(; ,3/). Assume now

8



that (A, A’) is simple. Since k = vg1(en,,(F)) — 1, we have
k+1=wvp(en,,(F)) = v (F) = v+ deg(f) = v + kdeg(f),

which implies deg(f) =v =1or k =1, v = 0 and deg(f) = 2. But if v = 0, then
by [1, Theorem 2.6(2)]

(% 0) = St (F) ~ A,

which is impossible since vg;(A’) > 0, since k = 0 and (A, A’) is simple. Hence,
deg(f) = 1 and so, by [1, Proposition 2.11(3)] we have p(z*) = (z¥ — ¢)! for some

constant ¢ € K*. Consequently, by [2, Remark 3.8], every linear factor of p has
’U01(A—A’)

multiplicity t. Thus my =t =m )

, as desired.

4) By [1, Proposition 5.16] there exists A € K* such that the second inequality
in (2.1.2) is true. Since p > 0 and GT/ — b >0, we have
/ !/

(p% + ab/> —(p+o) = p(% — b') > 0.

Since p+o > 0 and v, ,(A) = v,,(A"), this implies the first inequality in (2.1.2). O

Remark 2.1.6. Let [ > 1 and let (P, Q) be an (m,n)-pair in L. Let (4, (p,0)) be a
regular corner of (P, Q) and let A" := Lst,,(P). Write

m P,

a/

lyo(P) = 2Ty p(z) with z =2 ry, p € K|[2] and p(0) #£ 0,

If (A, (p,0)) is of type I, then all the roots of p are simple. In fact if p(z) = (z—\)*p(z2),
then

o (P), £, (@)] = [T y™ (2 = N)?5(2), £po(Q)]
= 2(z = NE" Ty H()[(2 = N, Lo Q)] + (2 = A2E™ T g™ B(2), 0 (Q)],

which contradicts the fact that [(,,(P),{,,(Q)] € K*.

Remark 2.1.7. Let [ > 1 and let (P, Q) be an (m,n)-pair in LY. Let (4, (p,0)) be a
regular corner of (P,Q) and let A" := L st,,(P). Write

Uyo(P) = x%p(z) where z == 2 5y and p(z2) € K[z].
Let A € K* be a root of p of multiplicity m, and let v := =2 (note that deg(p) = mb

9



and that since p = (277/?y)"p, the multiplicity of \ as a root of p is also my). By
Proposition 2.1.5(3)

~ gap(pl)

Hence, if b = v, then ¥ = 0, gap(p,1) = 1 and p(z) = u(z — \)™, and consequently
(A, (p,0)) is not of type II. Since mb > 1 it follows from Remark 2.1.6 that it is

not of type I either, and so it is necessarily of type III. In line 7 of Algorithm 3 we

b—b'
gap(p,l)’
We can ignore these corners, since they do not appear in a complete chain of an

set gmax = min{ b— 1} in order to avoid the regular corners of type III.
(m, n)-pair (see Proposition 2.3.2). Note that from ' = 0 and gap(p,!) = 1 it follows
that (A,A’) is not simple.

2.2 The children of a valid edge

Let (P,Q) be an (m,n)-pair in LY, let (A, (p,0)) be a regular corner of
type IT of (P,Q) and let A" = Lst,,(P). If (A,(p,0)) is of type ILb), then
applying [1, Propositions 5.16 and 5.18(4)], we obtain a regular corner (Ay, (o', 0"))
of an (m,n)-pair (P, Q7). In the sequel we will call A; the corner generated by
(A, A"). If moreover (A, (p',0")) is of type II, then we say that (A;,A}), where
Al = Lty (P), is a child of (A, A’). On the other hand, if (A, (p,0)) is of
type ILa), then we set A; = A" and A} := L st,, ,,(P), where (py,01) = Predp(p, o)
(which is well defined by [1, Proposition 4.6(5)]). As before, in this case we also call
Aj the corner generated by (A, A’) and we say that (A;,A)) is a child of (A, A").

For a general valid edge (A, A") we will construct all its possible children (A4, A)
(see Definition 2.2.8) in two steps:

- GenerateCorners (A, A’): We find the corners A; generated by a valid edge
(A, A") (see Definition 2.2.5).

- GetCornerChildren ((A,A’),Ay): Given a corner A; generated by a valid
edge (A, A"), we determine all possible A}, such that (A;, A}) is a child of
(A,A").

In the rest of this subsection (A, A’) denotes a valid edge.

10



Definition 2.2.1. We set ypax = min(ﬁ(gl),b — 1) and we define the set of

multiplicities

{Ymax } if (A, A’) is simple
{V,. o Ymax}  if (A, A’) is not simple.

=TAA) =

Remark 2.2.2. Note that from the equality
Ymax = min(ged(a — a',b—¥'),b— 1)

(see [2, equality (3.9)]) it follows that Ymax € IN. Moreover if oy < g;’;—(z’l), then
gap(p,l) = 1 and b’ = 0, which, as we saw in Remark 2.1.7, excludes the case (A, A")

simple.
Remark 2.2.3. The previous definition is motivated by the properties established in
Proposition 2.1.5(3) for the case of (m, n)-pairs.

For each « such that 0" < v < ymax, we let A(,) denote (a1 Uy, bl), where

—O'll

[
a1+(’y—b) > ¥

B

ll = lcm(l7 p)7 bl =7 and ay =

Note that v, ,(A)) = vp0(A). So Ay is in the line determined by A and A’.
Definition 2.2.4. We say that A, is admissible if

1. 1)17_1(14(»7)) < 0,

2. ll — g_ll >1or ng(CLl,bl) > 1.

Definition 2.2.5. Let A, A" € IN;) x INg be such that (A, A’) is a valid edge. We say
that an element A, € INy,) x N is a corner generated by (A, A’), if either A; = A’
and vy,_1(A’) <0, or v1_1(A’) > 0 and there exists v € I'(A, A’) such that A, is
admissible and A; = A(,) (which implies A; # A’).

Proposition 2.2.6. Assume that (A, A’) is simple. Let

—O'll

ll = lcm(l, p), ay ‘= —— + (’Ymax - b) (]/n,d bl = max-

If vy 1 (A") <0, then vy _1(Ay) > 0, where Ay = (‘;—ll,bl).
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Proof. By Definition 2.1.2 and Remark 2.2.2 we know that

b—b

Pt (2.2.3)

fo =gap(p,l) + 1 and gmax =
Let p and d be as in Definition 2.1.2. By Definition 2.1.2 and item (3’) of Remark 2.1.3
we have
(p+o)l

_ K p_\pror
fo=gb and G- (2.2.4)

Moreover combining v, ,(A) = v,,(A’) with the fact that v; _;(A’) > 0, we obtain

/

V<= w24+ 242

l a p
Hence
y <p—|—a) _ pa—i—alb,
P lp

which, by the second equality in (2.2.4), implies

Y < pa—i—alb:i

p+o) n

But then, by the first equalities in (2.2.3) and (2.2.4),

d d d
b= —fo=—(gap(p,l) + 1) > —gap(p,l) + 7,
1 1t [

and so, by the second equality in (2.2.3),

b—V d

gmax = ———~ > —.
gap(p,l) = p

Consequently,
bol bol d
v 1(Ay) = ap + bo _gmaXera < ap+ool adp+ao _o,
pl p pl pwop
where the last equality follows from the second equality in (2.2.4). O

In Algorithm 3 we obtain a list GeneratedCorners consisting of all the corners

generated by a valid edge (A, A’).
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Algorithm 3: GetGeneratedCorners

Input: A valid edge (A, A") = ((all,b), (a2, 1)).

Output: A list GeneratedCorners, consisting of all generated corners by
(A, A".

(p,o) dir(A—A)

if v; _1(A’) <0 then

3 add A’ to GeneratedCorners

[uny

N

4 else
5 [ < lem(p, 1)

6 gap + —

F))

7 gmax%min{;g,b—l}

8 if Simple(A, A’) = TRUE then

9 ar + 1 + (gmax —b)%l1

10 Ay < (a1, gmax)

11 if l; —ay;/by >1 or ged(ag,by) > 1 then
12 t add A; to GeneratedCorners

13 else

14 for by < V' + 1 to gmax do

15 a1<—alﬁ—|—(b1—b)%ll

16 Ay (a1 ly,by)

17 if v1_1(4;)<0and (l; —a1/by >1 or ged(ay,b;) > 1) then
18 t add A; to GeneratedCorners

19 RETURN GeneratedCorners

Remark 2.2.7. Definitions 2.2.4 and 2.2.5 are motivated by the following fact: Let
(P,Q) be an (m,n)-pair in L® and let (4, (p, o)) be a regular corner of type ILb)
of (P,Q). Let ¢ be the automorphism of L") introduced in [1, Proposition 5.18],
where [ = ged(l, p). Let A € K* be as in Proposition 2.1.5(4) and set

1 1 my
A = Est,w(P), Ay = Est,w(gp(P)), (p1,01) == Predypy(p,0) and v := —

Then,
1. by Proposition 2.1.5(2) the pair (A, A’) is a valid edge,

13



2. since (A4, (p,0)) is of type IL.b), we have v; _1(A’) > 0,

3. by [1, Proposition 5.18(4)] the corner A; satisfies condition (1) of
Definition 2.2.4,

4. by items (3) and (4) of Proposition 2.1.5, and Remark 2.1.7, we have

b/ < Y S Ymax -
5. by [1, Proposition 5.18(3)] we have A,y = Aj,

6. by [1, Proposition 5.19] the corner A; satisfies condition (2) of Definition 2.2.4.

