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RESUMEN DE LA TESIS
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SOLUTION OF FRACTIONAL LINEAR AND BILINEAR TIME INVARIANT SYSTEM
VIA FORMAL POWER SERIES METHODS

The area of fractional calculus is more than three centuries old but applications have only
appeared in the past few decades. Differential equations of non-integer order are known to
represent certain physical processes in a more precise way than using the usual differential
equations with integer order. Therefore, considering fractional calculus in the context of input-
output systems can be beneficial. A useful representation of an input-output map in control
theory is the Chen-Fliess functional series or Fliess operator. It can be viewed as a
generalization of a Taylor series, and its algebraic nature is especially well suited for several
important applications. In this thesis, a general solution for a fractional linear and bilinear time
invariant system via formal power series methods and Fliess operators is presented. A
mathematical model (that includes a differential equation) for an input-output linear and
bilinear time invariant system is very well known, both the explicit solution and the one using
formal power series. However, the question of how this system behaves when a fractional
differential equation (where the derivative is of a non-integer order) has not been yet studied
from the power series point of view. This thesis focuses on two specific kind of derivatives, one
using Riemann-Liouville fractional derivatives and the other using Caputo fractional
derivatives.
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CHAPTER 1

INTRODUCTION

The main goal of this dissertation is to find a general solution for a fractional
linear and bilinear time invariant system via formal power series methods. A math-
ematical model (that includes a differential equation) for an input-output linear and
bilinear time invariant system is very well known, both the explicit solution and
the one using formal power series, specifically Fliess operators [5,9, 12, 32, 33].
However, the question of how this system behaves when a fractional differential
equation (where the derivative is of a non-integer order) has not been yet studied
from the power series point of view. Several authors have formulated solutions
to these fractional systems using ordinary differential equations of fractional or-
der [13—15,29]. But a solution does not appear in the literature via power series.
The main contribution of this dissertation is to address this gap in the literature,
mainly the analysis of these systems governed by a fractional differential equation
and solved via Fliess operators. This dissertation focuses on two specific kind of
derivatives, one using Riemann-Liouville fractional derivatives and the other using
Caputo fractional derivatives.

This chapter is organized as follows. Section 1.1 provides the background
and motivation for the research described in this dissertation. Subsequently, in
Section 1.2 the problem statement is presented. Finally, Section 1.3 outlines the
structure of the document.

1.1 BACKGROUND AND MOTIVATION

Systems are use to process, modify or extract sets of data or information. An
input-output system is usually illustrated by a “black box” where one set of in-
put variables u (), us(1), ..., u,(t) are applied and another set of output variables
y1(t),y2(t), ..., ye(t) are observed. A general scheme is given in Figure 1.

A linear input-output system is such that it satisfies the property of superposi-
tion. That is, given two inputs w;(¢) and uy(t) that produce outputs v, (t) and y»(t),
respectively, and «, § € R, then the input au,(t) + Sus(t) should give the output
ay (t) + Bya(t). If, in addition, u(t —T') gives y(t —T') where T' € R, then it is called
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uy (t) —————» > y1(t)
Uz (t) —————» > y2(t)

: System
U (t) —.> ) > ye(t)
Input Output

Fig. 1: Block diagram of an input-output system

A useful representation of an input-output map is the Chen-Fliess functional
series or Fliess operator. It can be viewed as a generalization of a Taylor se-
ries, and its algebraic nature is especially well suited for a number of important
applications [5, 12].

These operators are described by functional series which are indexed by
words. First, introduce a “letter” x; for each input u;(¢) where i = 1,2,--- m.
Also, consider a fictional input ug(¢) := 1 such that z, is the letter associated to
it. A word is defined as any possible combination of letters, for example zyx; is a
word defined as the catenation of the letter x, followed by the letter z;. In general
“letters” do not commute (zox; # z170). More formally, let X = {x¢, z1,...,2,,} be
an alphabet (set of all the letters) and X* the set comprised of all words over X
(including the word with no letters or empty word, () under the catenation prod-
uct. A formal power series in X is any mapping of the form X* — R’ and the
set of all such mappings will be denoted by R*((X)). For each ¢ € R‘((X)),
one can formally associate an m—input, /—output operator, F.. Let p > 1 and
a < b be given. For a Lebesgue measurable function « : [a,b] — R™, define
llullp, = max{||ul, : 1 < ¢ < m}, where ||u, is the usual L,-norm for a mea-
surable real-valued function, u;, defined on [a,b]. Let L*[a,b] denote the set of
all measurable functions defined on [a,b] having a finite || - ||, norm and define
B'(R)[a,b] := {u € Ly'[a,b] : [[ull, < R}. Assume Clto, 1] is the subset of continu-
ous functions in L[ty t;]. For each letter x; € X define

t
B, [u](t, to) = / () dr, i=1,2-- .m.