Thus A; € Nyg,) x N is a corner generated by (A, A’), A, # A’ and there exists
V' <79 < Ymax such that A; = A(,), which implies that v; (A’) < vo1(A1) < voi1(A).

Definition 2.2.8. Let (A, A’) and (A4, A}) be valid edges and let (p, o) == dir(A—A")
and (py,0q1) = dir(A; — A}). We say that (A, A}) is a child of (A, A’) if
(p,0) > (p1,01) in I and A, is a corner generated by (A, A’).

The previous definition describes the main inductive construction that yields
complete chains, generalizing the case when the valid edges correspond to an (m,n)-
pair. This construction consists of the two steps mentioned above that are realized

through Algorithms 3 and 4.

Remark 2.2.9. Let (A, A’) be a valid edge, let (p,0) = dir(A — A’) and let
Ay = (a1 lly,by) be a corned generated by (A, A’). By Definition 2.2.5 we know
that v _1(A4;) < 0. In Algorithm 4 we obtain all the children of (A, .A") of the

form (A, A}). The lower bound lo in the algorithm comes from the fact that

di(pt+o)
Vp,o (A1)

hi in lines 4 and 6 and the conditions required in line 11 come from Definition 2.1.2.

By [2, Remark 3.9] we know that

(p1,01) < (p,0o) if and only if p > where d; == ged(aq,by). The upper bound

b
A= (b)) +4 2, - ! f < )
1 (l17 1) +]<gaP(P1, 1)p17 gap(p1, 1>> or some 0 < j < {gap(pl,ll)J

Remark 2.2.10. Before running Algorithm 4 with input a corner A; = (a;2ly,b1) such
that /; — §* <1, and a valid edge(A, A"), it is necessary to run Algorithm 1 with

input greater than or equal to a;.

14



Algorithm 4: GetCornerChildrenList
Input: A valid edge (A, A’) and a corner A; = (a;l1,b1) generated by
(A, A) with [, — ¢+ < 1.
Output: A list CornerChildrenList, consisting of all (A;,A}) that are
children of (A, A’).
(p,0) + dir(A — A)
dy < ged(ay, by)

di(p+o)
lo + {1 + vp,a(Al)J

[y

N

w

4 hi<+ d1
if [; > 1 then
6 hi « Lll(blll — al) + %J

ot

7 for < lo to hi do
8 enF « £ (‘;—ll,ln)

dy
9 (p1,01) < dir(enF —(1,1))

10 gap «— —2

ged(p1,l1)
11 if gap < b; and d; 1 4 then
12 for j + 1 to L;Tlpj do
13 Ap + ($,01) + 5 (gap 2, — gap)
14 if (I;>1and v, _1(A])#0)or (I =1and v _;(A}) <0) or
15 (lh =1, v;1(A}) >0 and A} € PLLC) then
16 t add (Ay,A}) to CornerChildrenList

17 RETURN CornerChildrenList

Definition 2.2.11. A corner A = (all,b) is called a final cornerif | — ¢ > 1.

In Algorithm 5 we combine Algorithms 3 and 4 in order to obtain a procedure

giving the children of a valid edge (A, A’) and the final corners generated by (A, A’).

In line 1 of Algorithm 5 we use the expression “GetGeneratedCorners(A,A’)”
as a notation for “run GetGeneratedCorners with input (A, A’)”. We use similar

notations in the following algorithms.
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Algorithm 5: GetChildrenAndFinalList
Input: A valid edge (A, A").
Output: A list ChildrenList, consisting of all children of (A, A’).
A list FinalList, consisting of all final corners generated by (A, A’).
GeneratedCorners <— GetGeneratedCorners(A, A’)

[uny

N

for Ay = (a1, b;) € GeneratedCorners do
3 ifll—g—i>1then
4 t add A; to Finallist

5 CornerChildrenList < GetCornerChildrenList((A, A’), A1)
6 | for (A, A}) e CornerChildrenList do
7 || add (A1, A7) to ChildrenList

8 RETURN (ChildrenList, FinalList)

2.3 Main inductive step and complete chains

Now we are able to construct recursively a chain (Co,...,C;) of valid edges
C; = (A;, A), where each C; a child of the previous (except the first one). In the
case of an standard (m,n)-pair (P, Q), this process terminates when the generated

corner
Ajr1 = (aj41Uj11, bj41)

is a regular corner of type L. In this case

j+1
bj+1 >1

S
Definition 2.3.1. A chain (Cy, ..., C;, A;41) is called a complete chain of length j+1,
if
- G, is a valid edge for 1 =0, ..., 7,
- Ciy1is achild of € fori =0,...,5 — 1,

- Aj4q is generated by C},

- Aj41 is a final corner,
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where C; = (A;, A}) and A; = (a;l;, b;).

In Algorithm 6 we give a method for the generation of a list CompleteChains

consisting of all complete chains starting with a valid edge
Co = (.A,.A,) = ((av b)? (a,7 b,))

and having length less than or equal to NumberOfFactors(ged(b, (b — V')/p)) + 1,
where (p, o) denotes dir(A — A’) and NumberOfFactors(n) is an auxiliary function
which returns the number of prime factors of n, counted with its multiplicity.

We use auxiliary lists OpenChains and POpenChains and an auxiliary variable
Lmax. Moreover the expression % W.A; denotes the chain obtained adding A; at the
end of the chain ¥ and similarly for € & (A, A}).
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Algorithm 6: GetCompleteChains
Input: A valid edge €y = (A, A") = ((a,b), (d’,V')).
Output: A list CompleteChains, consisting of all complete chains CH

starting in Gy, with
length(CH) < NumberOfFactors <gcd (b, b%“)) + 1, where
(p,o) =dir(A—A").

(p,0) + dir(A — A)

2 Lmax <— NumberOfFactors (gcd (b, b’p”)) +1

OpenChains <+ (Cp)

7+ 0

[uny

w

'

(S}

while j < Lmax do
6 POpenChains + ()
7 for CH € OpenChains do

8 Last «— Last element in CH

9 (ChildrenList, FinalList) <— GetChildrenAndFinalList(Last)
10 for A; € FinalList do

11 t add CH W A; to CompleteChains

12 for (A, A}) € ChildrenList do

13 t add CH W (A4, A]) to POpenChains

14 OpenChains <— POpenChains

15 j—g+1
16 RETURN CompleteChains

Theorem 2.3.2. For each standard (m,n)-pair (P,Q), there exist

(P, Qi), (Ai, AY), (i, 03), li)ggigj and  ((Pi1,Qj11), Ajr1, (pjs1, 0j41), i),
where j € N, such that:

1. lg <+ <ljpg € Nwithly =1,

2. (po,00) > ... > (pj+1,0541) in I,

3. (P;,Q;) is an (m,n)-pair in L for each 1 <i < j+1 and (P, Qo) = (P,Q),

4 oo (P) = Ly 0, (Pisa) for 0 < h < i < j,

18



10.

11.

12.

15.

(An, (pn,on)) is a reqular corner of type 1l.a) of (P, Q;) for 0 < h <i<j+1.

Moreover
1
E Stﬂhﬁ'h(‘Pi) = Apt1.

Ay = # enyo(P) and (A, (pi, 0:)) is a reqular corner of type II of (P;, Q;) for
0<i<y,

if (Ai, (pi, o)) is a reqular corner of type Il.a) of (P;, Q;), then
1
livi =1l, (P1,Qis1) = (P, Qi) and Ay = A= EStpi,ai(-Pi)a

if (A, (pi,0:)) is a reqular corner of type 11.b) of (P;, Q;), then l;41 = lem(p;, 1)
and there ezists a root X € K* of the polynomial p;(z), defined by

ki

bpioi(Ps) = 2T pi(2), where z = :c_c”/’giy;

such that m | my, where my is the multiplicity of z — X\ in p;(z) and

1 ki i 1
. Stpi,ai(Pi-l—l) = A1 = ( 70> + @<_17 1) # A; = Stpiﬂ'i(‘Pi)'
m mi; m Pi m
(2.3.5)
Moreover £y, »,(Pit1) = ¢(Ly, 0,(Pi)), where ¢ € Aut(LU+V) is defined by

1 1

p(xhi+1) = glitt and oly) =y + )\x%,

(Aji1, (pjr1,0541)) is a reqular corner of type I of (Pj1,Qj11) in LUi+1),
(Aiy1, Alq) ts a child of (A;, Aj) for 0 <i < j,
Vo1 (Aig1) < vo1(4;) for 0 <i < j,

the chain
((AO,AB), e (Aj,fl;),fljﬂ), (2.3.6)

18 complete,
if t is the greatest index such that I, = 1, then

- {(44, (pi,03)) : 0 < i <t} is the set of reqular corners of (P,Q),
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- (A, (pi, 04)) is a reqular corner of type Ila) of (P,Q) for 0 <i <t and
(A, (pe, 01)) is a regular corner of type 1Ib) of (P, Q),

- A} is the last lower corner of (P, Q) (see |2, Definition 3.21]),
- (‘P’MQZ) - (P7Q) fOT all @ S t7
14. The set of reqular corners of (Pj11,Qj+1) is {(A4;, (pi,0:)) : 0 <i < j+1}.

Proof. Take the set
{(Ao, (p0,00)), - - -+ (As, (pr, 00)) },

of regular corners of (P,Q), with (p;,0;) > (pit1,0441) for all i (note that we are
using the opposed enumeration of [1, Theorem 7.6]). By [1, Remark 5.12] we know
that Ag = L enyo(P). Setting 4] = Lst,, ,,(P), we obtain a chain

((A07 Aé))v T (Atv A;))a
where A;, A, € N x Ny by [1, Remark 5.8]. By [1, Theorem 7.6(1)],

{(po,00), .-, (pr-1,00-1)} = A(P)

and the 3-uple (A, A}, (pi,04)) is the starting triple of (P,Q). Hence, by
[1, Remark 5.10] we know that (A;, (p;,0;)) is a regular corner of type Il.a) of
(P,Q) for 0 < i < t. Therefore v; _1(A}) < 0 for 0 <14 < ¢t. Furthermore, by items (1)
and (2) of Proposition 2.1.5 each one of the pairs (A;, A;), with 0 < ¢ <, is a valid
edge. Moreover,

Ai+1 = A

1

and Vo1 (Ai+1> < Vo1 (AZ) for 0 <i<t.

Consequently A;;; is a corner generated by (A;, A}) for 0 < i < t. Therefore
(Aiy1, Al ,) is a child of (A;, Aj) for 0 < ¢ < t. Moreover, Aj is the last lower corner
of (P,Q). For i <t,setl; :=1and (P, Q;) = (P,Q). By [1, Remark 6.3] we know
that (A:, (pe, 0¢)) is a regular corner of type IL.b), and so vy _1(st,, »,(P)) > 0. This
implies that (ps, o) # (1,0), because (P,Q) is standard (see [1, Definition 4.3]).
Since (pt, 0¢) € I we obtain that p; > 0. Let A € K* be as in Proposition 2.1.5(4)
and let I, == p;. Applying [1, Proposition 5.18 and Remark 3.9] to (P, Q;) and
(A4, (pi,04)), we obtain an (m,n)-pair (Pry1, Quy1) in LU+1) such that

- eny, o, (Pir1) = eny, o, (P) and €, 5, (Piy1) = £, 0, () for 0 < h < t,
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- (A¢s1, (pry1, 0441)) is a regular corner of (Py1, Qi41), where

1
(pty1,0041) = Predp,, (pr,00) and Ay = EStPtﬂt(‘Pt'i‘l)?

- There exists A € K* such that m divides the multiplicity my of z — X in p;(2)

k
At+1 = <_t70) + @(_27 1)7
mily m Pt

Moreover £,, »,(Pii1) = ¢(£,, 0, (P:)), where ¢ € Aut(LU+)) is defined by

and

1 1

pla’) =ater  and  @(y) =y + A,

- A(Pia) = A(P) U{(pr, 00)} U{(p,0) € A(Prs1) : (p,0) < (pr,0¢) in I}, where
A(P;) and A(P;;1) are as in the discussion above [1, Proposition 5.2].

By Remark 2.2.7 we know that A, is a corner generated by (A, A}), that Ay # A}
and that vg (A1) < vo1(As). We claim that we can assume that (A1, (pr1,0¢11))

is of type I or II. In fact, suppose that it is a regular corner of type III and write

Ki41 —9t41

£Pt+1,at+1 (Pt-i-l) = &1 MO(Z = )\O)TO where z = z fti Y, Ko, >\0 € K~ and o € IN.

Then, by [1, Theorem 7.6(1) and Remark 5.10],
A(Pr1) = A(B) U{(pt, 04) }

while, by [1, Proposition 5.17], we have p;1 | l;11 and there exists an (m,n)-pair

(P11, Qi411) in LU+1) such that,

- Cly 0049 (Pt-i-l,l) = €Ny, 1,041 (Pt-i-l) = At-i-l = % Stpt+170't+1 (Pt-i-l,l)’
- éﬂthh(Pt-H,l) = Eﬁhﬂ'h(Pt'f‘l) for 0 < h <t,

- (As1, (pr41.1,0t41.1)) is a regular corner of (Priq1, Q¢r11), where

(Pt+1,1, 0t+1,1) = PredPt+171(pt+l> Ut+1),

- A(Pri11) = A(P1) U{(p,0) € A(Piy11) 2 (p,0) < (prs1,041) in I},
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Note that (pi1,1,0441,1) = Predp,,,(pt, 0¢). As long as Case III occurs, we can find

(Pt+1,1,0t+1,1) > > (pt+1,u70t+1,u) >y
and (m,n)-pairs (P, Qir1,) in LU+1) guch that for all u > 1

- Pt+lu ‘ Lyt s

- enpt+1,u,0t+1,u(Pt-i-l,u-i-l) = CNp, 1 0,010 (Pt-H,U) = At-i-l =

1
m Stpt+1,u,0t+1,u (Pt+17u+1) )

- (At+1, (pt+1,u+1> 0t+1,u+1)) is a regular corner of (Pt+1,u+l> Qt+1,u+1)7 where
(Pr41,ut15 Ut+1,u+1) = PTedPtH,uH(PtH,u, 0t+1,u) — Predpt“u“(pt, ot),
- Ly on(Piv1ut1) = oy 0, (Pr1,) for 0 < h <t,
- A(Prrur1) = A(Pr1) U{(p, 0) € A(Piirur1)  (p,0) < (prr1,0141) in T}
But there are only finitely many p;.q,'s with piiq, | li41. Moreover,
0 < =011 < Prsius

since (1,-1) < (prt1u, 0t414) < (1,0), and so there are only finitely many
(Pt41,us Ot+1.4) possible. Thus, eventually cases I or II must occur, proving the
claim. Note that by [1, Theorem 7.6(1) and Remarks 5.10 and 5.11]

(Att1, (pr+1,0141)) is of type ILa) < (pry1,0141) € A(Pri1) & A(F) U (pr, 00)} © A(Frr).

Assume that (Agy1, (pr41,0041)) is a regular corner of type II and set A}, =
L $tpes1.0001 (Pry1). By Proposition 2.1.5(2) we know that (A1, Aj,,) is a child of
(Ae, Ay). If (Asga, (pr41,0e41)) s a regular corner of type I1.a), then by [1, Remark
5.11], the pair

(At+27 (Peta; Ut+2)) = (A2+1= Predp, , (pr+1, 0t+1))

is a regular corner of (Pyyo, Qi) = (Pit1,Qir1). Moreover, by definition Ao

is generated by (A1, Aj,q) and vo1(Aire) < vo1(Aig1). On the other hand, if
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(Ats1, (pr+1,0041)) is a corner of type IL.b), then, arguing as above we obtain a root
A of piya(2) and an (m, n)-pair (P2, Qii2) in LU+2) | where o = lem (g1, prs1),

such that

- Clp,iq,0041 (Pt-I-Q) = Clp,1,0041 (Pt+1) and él)hyo'h, (Pt+2) = fphﬁh(Pt-‘rl) for 0 <h <
t+1,

- (Agr2, (prao, 0¢yo)) is a regular corner of type I or I of (Pyyo, Qi12), where
1
(pt+27 Ut+2) = PredPt+2 (pt+1> Ut+1> and At+2 = E Stpt+170't+1<Pt+2>7

- Apyo # Apyq, the pair (Air, Ajy,) generates Apyo, and vor(Arr2) < vor(Aera),

there exists A € K* such that m divides the multiplicity my of z — X in p,y1(2)

o S ( Kty 0) n @(_UtJrl’ 1).

)
mlqq m Pt+1

and

Moreover £,,.,, opir (Pi2) = ©(Lpyir 00ir (Pi1)), where o € Aut(L"+2)) is defined
by

1 1 9t+1

p(zht2) == gh+2 and o(y) =y + Az

- A(Pi2) = A(Pes1) U{(pe1, 0041) } U{(p, o) in A(Fii1) < (p,0) < (prs1,0¢41) €
.

While regular corners of type II occurs we continue with this process. Eventually
a regular corner (Aji1,(pjt1,0541)) of type I must occur. Finally, by

[1, Proposition 5.13], the chain (2.3.6) is complete. O

Remark 2.3.3. By Theorem 3.1.1 below, if (4,41, (pj+1,0;+41)) is a regular corner of
type La) of (Pjy1,Q;41) in LG+ then we can modify (Pjy1,Qj41) in such a way
that (A1, (pj+1,0;41)) becomes of type Lb).

Remark 2.3.4. Let (P, Q) be a standard (m,n)-pair, let j € IN and let

(P, Qi) (Ai, AY), (i, 03), li)ogig and  ((Pjt1,Qj+1)s Ajit, (pj41.0541), Lis1)

satisfying items (1)—(14) of Theorem 2.3.2. Let h and ¢ be integers with 0 < h <1 < j.
By items (3), (5) and (6), and [1, Theorem 7.6(2)], there exists d,(f) maximum such

23



that
Copon(P5) =Ry " for some (py,, o1, )-homogeneous Ry; € L. (2.3.7)
By item (8) of [1, Theorem 7.6] we know that
# Primefactors(dﬁf)) > —h. (2.3.8)

Write Ap, = (an/ln,bn), Aps1 = (aps1/lhs1,bnyr) and A = (a), /1y, b)). We assert
that
dy

(2.3.9)

D = e (it ).

gap(ph, lh)v hs Yh+1, T7
First note that by Theorem 2.3.2(5)

I

1 i
(ant1/lhs1, bng1) = Apa = p— Stonon (Bi) = ) 8t pp o (Rii),

and consequently dgf)|bh+1. By items (4), (7) and (8) of Theorem 2.3.2 there exists
A € K such that

Conon(B2) = Loy, (Pri1) = 0(Cpy 0, (Fr)),
where ¢ € Aut(L({#+)) is defined by

1 1 o

(1) = xthrt and o(y) =y + Azen.