to
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Observe that each word n € X* can be written as n = z;i7 where z; € X and
n € X*. Now, define inductively for each word, n € X* the map E, : L{*[to, t1] —
Clto, t1] by setting Ey[u] = 1 and letting

By [u](t,to) = Enaful (1, t0) = / wi(r) gl to) dr,

where z; € X, 7€ X*, and ug = 1.
The input-output operator corresponding to c is the Fliess operator

y(t) = Ful(t) = > (c,n) E,[ul(t o), (1.1.1)

nex*

where (c¢,n) € R denotes the value of c at n € X*, and is called the coefficient of n
in ¢ [5,6].

Example 1.1.1. Observe that

t
ExO[U](t,t()):/ 1d7':t—t0

to

Example 1.1.2. When the word is n = 22 = zyx0, the iterated integral associated
toitis

Ea[u (1, to) = /t LB, [u]( o) dr = /t t /t “(r — to) dedr = _2t0>2.

Example 1.1.3. When the word is n = xyx1, the iterated integral associated to it is

Epor, [u](t, t0) = /t: 1E,, [u](7,to) dT = /t: /t: uy(§) dédr.
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Example 1.1.4. When the series is ¢ = 2z, + 3zqz;, the input-output operator
corresponding to it is the Fliess operator

y(t) = Fe[ul(t) = Faagsuo0, [ul(t) = 2B [ul (L, t) + 3Euay [u](4, 10)

2(t — to) +3//u1 ¢) dedr.

A mathematical model of an input-output system, as in Figure 1, that uses first-
order differential equations, a set of inputs, outputs and state variables is called a
state-space representation. When a state-space representation exists for an input-
output system, a coordinate frame has been intrinsically assigned. On the other
hand, a convenient property of any Fliess operator is that its input-output behavior
is completely determined by its generating series, independent of whether or not a
state-space representation is available. Therefore, the behavior of such an input-
output system can be studied naturally using only combinatoric/algebraic tools
[12].

A general case of a single-input single-output linear time invariant system (m =
1and ¢ = 1) is shown in Figure 2. In this case, a state-space representation is the

Z(t) = Az(t) + Bu(t)
y(t) = C=(t)

Fig. 2: Block diagram of single-input single-output linear time invariant system

first-order differential equation and output equation.

2= Az+ Bu, 2(0) = z
y=Cxz, (1.1.2)
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The explicit solution of (1.1.2) is

y(t)=Cz(t) =C (eAtzo + /t eA(tT)Bu(T)dT> : (1.1.3)
0

The series solution of (1.1.2) in terms of Fliess operators is obtained through
iterative methods following the usual Peano-Baker formula [4,28], namely,

y(t) = Cz(t) = CE[ul(t) = C ) (e,n) Eylul(D), (1.1.4)

nex*

where X = {x¢,z;}. The coefficients of the generating series are

AkB ZT]ZZL’OkSL’l, ]{720
(e,m) =9 A%z n==x0% k>0

0 : otherwise.

In order to see that these two solutions (1.1.3) and (1.1.4) are equivalent,
consider only the part of the series (1.1.4) related to the words of the form
n = xo", k > 0. Calling it y; and writing every term explicitly gives

y1(t) = C2oEplu](t) + CAzEyy[u](t) + CA220Ep2[u)(t) + CA3 20 Eyys[u)(t) + . ..
=C (1+ AE,,[u](t) + A’E,2[u](t) + A’E,e[u](t) + .. .) 2. (1.1.5)

Observe that forany k£ > 0

(t — to)*

Eaplul(t) =

It is sufficient to repeat the procedure in Examples 1.1.1 and 1.1.2 inductively.
Substituting the expression above into (1.1.5) yields

t? t3
yl(t):C(1+At+A2§+A3§+...> 2 = Cetlz, (1.1.6)
since by definition e" = "7 (At)*. Now, it is easy to see that the term y; given

on (1.1.6) appears explicitly in (1.1.3). Analogously the same identification can
be made for the part of the series (1.1.4) related to the words of the form n =
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The behaviour of this state-space representation is very well known [9, 10].
However, the question of how this system behaves when the differential equa-
tion (1.1.2) is modeled by a fractional differential equation where the derivative is
of a non-integer order has not yet been studied from the power series point of
view in terms of Fliess operators. Additional mathematical machinery given by
fractional calculus is needed to properly describe a fractional differential equation
since fractional integrals and several forms of fractional derivatives are available
in the literature.

The area of fractional calculus is more than three centuries old, but applications
have only appeared in the past few last decades. Fractional differential equations
of non-integer order represent in a better way to model certain processes involv-
ing long-range dependencies, power laws, long-term memory effects, diffusion
processes in semi-infinite media and thermal systems [23, 25, 29]. Basically, con-
sidering fractional derivatives in an input-output system can be beneficial for many
control loops that take advantage of important properties for robustness and dy-
namic performance [18].

In this thesis, two approaches regarding the fractional differential equation gen-
eralized from (1.1.2) are studied. The first one considers the Riemann-Liouville
fractional derivative as shown in (1.1.7), and the second one is involves the Ca-
puto fractional derivative as shown in (1.1.8).

D%z = Az + Bu, 2z(0) = z
y=~Cxz. (1.1.7)

D2 = Az + Bu, 2(0) = z
y=Cxz. (1.1.8)

where a € Rand 0 < a < 1. As expected when o = 1 both systems are equivalent
to the original (1.1.2).

Several authors have formulated solutions to (1.1.7) and (1.1.8) using ordinary
differential equations of fractional order. In particular, Samko and Kilbas gave a
detailed description of the situation for the Caputo fractional derivative [13—15,29].
However, a solution does not appear in the literature from the power series point
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the literature.

1.2 PROBLEM STATEMENT

The main goals of this thesis are to:

1. Compute a general solution for a fractional linear and bilinear time invariant
system via formal power series in terms of Fliess operators.

ii. Define a fractional extension of Fliess operators in two specific cases: using
Riemann-Liouville fractional derivatives and Caputo fractional derivatives.

i7i. Characterize a fractional extension of iterated integrals using Riemann-
Liouville fractional integrals.

iv. Provide for each approach independents checks of the solutions obtained and
verify that they agree with the known literature.

1.3 DISSERTATION OUTLINE

This thesis is organized as follows. In Chapter 2, the fractional calculus frame-
work is presented. First, the basic special functions used in the main defini-
tions are reviewed. Then, the Riemann-Liouville fractional integral, the Riemann-
Liouville and Caputo fractional derivatives are studied. The most important prop-
erties needed in the following chapters are presented and proved. In Chapter 3,
a basic introduction to formal power series is presented. In Chapter 4, Fliess op-
erators with fractional behaviour are considered. A characterization of a fractional
extension of the iterated integrals using Riemann-Liouville fractional integrals is
provided and a fractional extension of Fliess operators in two specific cases is
given using Riemann-Liouville fractional derivatives and Caputo fractional deriva-
tives. Subsequently, a general solution for a linear and bilinear time invariant sys-
tem is determined using this fractional extension of Fliess operators. Separate
analyses are done for each system, and independent checks of the solutions are
presented. Chapter 5 summarizes the main conclusions of the thesis.
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CHAPTER 2

FRACTIONAL CALCULUS

In classical calculus, derivatives and integrals are the concepts in which most
of the fundamentals rely on. Moreover, one naturally extend these concepts to
higher dimensions, but always taking derivatives and integrals to integer orders. It
is natural to ask the question what if the order is not restricted to an integer order?
Is it possible to define integrals and derivatives to arbitrary orders and still being
consistent with the classical calculus? Most authors agree that this questions was
first addressed by L'Hopital on a letter to Leibniz dated September 30, 1695. He

1 D"

posed a question about what would be the result if n = 5 in Z-%,

was used by Leibniz to refer the nth-derivative of the linear function f(z) = =.

this notation

Leibniz reply that it would be “an apparent paradox, from which one day useful
consequences will be drawn” [22].