Write Ehi = ¢ Y(Ryp;). Then

~ (1)
md;

gﬂh,gh(Ph) = @71<£Ph:0h (Pl)) = ha )

and so

o) o)
(Ans A44) = ((@n /I, 1), (03110, 0)) = (000, (Bt )5t (i )).
(Note that A = 0 if and only if (Ap, (pn,0n)) is a regular corner of type Il.a) of
(Pn,Qp)). Set z == :U_sz and write

U
)

Nd;j) i bl g -+
Rhi =xhy hfhi(Z) and Ry, =axt Yy hghi(z)7
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where fp; and gp; are polynomials such that f;;(0) # 0 and gp;(0) # 0. Clearly

a%lz ahli dﬁf)

de,,  d b, d - dt” - and fu =gyl (2.3.10)
Thus d,(f) divides b, — b},. We next prove that
ol bn =
di| b (2.3.11)
gap(pn, In)
Assume for a moment that gap(pp,ln) | tn; where t,; = deggy and write
thi = gap(pn, ln)t),;. From
o=} / @) thidy) o o)
TS ybh_bh — ytnidy’ — x—Tygap(pmlh)thidh ’

we obtain that

gap(pn, lh)dﬁf) | b, — by,

from which (2.3.11) follows. Consequently, we are reduced to prove that gap(ps, (5) |

tri- Suppose this is false and write

thi

u
Ghi = E Ay 2
u=0

Let v be the minimum wu such that a, # 0 and gap(pp, ;) f u. A direct computation
using that gap(ps, ln) { v and that gap(ps, [n) | u for all u < v such that a,, # 0, shows

i . ('L)_
that the coefficient of 2V in gzdh (z) is mdﬁf)agnd” ‘a, # 0. But this is impossible,
since
el b, ! pmd; (1) o B g )
xhoy™hg, " (2) =Ry, " =4, 0,(Ph) €L and 2V=ua ey’ ¢ LW,

This proves (2.3.11) and thus finishes the proof of (2.3.9).

Remark 2.3.5. From inequality (2.3.8) and condition (2.3.9) (both with h = 0 and
i = j), we obtain that j < # Primefactors(D), where D = ged(bo, (bo — bj)/po)-
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2.4 Divisibility conditions and admissible

complete chains

In this subsection we first prove that if a complete chain ¢ = (Co,...,C;, Aj41) is
constructed from a standard (m,n)-pair (P, Q) as in Theorem 2.3.2, then & satisfies
certain arithmetic conditions. In Definition 2.4.2 we name arbitrary complete
chains that satisfy these properties “admissible complete chains”. Then we obtain a

procedure in order to determine if a given complete chain is admissible.

Let (P, Q) be an standard (m,n)-pair, let j € IN and let

((PiaQi),(AiaAg),(pi,Ui)ali)OSiSj and ((Pj—Han—}—l):Aj—&-l,(pj+170j+1)7lj+1))a

be as in Remark 2.3.4. By items (3), (5) and (6) of Theorem 2.3.2 and [1, The-
orem 7.6(3)] (which applies since v, », (P,) > 0 by [1, Corollary 5.7(1)]) for h < j
there exist py,, g» € IN coprime and a (py,, o5, )-homogeneous element Fj, € L) such

that,

pp 1
Uﬁh,Uh(Fh) = PKtOp, [Fhv gphﬂh (Ph)] =S gph,ifh (Ph) and enp,U(Fh> - Q_ZE enph,Uh(Ph)'

Let ¢ € Aut(LU+1)) be as in Remark 2.3.4. Since ¢ is (pp, o05)-homogeneous,

Uppon (P(FR)) = pr + 0.
Moreover, by [1, Remark 3.10] and items (7) and (8) of Theorem 2.3.2,
[o(En), Lonon (Pri)] = [9(Fn), 9 (Coy 0, (Fh))] = £(Coy.0, (Fh)) = Loy (Piir)-
Thus, by item (4) of Theorem 2.3.2
(0(Fn), Loy on(Pi)] = £y, 0, (P) for h <i <. (2.4.12)

Since py, > 0, the end point of each (py,, oj,)-homogeneous element F of L) is the

support of the monomial of greatest degree in y of F. Consequently

Cllp, o, (Fh) = Cllp;, oy, (SO(Fh)L
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because the monomials of greatest degree in y of Fj, and ¢(F}) coincide. Note
that since (Ay, (pn,on)) is a regular corner of type II) of P, the hypothesis of
[1, Proposition 2.11(5)] are fulfilled, and so ¢(F}) is the unique (pp,, op,)-homogeneous
element of L) that satisfies equality (2.4.12).

Remark 2.4.1. By items (4), (5), (6) and (8) of [1, Theorem 7.6] the following

conditions hold:
- qutdy) forall 0< B <i<j.
g | dY forall0<h <k <i<j.
- qgntgrforall0 <h<k<jy.

Note that since

Dh Ph+ Oh
ged(pr,gn) =1 and — = ————,
( ) dn Upn,on (Ah)

we have

Upr,on (Ah) '
ng(Ph + Oh, Upp,on (Ah>>

_ Pn + O
ged(pn + ohy Vpp 0 (An))

Dh and ¢, = (2.4.13)

Let (Co,...,C;,A;+1) be a complete chain (see Definition 2.3.1). For 0 < i < j,

write

Ci= (A, A, A= (a;tl, b)), A= (a0, b)) and  (p;,04) = dir(4; — A)),

(3

and write
Aji1 = (@41 Uj1,b541).

Now for 0 < h < j, we can define p, and ¢, by equalities (2.4.13), and we do it.

Moreover, as in Remark 2.3.4, we set

D . gcd (M anl; aﬂi)
hoT :

gap(ph,lh)’ hs h+1a77 lh,

Definition 2.4.2. A complete chain is called an admissible complete chain if for all

0 < h <1 < j it satisfies

i | D,(f), gntq; and # Primefactors(D,(f)) >i—h.
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By Remark 2.4.1, inequality (2.3.8) and condition (2.3.9) every complete chains

arising from a standard (m, n)-pair (P, Q) is admissible. In Algorithm 7 we give a

procedure to verify if an arbitrary complete chain is admissible.

Algorithm 7: GetIsAdmissible

[y

w

10

11

12

13

14

15

16

17

18

Input: A complete chain € = (Cy,...,Cj, A;+1) with
C; = (A, Al = ((a,-zlz-, b;), (all;, b;))

Output: A boolean variable IsAdmissible.

h <+ 0

11

[sAdmissible <+~ TRUE

while h < 7 and IsAdmissible = TRUE do

(p, o) < dir(A, — 4})

.
gap ged(piln)

v, ,O'(A}L)
q gcd(p—&/ja,v,,,a(Ah))

while i« < ;7 and IsAdmissible = TRUE do
(p',0") « dir(A; — A})

v ’,a’(Ai)
q/ N gcd(p’—:—)cr’,vp/’d/(Ai))

D« ocd (2=t p, p, . onl %l
g gap  ho Yht1 T T

if # Primefactors(D) >i—h and ¢ | D and ¢{¢ then
il
else
| IsAdmissible ¢ FALSE

h+<h+1

1+ h+1

RETURN IsAdmissible

In Algorithm 8 we obtain all admissible complete chains starting from a valid

edge (A, A") with vy;(A) < M for a given upper bound M. Due to all the previous

algorithms, this main procedure is short.
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Algorithm 8: Main algorithm

Input: A positive integer M.
Output: A list AdmissibleCompleteChains of all admissible complete chains
(Co,...,Cj,Ajy1), with vy (Ag) < M, where Ay is the first
coordinate of €.
1 PLLC « GetPossibleLastLowerCorners(L

2 for a =2 to L%J do

NS

)

3 forb=a+1to M —ado

4 StartingEdges < GetStartingEdges((a, b), PLLC)
5 for (A, A') € StartingEdges do

6 CompleteChains +— GetCompleteChains(A, A’)
7 for CH € CompleteChains do

8 IsAdmissible <— GetIsAdmissible(CH)

9 if IsAdmissible = TRUE then

10 t add CH to AdmissibleCompleteChains

11 RETURN AdmissibleCompleteChains

We want to apply Algorithm 8 in order to obtain limitations on the possible
counterexamples to the Jacobian Conjecture. Assume then that this conjecture
is false. By [1, Corollary 5.21] we know there exists a counterexample (P, Q) and
m,n € IN coprime such that (P, Q) is a standard (m,n)-pair and a minimal pair,

which means that ged(vy1(P),v11(Q)) = B, where B is as in (2.0.1).
Let Ap be as in Remark 2.3.4. By [1, Proposition 5.2 and Corollary 5.21(3)]

Ao = %enlo(P) and  ged(vin(P), v11(Q)) = v11(Ao).

By Theorem 2.3.2 and Remark 2.4.1 we know that A is the first coordinate of Gy for
one of the admissible complete chains obtained running Algorithm 8 with M > B.
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Chapter 3

Generation of (m,n)-families

parameterized by INj

3.1 (m,n)-families

In this section, for a complete chain € = (Cy, ..., C;j, A;11), we obtain restrictions
on all the possible m and n such that there could exist an (m,n)-pair (P, Q) that

generates € as in Theorem 2.3.2.