Following this discussion, fractional calculus was studied on formal founda-
tions by many great mathematicians: Liouville, Abel, Riemann, Gréunwald, Euler,
Laplace, Lagrange, Fourier, Letnikov, Caputo, to name a few [11,22,29]. Most of
them proposed and used their own notation and methodology, which is described
chronologically in [23]. The term fractional derivative was first used by Lacroix in
1819 and the first formal application of it was made by Abel in 1823 in the for-
mulation of the tautochrone problem [26]. The theory includes complex structures
for the derivative and integral of arbitrary order and also left and right definitions
(analogously to left and right derivatives). The most common definitions of frac-
tional integrals are the Riemann-Liouville and Gréunwald-Letnikov definitions, this
thesis focuses on the Riemann-Liouville fractional integral definition since most
of the other definitions are largely variations of it. For example, Caputo reformu-
lated the more classic definition of the Riemann-Liouville fractional derivative in
order to use integer order initial conditions to solve his fractional order differential
equations [25].

In the 20th century numerous applications and physical manifestations of frac-
tional calculus have been found: fractional differential equations represent in a
more accurate way certain processes involving long-range dependencies, power
laws, long-term memory effects, diffusion process in semi-infinite media and ther-
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This chapter is organized as follows. Section 2.1 provides some definitions,
special functions and techniques which are necessary for understanding fractional
calculus. Subsequently, in Section 2.2 the Riemann-Liouville fractional integral
definition is presented, including some basic examples, properties and sufficient
conditions for the continuity. In Section 2.3 the Riemann-Liouville and Caputo
fractional derivatives are described. Finally, Section 2.4 presents fundamental
properties that will be key in the study of Chapter 4, such as linearity, composition
rules, the fractional derivative of the product and composition functions, and the
Laplace transform in the fractional context.

2.1 PRELIMINARIES

Some special functions which are used in connection with fractional calculus
are presented first [1,15,22,23, 25, 29].

2.1.1 The gamma function

The Euler gamma function is connected to the fractional calculus by its very
definition, namely
I'(z) :/ i ~dt AN (2.1.1)
0

This integral converges in the right half of the complex plane (Re(z) > 0). For
values in the left half of the complex plane, the gamma function reduce to
nln?®

i L 2(z+1) . (z+n)’ (2.1.2)

after letting e™* = lim,, ,o.(1 — t/n)™ in (2.1.1) and performing integration by parts
n—times. A basic property of the gamma function is the reduced formula

['(z+1) =2I'(2) (2.1.3)

which can be proved by integration by parts. As a consequence when z € N
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with (as usual) 0! = 1. The gamma function can also be used to extend the formula
for the binomial coefficient as

kN L(k+1)
(7”) ST+ D)k —7r4+1) (2.1.4)

where k,r € R. It can be seen, in a simple way, that the gamma function is a
generalization of the factorial for all positive real numbers. The graph of I'(z) for
real values of z is shown in Figure 3.

Fig. 3: The gamma function

2.1.2 The beta function

The beta function is defined by the Euler integral of the first kind
1
Bz, w) = / £71(1 — )" 1dt, Re(2) > 0, Re(w) > 0. (2.1.5)
0

This function is related to the gamma function by
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which can be proved using the Laplace transform of the convolution product

= [J757'(1 — 7)*~'dr, noting that k., (1) = B(z,w). The beta function
is a Comblnatlon of multlples gamma functions. In certain cases it is more conve-
nient to use as it has a similar structure to the fractional integrals and derivatives
of particular polynomials.

2.1.3 The Mittag-Leffler function

The exponential function appears naturally in the solution of ordinary differen-
tial equations, analogously, its generalization given by Mittag-Leffler in 1903, plays
a central role in fractional calculus.

Definition 2.1.1. The matrix Mittag-Leffler function is

[e.9]

GaAl) :Zl"ozk-i-ﬁ

=0
where ¢ is real-valued, A € R™*", and «,  are positive real numbers.

This two parameter generalization was introduced by Agarwal in 1953 [21], in
particular, & ;(At) = e is the usual matrix exponential. The graph of &, ,(t) for
different values of « is shown in Figure 4.

1.5 — a=05
4o }:_,.r/ a=1
- .'E — =
9
b E —_— I=
& o wes

-50 -40 -3 20 -10 I 10

Fig. 4: The Mittag-Leffler function when 5 =1and a =0.5,1,2,4,8.

The next lemma gives the derivative of the Mittag-Leffler function.
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Lemma 2.1.1. Leta > 0 and A € R*™"™. Then

%é’a,l(At“) = At* 18, o (AtY), , t € R.

Proof: By definition when g =1

N o0 Aktak
Ea1 (AL?) = kzzo Tk + 1)
Then d aAt*l 2aqA%22 1 3 A33e!
@A) = T T Ta D TBaxD

Factoring and using (2.1.3), it follows

I N At I A%t N
I'(a) T'(2a) TI'(3c)

d
2 1 (A7) = A
ea(aee) = e

) = AL, (A7),

2.1.4 The Laplace transform

The Laplace transform is a function transformation useful in solving linear or-
dinary differential equations with constant coefficients. In this thesis it would be
use to derive formulas for fractional calculus and to solve fractional differential
equations.

Definition 2.1.2. Let f(¢) be a complex-valued function in one real variable, then
the Laplace transform of f(¢) is

P = 2li0) = [ e o

The function f(¢) is called original and the function F'(s) is called the Laplace
image of f(¢). An important property of this transformation is its linearity, given
fx, kK = 0,1---, which are complex-valued functions of one real variable, and
complex numbers a;, it follows that
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Other useful property is the image of convolution namely, given that f and g are
complex-valued functions in one real variable, it follows that

L)« g(t)] = ZL[f()]ZL]g(t)] = F(s)G(s), (2.1.6)
where the convolutions is defined by
f(t)xg(t) = /Otf(t —7)g(T)dr. (2.1.7)

One final property that will play an important role later on, is the Laplace transform
of a higher order derivative. Given f a complex-valued function of one real variable
and n € N then

LU0 = mLIF(0] — 3 5 FB(0) = 7 F(s) — 3 sk k()
k=0 k=0
In particular when n =1,
2 |2 = 52101 - 70 = 57(5) - 700 @18)

Example 2.1.1. Suppose « > —1. Then by definition
Lt = / e 1t dt.
0
Letting 7 = st gives

> T\ 1 1 o0
)= [ e (5) Zdr = “Trodr.
Z[t] /0 e <8> Ldr 80‘+1/0 e Tr¥dr

Using Definition 2.1.1 yields

['(a+1)
gotl :

L[] =

The next lemma is related to the Laplace transform of the Mittag-Leffler func-
tion.
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Lemma 2.1.2. Leta,3 > 0 and A € R"*". Then

L[tP1E, 5(AtY)] = (s°T — A) s,

Proof:
51 51 0 Aktak
_ A
L[, 5(At))] t ZFak—i—ﬁ
Using the linearity of the Laplace transform and the identity .Z[t?] = T'(q + 1) /s9"!
gives
B—1 - AF k+B—1 — A
L bap(AL?)] = kz% mg [t ] = ; ey
1 AN <
= S_BZ (3_0‘) = (s°T— A)'s27P,
k=0

2.2 THE RIEMANN-LIOUVILLE FRACTIONAL INTEGRAL

In 1832, Liouville published several memoirs which gave two definitions, one
concerning fractional derivative and the other addressing fractional integrals, how-
ever they were inconsistent with each other. Riemann also developed a fractional
integration theory when he was a student, but the definition was not very clear and
it caused a lot of confusion [27]. In 1869, N. Y. Sonin publish one of the first papers
that consider the two approaches together in order to provide a robust definition
for the fractional integral [30], however their formal structure was given in 1884 by
H. Laurent [16]. The Riemann-Liouville fractional integral definition is based on
the Cauchy’s formula for repeated integration. The n-th integral of f based at 0 is
given by

[ rmananan - L [o-mimar @2

forn € N and f a Lebesgue integrable function defined in the interval [0,¢] and
the Lebesgue integral will be used in the whole thesis, and if the Riemann integral
of a function exists, both types of integrals correspond. Therefore, the analytic
extension of such an integral of order n € N to a real order o > 0 is achieved by
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using the gamma Function instead of the factorial in (2.2.1) as follows.