Proposition 3.1.1. If an (m,n)-pair (P,Q) in LY has a regular corner (A, (p, o))
of type L.a), then p | | and there exists ¢ € Aut(LY), such that (p(P), ¢(Q)) is an
(m, n)-pair and (A, (p,0)) is a reqular corner of type 1.b) of (p(P), ¢(Q)). Moreover,
the regular corners of (P, Q) and the regular corners of (¢(P), p(Q)), coincide.

Proof. Let A’ = ZLst,,(P) and write A = (a/l,b) and A = (d/I,V).

m

By [1, Proposition 5.13a)] we know that &’ = 0. Write

lo(P) = mea/p(z) with z == 2" ry, p(z) = Zaizi € K|z] and ag # 0,
and

lo(Q) = :UnTa/q(z) with z ==z ry, ¢(z) = Zbizi € K|z] and by # 0.

A direct computation shows that there exists S € LW, such that

/
ma,+na/ _ o

[0p0(P), 6,0 (Q)] = L (maghy — narbe)z ™51 + yS.
{
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Since (A, (p,0)) of type I, we have [, ,(P),£,,(Q)] # 0. So, by [1, Proposition 1.13]

[EP,U(P),KPJ(Q)] = Ep,o([R Q]) €K™ (3~1-1)

Thus, necessarily (m+")a, —%=1and q #0or by #0. If a; # 0, then

! 1
(mla — %, 1) € Supp(,(P)) C 7Z x INp.

Since (mT“', 0) also is in Supp({,,(P)) C 77 x Ny, we conclude that 2 € 17, which
implies p | {. Similarly, if b; # 0, then we also obtain p | [, as desired. Now let z — A
be a linear factor of p(z). Define ¢ € Aut(LY) by

ozt = zY" and  @(y) =y + Az’

Then

’ / ’ /
na

P(lpo(P) =2 Tp(z+A) = 2T h(z) and  9(6,0(Q)) = 2T q(2+X) = 2T q(2),

where p(z) = p(z + A) and g(z) = q(z + ). By [1, Proposition 3.9] we know that,
for all H € L),

lpo(p(H)) = (b, (H)),  enyo(p(H)) = en,,(H)

and

Upren(P(H)) = by () Tor all (p,0) < (p1,01) < (1, 1). (3.12)

Using this with H = P and H = @), we obtain that

v P v r m
11(@0( )) _ 10(S0( )) = and U1,~1(en1o(p(P))) < 0.

u(p@)  vo(p@)  n

Hence (o(P). (@) is an (m,n)-pair, since [p(P).0(Q)] = [P.Q] € K*.
by [1, Proposition 3.10]. We claim that (p, o) € Dir(¢(P)). In fact since

ma/

loo(p(P)) = ¢(lpo(P)) = 2 1 D(2),

in order to see this it suffices to show that p is not a monomial, which follows easily

from the fact that deg(p) = m(b—10) > 1 and X is a simple root of p by Remark 2.1.6.
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Write p(2) = >, @;2* and q(z) = Y, b;z". By [1, Proposition 3.10] and (3.1.1), we

have

[Co.o ((P)), Lo ((@))] = [p(Lpo(P)), 0(lp0(Q))] = 0([lo(P), £p0(Q)]) € K.

Using this and the fact that @g = p(A) = 0 we obtain

!/

— 10 = [ (P(P)): Lo (9(Q))] € K.

Hence

stoal(P)) = (= 21) and - stooe(@)) = (10),

and so (A, (p,0)) is a regular corner of type I.b) of (¢(P), ¢(Q)). Using this, that
(A, (p,0)) is a regular corner of type I) of (P,Q), equalities (3.1.2) with H = P,
and [1, Remark 5.10 and Theorem 7.6(1)], we obtain that (P, Q) and (¢(P), p(Q))

have the same regular corners. O]

Let ((a/l,b),(p,0)) be a regular corner of type I.b) of an (m,n)-pair (P, Q) in
L®. According to [1, Proposition 5.13b)] there exists k € IN, with & < [ — ¢ such

that
R @ { (% 0) | (1 - % 1) } | (3.1.3)

Proposition 3.1.2. Let e, = ged(k,bl — a). If st,,(Q) = (k/1,0), then i | n and

bl —
(m +n)b — % —AN (3.1.4)

€k

. _ k
while if sty o (P) = (k/1,0), then - | m and

mey, bl — a
h— &
(m+mn) i

=1. (3.1.5)

Proof. Assume first that st,,(Q) = (k/[,0). Since, by [1, Corollary 5.7(2)],

a a
en,,(P) =m <77 b) and enpo(Q) =n (7’ b) ’
we have
Pk o
P— 0l +o= UP,U(SttLU(P)) = Upva(enp’”(P)) -m (T + b0>

32



and
pk

B = 0,0 (550(Q)) = Vpalen, o (Q) = n (F +bo) .

which leads to

k. o ma o c k—na
l——4+—-—=— b— d — = . 3.1.6
l+p l+mp o p nlb ( )
Hence,
ma+ bk—na_ _k:+k—na
T T T T T

which gives
(m +n)bk —n(bl — a) = k.

Therefore k | n(bl — a). Since £ and %=% are coprime, necessarily = | n. So,
er €L k

equality (3.1.4) is true. The case st,,(P) = (k/l,0) is similar. O

Let A == (all,b) € INy) x INg be a final corner and let & € IN be such that k < [—¢.
We want to find all the (m,n) € IN? such that one of the equalities (3.1.4) or (3.1.5)
is satisfied. By symmetry it suffices to find the set of all those (m,n) € IN? such
that equality (3.1.4) is satisfied and then to add to this set the pairs obtained by

swapping m with n. For the first task we proceed as follows: we first check that

bl —
ged <b, - “) =1, where e, = ged(k, bl — a).
k

If this is the case we determine the Bezout coefficients M, N with N > 1 in

bl — a
€k

Mb— N =1

Nk
ek

bl—a

and m = M — n. Since b < **, we have

For each solution (M, N) we set n =

mb = Mb— Fy o g MRV e
€k €L k

which implies that m > 1 as desired. Then we keep all the pairs (m,n) that also
satisfy m > 1, n > 1 and ged(m,n) = 1.

Definition 3.1.3. Let A := (all,b) € INyy x Ny be a final corner and let

a bl — a
JT(A) =< kelN: 1 <k<l]l—— d dl{p, —— ) =1>.
) { e (’ged(k,bl—a>> }
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For each k € I(A) we set
MNy(A) = {(m,n) € N> :m,n > 1, ged(m,n) =1 and (m + n)bk — n(bl — a) = k},
and we define the set MN(A), of possible (m,n) for A, by

MN(A) = [ J MNy(A).
kel(A)

Next we describe these values as unions of infinite families of (m,n)’s,

parameterized by INy.

Let k € IN be such that 1 < %k <1 — ¢ and set e, := ged(k,bl — a). Assume

ged (b, bl’“) =1 and let My and Ny with N € IN minimum satisfying

€k

bl — a

€k

Mib — Ny, =uN

Then

bl — bl —
{(M,N)er]N:Mb—N a:1}:{(Mk+j a,NkJrjb) :jE]Nk}.

(672 €k
Set
bl — N + jb)k N + jb)k
my; = Mg+ j a_ Nt b) and n;{::w.
J €k €k / €k
Thus
bl — bk — bk
mzj = m;€0+jA(]€1) and n;gj = nzo—f—jA(kZ), where A(kl) = Ta and A(,f) = o
So,
My jo1 > My and  ny oy > 0y for all 7 € INy.

Hence, by the comments above Definition 3.1.3, we have 1 < mj,,n},. Since we only

want consider the mj’s and nj;’s greater than 1, we set

/ : / !/ !/ : /! !/
My if npy > 1 and my, > 1, Ny if npy > 1 and my, > 1,
My = and  ny; =
mj, iy, otherwise, ny 41 otherwise.
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Clearly

My = Myo + jA(,CI) and

i = ngo + jAY. (3.1.7)
With these notations,

S(A, k) == {(m,n) € N* :m,n > 1 and (m + n)bk — n(bl — a) = k} = {(my;, niy) : j € No}.
Since

MNg(A) = {(m,n) € S(A, k) : gcd(m,n) =1},

we must choose the (m,n)’s in S(A, k) such that ged(m,n) = 1. Note that

mb£+n<bﬁ— bl_a) 4

€k €k €k

and so ged(m,n) | i For i € {0,...,£ — 1} we define

k k
MNg;(A) = {(mkiﬂi,nkiJer) 1j € ]NO} = {(mkzi+j_A(kl)anki Jrj—A(;f)) S ]No}-
i ek ? ek €k €k

Lemma 3.1.4. For alli € {0,..., i — 1} and all (m,n) € MNy;(A), we have

ged(m,n) = ged(mpg, ng;).

Moreover, there exists i such that ged(mp;, ng;) = 1

Proof. Clearly MNy;(A) C S(A, k) and so, if (m,n) € MN;(A), then ged(m,n) |

k
Consequently, for dy; == ged(mg;, ng;) we have

k
dii | Mg —|—j—A(kl) and  dy; | ng +j—A(k) for all 7,
€k €k
and hence dy; | gcd(m,n) for all (m,n) € MNy,;(A). Similarly one shows ged(m,n

dy;, which proves the first assertion. On the other hand, since ged (A(kl ), %
the class [A(kl)} of A(kl) in Z/éZ is invertible, and so

) |
1

)

where [my;] denotes the class of my; = myo + z’A(kl) in 7/ ﬁZ. It follows that there

exists an ¢ such that my; = 1 (mod i) Since dy; | my; and dy; | i, we obtain
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dip; = 1, as desired. O

For each k € I(A) we let Ji(A) denote {0 <i < % : ged(my;, ny;) = 1}, where
my; and ny; are as in (3.1.7). Using the previous results we obtain the following

description of the set MN(A),

MN(A) = | ) MNy(A) and MNi(A)= | ] MNy(A).
keI(A) i€ (A)

Remark 3.1.5. Note that for a final corner A the set I(A) can be empty (for example
take A = (1603,10)). However, if k € I(A), then by Lemma 3.1.4 there exists at
least one (m,n)-family associated to A. It follows that a final corner A = (all,b)
has at least one (m,n)-family attached to it, if and only if there exists k € IN with
[ —a/b>k>1, such that

bl —a
dl{bp, ————— | = 1.
e <’ged<k,bl—a>>

In Algorithm 9 we obtain the set MN(A). To achieve this we use the auxiliary
function BezoutCoefficients(x, ) which, for coprime positive integers = and y, returns

the ordered pair (M, N) of positive integers such that Mz — Ny = 1 and N is minimal.
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Algorithm 9: GetmnFamilies
Input: A final corner A = (all,b).
Output: A list mnFamilies of triples ((k, i), (myi, ng;), (A, A®)) such that
kel(A),ie Jy(A) and
MN(A) = Uy { 0mi + JAY g + 5AP) : j € No}.
1 fork=1to [l -%]—1do

2 e < ged(k, bl — a)

3 if ged(b, ¥=2) =1 then

4 (M, N) < BezoutCoefficients (b, 2=¢)

5 n « Mk

6 m < M —n

7 AQ)  bl—a—bk

s | | amen

9 if m=1or n=1then

10 t (m,n) + (m,n) + (A1, A®)

11 k&

12 if k =1 then

13 add ((k,0), (m,n), (AD, A®)) to mnFamilies
14 else

15 fori=0to k—1do

16 m; < m + iAD

17 n; < n +iA>

18 if ged(m;,n;) = 1 then

19 t add ((k,7), (ms, n;), (kAD, EAD)) to mnFamilies

20 RETURN mnFamilies

3.2 Program and graphic display

A website based on these algorithms is
available at https://ituvox.github.io/jacobianshape/, making it possible to visualize

the construction of chains starting from points below a given upper bound.

The infrastructure for it consists of three parts:
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1. A C++ implementation of the described pseudocode, along with additional

routines to export the information (corners, edges, open and complete chains)

to text files formatted for input into an SQL database.

. An SQL database instance, implemented in PostgreSQL, which organizes the

data generated by the C+4 program in order to enable easy access by SQL

queries.

. A website mainly developed in the JavaScript language, using the D3.js library

for the graphical interface, along with PHP scripts to query the database.

This structure allows a clear separation of responsibilities: the JavaScript code is only

concerned with showing the information, assuming it is already suitably formatted,

while the C4++ program is only concerned with generating the information. It also

allows for fast updates to any part of the infrastructure, since each part only depends

on the output generated by the others and not on their implementation. The website

consists of a single widget, which contains the following controls:

1. An options bar, near the top and below the title. This includes a button to

load all points (z,y) with vy (z,y) < deg, for some specified value of deg, and

checkboxes for options.

. A numbered two-dimensional grid, with the ability to zoom and pan, which

displays the current items (a collection of corners and edges). A corner A can
be clicked to display an edge (A, A’), and the bottom point A" of an edge can
be clicked to display the corners generated by it.

. A collection of filters in a right hand panel. These are checkboxes that can be

used to only show specific corners. For example, only corners of Type I and

Type 11, or only corners leading to admissible complete chains.

3.3 Admissible complete chains with

'Ull(A()) S 35

Applying Algorithm 8 with M = 35 we obtain the admissible complete chains

(Co, ..

., Cj, Ajy1) with vy1(Ag) < 35, where Ay is the first coordinate of Cy. This

procedure yields 14 admissible complete chains of length 1 and 2 admissible complete
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chains of length 2. Applying now Algorithm 9 with input the final corner A;; of
any of these chains we obtain the corresponding (m,n)-families MNy(A;11) (see
Definition 3.1.3). We obtain a two tables. The first consists of 17 families of length 1,
and the second one, of 7 families of length 2. We only list the cases satisfying
equality (3.1.4). The other cases (satisfying (3.1.5)) can be obtained by swapping m

with n.
Family Ay Aj Ay k' m n
F (4,12) (1,0) (74,3) 1 2j+3 35j+4
F, (5,20) (1,0) (725,2) 1 j+2 2543
F; (5,20) (1,0) (85,3) 1 45+3 3j+2
F, (5,20) (1,0) (8:5,3) 2 2j+3 125+16
F; (5,20) (1,0) (95,4) 1 7549 4j+5
Fs (5,20) (1,0) (92:5,4) 2 3j+4 8j+10
F; (6,15) (1,0) (73,4) 1 j+2 45j+7
F (6,15) (1,0) (823,5) 1 2j+3 5j+7
Fy (7,21) (1,0) (117,2) 1 j+2 2543
Fyo  (7,21) (1,0) (13:7,3) 1 5547 35+4
Fiy (7,21) (1,0) (137,3) 2 j+2 3j+5
Fio  (8,24) (2,0) (1314,5) 1 2543 b5j+7
Fis  (9,21) (2,0) (1323,7) 1 j+2 7j+13
Fiy o (9,24) (1,0) (73,4 1 j+2 4547
Fis  (9,24) (1,00 (83,5) 1 2j+3 5547
Fig  (9,24) (1,0) (1023,7) 1 4543 7j+5
Fiz  (9,24) (1,0) (11:3,8) 1 55+2 8j+3
and
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Family A, A} A Al Ak m n

Fis  (6,18) (6,15) (6,15)  (1,0)  (713,4) 1 j+2 4j+7
Fio  (6,18) (6,15) (6,15)  (1,0)  (8:3,5) 1 2j+3 5j+7
Fpo  (6,24) (6,15) (6,15)  (1,0)  (713,4) 1 j+2 4j+7
Fy  (6,24) (6,15) (6,15)  (1,0)  (813,5) 1 2j+3 5j+7
Fo  (8,24) (2,0) (1414,6) (514,2) (514,2) 1 j+2 2j+3
Fos  (8,24) (2,0) (1414,6) (11:14,4) (114,4) 1 j+2 4j+7
Fy  (8,24) (2,0) (1404,6) (514,0) (1918,3) 1 2j+3 3j+4

For each one of these chains let (al, b) be its final corner and let e, = ged(k, bl —a).
In all the cases except Fy, we have k/e, = 1. In case F; we have k/e, = 2 and
Jp(815,3) = {1}.

We claim that the families Fig, Fig, F5 and Fb; can not be obtained from a
standard (m,n)-pair (P, @) as in Theorem 2.3.2. Note that with the notations used

in that theorem for the four families we have
(po, 00) = dir(4y — Ap) = (1,0) and (p1,01) = dir(A; — A}) = (3, -1).

Hence, by the second equality in (2.4.13) we have ¢ = 3. If there were an (m, n)-pair
(P, Q) for one the families, then by equality (2.3.7) and Remark 2.4.1 with h = 0
and i = k = 1 there exists R € L such that ¢;o(P) = R*". Let (a,b) = Ay and
(@', V') = Aj. Since

lo(P) = 27y ™ p(y) where p(0) # 0 and deg(p) = mb — mb/,
in the first two cases there exist Ap, A\ € K* such that
lo(P) = (@™ (y — N)™™,
while in the last two cases there exist Ap, A, N, \ € K™ such that

lo(P) = (@ (y = N (y = N)(y = N)*™ and A g {N, N For A=)\ =)\"
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Define ¢ € Aut(L) by

o) =z and ¢(y) =y+ A\

By [1, Proposition 3.9] we know that, for all H € L,

lo(p(H)) = p(lo(H)),  emo(p(H)) = eny(H)

and

oo (p(H)) = €y, 0, (H)  for all (1,0) < (p1,01) < (=1,0).

Using this with H = P and H = ), we obtain that

vi1(e(P))  vio(e(P))

v1(e(Q))  vio(p(Q))

m
= and  vy_1(enyo(p(P))) < 0.
Hence (¢(P), ¢(Q)) is an (m,n)-pair, since, by [1, Proposition 3.10],

[p(P), p(Q)] = [P, Q] € K*.

Moreover
L10(0(P)) = (£10(P)) = Mp(z?(y + A)y)>™ = A2y (y + A)P™
in the first two cases, and
lo(0(P)) = @(l1o(P)) = Xpz® ™ (y + X = X)*™(y + X = X)* " (y + AP

in the last two cases. So, in the first two cases

~stuo(e(P)) = (6,3),

and the same occurs in the last two cases if A ¢ {\',\"}. Hence, by [2, Remark 3.2]
the point (6,3) is a last lower corner. But this is impossible by [2, Remark 3.29]. On
the other hand if in the last two cases A = A = \”, then

1
—sti(e(P)) = (6,9),
and so (p(P),(Q)) is a standard (m,n)-pair. Let (A, A’,(p,0)) be the starting
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triple of (¢(P),p(Q)). Since
(1,-1) < (p,0) < Predyp(1,0),
arguing as in the proof of [1, Proposition 6.1(9)] we obtain that
v11(A) < v11(6,9) = 15.

But this is impossible by [1, Proposition 6.5].

Remark 3.3.1. The possible counterexample in Fj3 with 7 = 1 was analyzed

extensively by Orevkov in [11] (see [11, Lemma 4.1(a)]).