Definition 2.2.1. The Riemann-Liouville fractional integral of order o > 0 is de-

fined as . .
IS0 = g | = ar

forany ¢t € [0,b] and f a Lebesgue integrable function defined in the interval [0, ¢].

In addition 1°f(¢) := f(t). Note that when « € N then the fractional integral is
the well known integral.

Lemma 2.2.1. The following relations hold when f, g are real-valued measurable
functions on [0, b] and a > 0.

1. I°IP f(t) = IPI°f(t) = I*TPf(t), B > 0.
2. I°(Af(t) + Bg(t)) = AI°f(t) + BI%y(t), A, B € R.

Proof: The first relationship follows directly from the definition and using Dirichlet’s
formula, the second one follows from the linearity of the integrals. [

2.2.1 The right fractional integral

The concept given in Definition 2.2.1 is the so called left sided fractional integral
because the integral is calculated at point ¢ with the information of the function f
evaluated at points to the left of it. For example, if ¢ represents time, this definition
makes sense since it uses the history of the function and future information (f
evaluated in points beyond t) is not needed. In this thesis, ¢ is considered to be
the time, so only Definition 2.2.1 is needed. But in general the right sided fractional
integral can be defined as follows

It = ﬁ / (r— )" f(r) dr,

where a > 0, t € [0,b] and f a Lebesgue integrable function defined in the interval
[t,b]. A right sided version of Lemma 2.2.1 is easily shown to be true.
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2.2.2 Examples

Example 2.2.1. Let « > 0. By definition /1 ( / y*~tdr where
1 is the unit step function whose value is 0 when ¢t < 0 and 1 for ¢ > 0. Using
t tr
/ (t—7)tdr = iy € R and (2.1.3) above, gives
0
1 [t e
lt)==—|(—]|==——.
®) () (a) Fa+1)
This implies that for any constant ¢ € R,
ct®
[ =
‘T T+l
0

Example 2.2.2. Let o« > 0 and 5 > —1. Then

atf i a—1 8 ot+f y
:%/0 (1—%) (%) dT:%/O (1— €)' ¢ de.

Using the equation (2.1.5) on the last integral above gives

torl-ﬁ o g F(ﬁ_i_l)
F(a>B(a,ﬁ+1)—t i —(044‘54‘ 0

Analogously, for the right sided fractional integral, it is simple to show that

i

N B arg LT(B+1)
-t =0b-1t) Bm.

Example 2.2.3. Let « > 1 and f a Lebesgue integrable function on [0,]. By
1 t
definition 1°f(t) = m/ (t — 7)1 f(r) dr. Using the equation (2.1.7) defining
0
convolution gives
1
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Finally, using 7*"'1(t) =

obtained from Example 2.2.1, yields
I(a)

I7f(t) = (17 0(1)) = f(2).

O

Example 2.2.4. Let « > 0. Then

a - ak
alt _ZFO(/{}—F ZI ]l(t),
k=0 k=0
. tak
[ le 2.2.1 I**1(t) = —.
since from Example (t) Tk + 1) 0

2.2.3 Composition with the first-order derivative

In standard calculus, the Fundamental Theorem of Calculus establishes that

d t
3 | fmar= s,

where f is a continuous function defined on an open interval and a € R is any point
in that interval. Therefore, it is natural to seek a generalization of this concept
for the first-order derivative of the Riemann-Liouville fractional integral, the next
theorem replies partially this issue.

Theorem 2.2.1. Leta > 0,n € N and f a continuous function on [0, b]. Then

SIS (1) = I (1)

Proof: By Lemma 2.2.1 part 1, it follows that

dn an dn njro
ST () = ST,

Applying n times the Fundamental Theorem of Calculus, the theorem is proved. m

Note that the case where the order of the fractional integral is more than 1 is
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remains unknown what the result is when the fractional integral has order less
than 1, i.e., $1°f(¢). In order to address this case recall the Leibniz rule.

d (" " of d d
3( [, f@D d:c) — / o IO FH0 — [a0.0 o), 222

where f(z,t) is a function such that the partial derivative of f with respect to
t exists and is continuous. A similar result for the Riemann-Liouville fractional
integral is shown in the next theorem.