3.4 Possible counterexamples with

max(deg (P),deg (Q)) < 150

In [10] there are listed four cases (which correspond to six cases in our terminology)
of possible counterexamples with max(deg(P),deg(®)) < 100. They are discarded
by hand. Here we describe the shape of the 34 possible counterexamples with
max(deg(P),deg(Q)) < 150. We only list the cases satisfying equality (3.1.4). The
other cases (satisfying (3.1.5)) can be obtained by swapping m with n. Thirteen of
them correspond to a choice of (m,n) in some of the families listed in the previous
section, as can be seen in the following table, where the red pairs correspond to

possible counterexamples with max(deg(P),deg(Q)) < 100.
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Family (m,n) max{deg(P),deg(Q)}

Fy 64

a8 112
j28 75
125
75

147

84
140
140
99
* 96

)
)
)
)
)
)
) 147
)
)
)
)
)
) 128

Five of them correspond to the six cases found by Moh, one of the cases of Moh
was discarded by the algorithm because it featured (Ao, 4f) = ((7,21),(2,1)), and
(2,1) ¢ PLLC. The sixth red case, marked with a star, corresponds to Fb;. This
case was probably discarded as a possible counterexample by Heitmann (with no
mention to it) by symmetry reasons. This case corresponds to the first case listed
in [9, pag. 426] with d3 = 1/4, 05 = 9/16 and §; = 7/12. In Proposition 3.4.1 we
show that we can discard it.

There are 9 other possible pairs with a complete chain of length 1, which we list

in the following table:
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A A (m,n) max{deg(P),deg(Q)}

(7,35)  (19/7,5) (2,3) 126
(742)  (13/7.6) (3.2) 147
(742)  (13/7.6) (2.3) 147
(828) (7/43) (3.4) 144
(8,28) (11/4,7) (3.2) 108
(9,36)  (17/9.4) (3.2) 135
(9,36)  (17/9.4) (2,3) 135
(11,33) (19/4,8) (2,3) 132
(12,33) (11/3.8) (2,3) 135

There are also 11 other possible pairs with a complete chain of length 2, which

we list in the following table:

A A A, (m,n) max{deg(P),deg(Q)}
(8,32)  (828)  (11/4,7) (3.2) 120
(8,40)  (8,28)  (11/47) (3,2) 144
(9.27)  (924)  (11/3.8) (2,3) 108
(9,36)  (9.24)  (11/3.8) (2,3) 135
(10,40)  (16/5,6) (23/10,3) (3.2) 150
(10,40) (18/58)  (8/5,3) (3.2) 150
(12,30) (16/3,10) (11/6,3) (3,2) 126
(12,36)  (12,33)  (11/38) (2,3) 144
(12,36)  (9.24)  (11/3.8) (2,3) 144
(12,36)  (21/4,9) (19/48) (2,3) 144
(12,36)  (21/4,9)  (12/4,5) (2,3) 144

Finally there is another possible pair with a complete chain of length 3:
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A Ay A Az (m,n) max{deg(P),deg(Q)}

(12,36) (12,30) (16/3,10) (11/6,3) (3,2) 144

Proposition 3.4.1. The example corresponding to Fyy with (m,n) = (2,3) can not

be obtained from a standard (m,n)-pair (P,Q) as in Theorem 2.3.2.

Proof. With the notations used in Theorem 2.3.2, we have
.Al = (1424, 6), ‘A/l = .AQ = (524, 2) and (pl; 0'1) = dll'(Al—All) = (16, —9)

Consequently,

5m

lg_o(P) = 5 y*™p(z) with z == zisy, p € K|[z] and p(0) # 0.
Combining this with equality (2.3.7) and the fact that gap(16,4) = 4 we obtain that
li6—o(P1) = Az 2™ (2 — X)™  where X, \, € K*.

Hence
U6 —o(Py) = Az T 2™ (24 — AN™ = Az T 2™ (2 — N)™(2% + 22X + 207 + A%)™

where A € K* is such that A* = X. Thus the multiplicity m, of \ as a root
of p(z) equals m. Define p € Aut(L19) by o(z) = z and ¢(y) = y + A\z~9/16,
By [1, Proposition 3.9] we know that,

lig—o(p(H)) = ¢(l16,—9(H)), enygo(p(H)) = eny o(H)

and

Covor(0(H)) =4, 5, (H) forall (16,-9) < (p1,01) < (—16,9),

for all H € L9 Using this with H = P, and H = @1, we obtain that

’UH(QD(P1>> _ UlO(SO(Pl)) _ m and vy 71(61116 79(()0(P1)>) < 0.

v11(p(Q1)) v10((Q1)) n

Hence (¢(Py),»(Q1)) is an (m,n)-pair, since [p(P1),p(Q1)] = [P, Q1] € K*,
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by [1, Proposition 3.10]. Moreover

lie,-9(p(P1)) = @(l1g,-9(F1))

= A T (y 4+ AT ) (2 4+ A) = A)™

= )\px%ym(z + )23 422N 4 62207 + 4N,
and so (1,1) = Lstig_o(p(Pr)). Now note that the inequality (5.9) in
[1, Proposition 5.18] is satisfied for a = 20, b = 6, [ = 16, p = 16 and 0 = —9.
Consequently, by that proposition, the (m, n)-pair (¢(P1), ¢(Q1)) has a regular corner
at (11/16,1). Since ged(11,1) = 1, by [1, Proposition 5.19] there exists a (possibly
different) (m,n)-pair (P’,Q’) in L% such that (11/16,1) is the first entry of a
regular corner of type I of (P’,Q’). By Proposition 3.1 we can assume that (11/16,1)
is the first entry of a regular corner of type I.b) of (P',Q’). Then a = 11, b = 1,
=16, k € {1,2,3,4}, e, = 1 and {m,n} = {2, 3} in the setting of Proposition 3.1.2.

Hence
mey bl — a m k—m
= o —5- D55t~
Ll s k: k:
or
ne bl — a n k—n
1 8 h— =5\ .
U o k: k
But both equalities are evidently false for n,m € {2,3} and k € {1,2,3,4}, since
51k. O

3.5 Increasing the lower bound

Based on the tables obtained in the last sections, we begin with the study of the
cases with max{deg(P), deg(Q)} < 125. The aim is to prove the following result:

Conjecture 3.5.1. If (P,Q) is a counterexample to the Jacobian Conjecture, then
max{deg(P),deg(Q)} > 125.

The following table presents all the cases under consideration. All but 3 of them

have been shown to be impossible in various cited works:
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Ay (m,n) max{deg(P),deg(Q)} Discarded?

(4,12) (3.4) 64 4]
(4,12) (5.7) 112 [4]
(5,20) (2.3) 75 [3, section 5]
(5,20) (3.2) 75 [3, section 5]
(7,21)  (2.3) 84 6]
(8,24) (2.3) 96 Section 3.4.
(8,28) (3,2) 108 -
(8,32) (32) 120 1]
(9,24) (2,3) 99 .
(9,27) (2,3) 108 .

Let us analyze the three remaining cases. We can apply some automorphisms
reminiscent of the procedure in [1, Section 8] to their Newton Polygons in order to

greatly reduce their sizes.

Proposition 3.5.2 (Case (9,27)). If there is a counterexample to the Jacobian
Conjecture in the case (9,27), then there exist P,Q € LM with [P,Q] = = and

Proof. The corners of the polygons of P and @ are {(0,0), (1,0), (9,24), (9,27),(0,9)}
multiplied by (m,n) = (2,3) respectively. The edge {(9,27),(0,9)} is given by
y?(zy® — a1)?, because enF = 1(9,27) when looking at its corresponding direction.
After applying the automorphism ¢; with ¢;(z) = y and ¢;(y) = = and then the

2 we transform the corners

automorphism ¢, with ¢9(x) = 2 and ¢o(y) =y + a1z~
of the polygons to {(0,0),(27,9),(24,9),(0,1),(—2,0)}, again multiplied by (2, 3)

respectively.

The edge {(24,9),(0,1)} is given by y(yz® — a3)® by some ay (this corresponds
to the edge {(1,0),(9,24)} in the original polygon which is of this form). Apply the
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automorphism ¢3 given by ¢3(x) = x and ¢3(y) = y + asx ™ to reduce this edge to
{(24,9), (21, 8)}. Let us analyze the possibilities for the opposite vertex in the other
edge containing (21, 8).

To do this, set (p2, 02) = min{Succp(—1,3), Succy(—1,3)} Then if en,, ,,(P) ~
ey, 0, (Q), the point (a/,V) = 3 eny, »,(P) = 5 eny, -,(Q) could be at any of
{(=2,0), (1,0, (1,1), (2, 1), (4,2), (5,2), (7.3), (10,4), (13,5)}. To discard all but
(5,2) and (13,5), it is enough to check that there cannot exist an element F
in the other cases. The corner of F' which is not (1,1) must be of the form

(1,1) +¢(21 —a',8 = V') / ged(21 — @/, 8 — b') for some positive integer ¢, so that

(21 —d',8 — b))

11
(1, )+cgcd(21—a’,8—b’)

p
= £(21,8).
q< )

Taking v_g 21 of this equality gives 13 ged(21 — a/,8 — V') + ¢(8a’ — 21¥') = 0 which
implies that 216" — 84|13 ged (21 — @', 8 — b'). For each of the possibilities for (a’,b’)
above, we can discard (1,1) as (a/,V’) cannot lie in the diagonal, and for the rest,
only (5,2) and (13,5 satisfy this divisibility condition, as can be seen in the table

below.

(@', v) 21 —8a’ 13ged(21 —a’,8 — 1)

(—2,0) 16 13
(=1,0) 8 26
(2,1) 5 13
(4,2) 10 13
(5,2) 2 26
(7,3) 7 13
(10,4) 4 13
(13,5) 1 13

Whether we continue assuming (a’,0’) € {(5,2), (13,5)} or we consider instead the

case e, ,(P) o en,, ,,(Q), we can apply [1, Proposition 8.2] and get the existence
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of k € N with
(k+Db<a  and  {en,o(P),en, (Q)} = {(=k,0), (k+1,1)}.

where (a,b) is one of {(21,8),(13,5), (5,2)} and (p, o) is the direction corresponding
to the edge in question. In all cases this gives £ = 1 and so {en,,(P),en,,(Q)}
= {(-1,0),(2,1)}, with the same direction (p,0) = (—3,8). (Note that if we
started assuming (a',0’) € {(5,2),(13,5)} then we have reached a contradiction,
as we have a different end for direction (—3,8).) Since st_ss(P) = (42,16) and
st_38(Q) = (63,24), we get that en_3g(P) = (2,1) and en_35(Q)) = (—1,0). In fact,
(—3,8) x ((42,16) — (—1,0)) # 0.

-1

For convenience, we now apply the morphism ¢ such that ¢(z) = z~' and

¢(y) = z%y. Note that this is not an automorphism, and by the chain rule we have

[0(P), p(Q)] = ¢[P, Ql[p(z), ¢(y)] = =[P, Q]x. This transforms the polygons of P
and @ into

N(P)={(0,0),(1,1),(6,16),(6,18),(0,18)}

N(Q) = {(0,0), (1,0), (9,24), (9,27), (0,27)}
as desired. O

Proposition 3.5.3 (Case (9,24)). If there is a counterexample to the Jacobian
Conjecture in the case (9,24), then there exist P,Q € LY with [P,Q] = z and

Proof. The corners of the polygons of P and @ are {(0,0), (1,0), (9,24), (9,27),(0,h)}
multiplied by (m,n) = (2,3) respectively, where h € {3,6,9,12} (in fact, enF =
2(9,24) for the relevant direction). To discard 9 and 12 as possibilities, let us
apply the automorphism ¢; with ¢;(x) =y, ¢1(y) = x and then apply Proposition
1.0.6, with (a,b) = (24,9),(p,0) ~ (9,h — 24) and (r,s) = (h,0). The values for
(¥, ged(a — 1,0 — s),gcd(r,s)) for h =12, h =9 and h = 6 are (36,3, 12), (27,3,9)
and (6,9, 6) respectively, showing that A < 6 and we may assume h = 6.
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The edge {(6,0), (24,9)} is of the form z%(z?y — ;)3 (2%y — an)?(z*y —a3)®. Apply
an automorphism ¢, with ¢o(x) = z and ¢o(y) = y + ayz~2 and we transform the
corners of the polygons to {(0,0),(18,6),(24,9),(0,1),(—2,0)}, again multiplied
by (2, 3) respectively. In fact, the edge ending at (18,6) cannot begin at (3,0) by
Proposition 1.0.6, and we can also assume that as = 3. To see this, if the three
roots were different, then set (¢,d) = (12,3), (a,b) = (24,9) and s =9 = N, =6
and Ny = 3 in [2, Proposition 3.12]. By [2, Proposition 3.12 (2)], there is a linear
factor in the edge with multiplicity s = ¥ = 6, showing that two roots must have

been equal.

After doing the transformations on the edge {(24,9), (0,1)} exactly as in the case
(9,27), one obtains the desired form:

]

Proposition 3.5.4 (Case (8,28)). If there is a counterezample to the Jacobian
Conjecture in the case (8,28), then there exist P,Q € LW with [P,Q] = 2* and

N(P)={(0,0),(1,0),(8,14),(8,16)}
N(Q) ={(0,0),(2,1), (12,21), (12,24)}

Proof. The corners of the polygons of P and ¢ in this case are
{(0,0),(1,0),(8,28),(0,h)} multiplied by (m,n) = (3,2) respectively, where h €
{4,8,12,16} (this time, enF = %(8, 28) for the relevant direction). Applying
Proposition 1.0.6 as in 3.5.3, we obtain that h = 4. After the automorphism
¢1 with ¢1(x) =y and ¢1(y) = =, we have the polygon {(0,0), (4,0), (28,8),(0,1)}.

The edge (4,0) — (28, 8) is of the form x*(x3y — ay)*(23y — au)?. Let us apply the
automorphism ¢, with ¢o(z) = z and ¢o(y) = y+arx73. If ay # o, then this would
give edges (0,0)—(16,4)— (28, 8) which is not possible. We then must have ay = s so
that the polygon is reduced to {(0,0), (28,8), (0,1),(—3,0)}. The edge {(28,8), (1,0)}
must be of the form y(x%y —a)”, corresponding to its form before the transformations.

Apply then the automorphism ¢3 given by ¢3(z) = z, ¢3(y) = y + asx ™3, reducing
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the edge {(8,28),(0,1)} to {(7,24), (8,28)}. Asin Proposition 3.5.2, one can analyze
the possibilities for the opposite vertex (a, b) in the other edge containing (7,24) and
obtain that Succp(—1,4) = Succg(—1,4) = (—2,7). We can apply [1, Proposition
8.2] and get the existence of k € N with

(k+1)b<a and {en,,(P),en,,(Q)} = {(—k,0), (k+1,1)}.

where (a,b) is one of {(24,7),(17,5),(10,3),(3,1)} and (p,o) is the direction
corresponding to the edge in question, obtaining k € {1,2}. The case k = 2 is
impossible, as the edges of P and ) would have no way of being parallel. In
the case k = 1, we can set (en,,(Q),en,,(P)) = ((2,1),(—1,0)). Apply the the
morphism ¢ with ¢(z) = 27! and ¢(y) = x'y. As in Proposition 3.5.2, this is not
an automorphism and the chain rule gives [p(P), ¢(Q)] = —[P, Q]x?. The Newton
Polygons of P and () become, respectively

N(P) ={(0,0),(1,0),(8,14),(8,16) }
N(Q) = {(07 0)7 (27 1)7 (127 21>’ (127 24)}

as desired. [

This simple form for the three cases allows them to be attacked with the
techniques developed in [3]. For example, consider the cases (9,24) and (9,27).
Using the notation and arguments of [3, Section 1], we can write P = C? and
Q = C*+ C? + aC + g+ \C' + F, where C,F € K((y))((z™!)) with
deg,(F) = —4. We may set P:= P — § and ) := Q — s P — ap as desired without
altering the support of @ or the value of [P, @], and by using such manipulations we

may assume oy = oy = ag = 0 so that Q = C® + \C~1 + F.

One could analyze these conditions more closely, or assume the field to be C and
use a computer algebra system, in order to verify that such a system cannot have a
solution, as it is well known that no loss of generality is incurred by assuming the
field to be C.

51



Bibliography

1]

[12]

[13]

Jorge Alberto Guccione, Juan José Guccione, and Christian Valqui, On the shape of possible

counterexamples to the Jacobian Conjecture, J. Algebra 471 (2017), 13-74.

, The Two-Dimensional Jacobian Conjecture and the Lower Side of the Newton Polygon,

available at arXiv:1605.09430.

, A system of polynomial equations related to the Jacobian Conjecture, available at

arXiv:1406.0886.

, A Differential Equation for Polynomials related to the Jacobian Conjecture, Pro
Mathematica 27, Num 53-54 (2013), 83-98.

Jorge Alberto Guccione, Juan José Guccione, Rodrigo Horruitiner, and Christian Valqui,
The Jacobian Conjecture: Approximate roots and intersection numbers, available at arXiv:

1708.07936.

, The Jacobian Conjecture: Approzimate roots and intersection numbers, available at

arXiv:1708.09367.

R. Heitmann, On the Jacobian conjecture, Journal of Pure and Applied Algebra 64 (1990),
35-72. MR1055020 (91c :14018)

Ott-Heinrich Keller, Ganze Cremona-Transformationen, Monatsh. Math. Phys. 47 (1939),
no. 1, 299-306, DOI 10.1007/BF01695502 (German). MR1550818

Lih-Chung Wang, On the Jacobian conjecture, Taiwanese J. Math. 9 (2005), no. 3, 421-431.
MR2162887

T. T. Moh, On the Jacobian conjecture and the configurations of roots, J. Reine Angew. Math.
340 (1983), 140-212. MR691964 (84m:14018)

S. Yu. Orevkov, Counterexamples to the “Jacobian conjecture at infinity”, Tr. Mat. Inst. Steklova
235 (2001), no. Anal. i Geom. Vopr. Kompleks. Analiza, 181-210 (Russian, with Russian
summary); English transl., Proc. Steklov Inst. Math. 4(235) (2001), 173-201. MR1886583

Arno van den Essen, Polynomial automorphisms and the Jacobian conjecture, Progress in

Mathematics, vol. 190, Birkhduser Verlag, Basel, 2000. MR1790619 (2001j:14082)

S. S. Abhyankar, Lectures on expansion techniques in algebraic geometry, Tata Institute
of Fundamental Research Lectures on Mathematics and Physics, vol. 57, Tata Institute of

Fundamental Research, Bombay, 1977. Notes by Balwant Singh. MR542446 (80m:14016)

52