Theorem 2.2.2. Leta > 0 and f a continuous function on [0,b]. Then

tafl

(a)’

F100 =1 (570) + 70

t

Proof: By definition, I¢f(t) = ﬁ/ (t —7)*'f(r)dr, so setting 7 = t — ¥ and
0

g =1/a gives

1) = e [ "= a8 do = s [ pe = o) e

(&3

since dr = (—B2°1)dr, Ba = 1 and using (2.1.3). Now, taking the first-order
derivative of the expression above yields

st = s ([ fe-aha).

Using (2.2.2) for the for differentiation under the integral sign above gives

srst =t ([ (Gre-+) ars sorie).

Finally, using (2.1.3) and replacing r,

%f“f (t) = ﬁ / (- et (%fm) dr + f(O)ltfzal)
— 1 (§0) + 50
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The next lemma is also important.

Lemma 2.2.2. Let o > 0 and f a continuous function on [0, b]. Then

toz—l

e (500) =10 - FOf

Proof: Using « + 1 instead of « in Theorem 2.2.2 gives

d d

a+1 a+1 tOé
FE0 =17 (10) + O

Applying Theorem 2.2.1 when n = 1 on the left side of the equality above gives

rp(0) = 10 (G 10) + O

which completes the proof.

2.2.4 «-Continuity

Note that in Definition 2.2.1, the only property of the function f(¢) needed to
ensure that 1® f(¢) is well defined is its integrability, no other restrictions were im-
posed. However, in order to ensure continuity of the Riemann-Liouville fractional
integral it is necessary to characterize the space of continuous functions in this
context. Here it is introduced the concept of a-continuity when 0 < o <1 [3,29]

Definition 2.2.2. Let f be a Lebesgue measurable function defined on the interval
[0,0], to € [0,0] and 0 < « < 1. The function f is called a-continuous in t, if, there
exists A € [0, 1—a) for which |t — t|* f(t) is a continuous function in ¢. In the case
where o = 1, the function is called 1-continuous in ¢, if it is continuous in ¢,.

Definition 2.2.3. Let f be a Lebesgue measurable function. The function f is
called a-continuous on [0, b] if it is a-continuous for every point in [0, b].

The space of all such functions described in Definition 2.2.3 is denoted by
C,[0,0]. It can be proved by standard methods that C,[0, 0] is a linear space over
R. If0 < 5 <a <1then C,[0,b] C Cs[0,b]. The following relations hold
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where C[0,b] and L|0, b] denoted the space of all continuous and Lebesgue inte-

grable functions over the interval [0, b], respectively.

Definition 2.2.4. Let f be a function defined on the interval [0, 4] and t, € [0, b].
The function f is called integrable of order « in t if, I1* f(t,) exists and is finite.

Definition 2.2.5. The function f is called integrable of order o on [0, 0] if it is inte-
grable of order « for every point in [0, ].

The space of all such a functions described in Definition 2.2.5 is denoted by
1,]0,b]. Itis easy to prove that 7,[0,0] is a linear space over R, and therefore 7«
can be seen as a linear operator. If 0 < 5 < a then 15[0,b] C 1,0, b].

Lemma 2.2.3. The following statements are true:
1. If f € L(0,b) and bounded on [0,b]. Then f € I,]0,b].
2. If0<a<landl—a<p,thenC,[0,b] C I50,0].
3. If f € C[0,b], then I*f € C|0,].

Proof:

1. If f € L(0,b) and bounded on [0,b]. Then by Definition 2.2.1 1« f(t,) is well
defined and finite for any ¢, € [0, b]. Thus, by Definition 2.2.5, f € I,[0, b].

2. Consider a function f such that f € C,[0,b], then by Definition 2.2.3 there
exists A € [0,1 — «) for which |t — t,|* f(t) is a continuous function in .
Moreover, it is possible to choose a A such that |t — | f () is bounded on
[0,0]. Thus, I°f(t,) is well defined and it is finite for any t, € [0, 4] since
A < 1—a < g. Therefore, by Definition 2.2.5, f € I3[0, b] and the statement
is proved.

3. The proof is quite long and beyond the scope of the present work. But it can
be found in [29].

In this thesis, all functions are assumed to be continuous, i.e., f € C]0,], in
order to ensure that the associated fractional integral, i.e., I*f is well defined and

Tesis publicada con autorizacion del autor

No olvide citar esta tesis




21
2.3 FRACTIONAL DERIVATIVES

As shown in the previous section, the definition of the Riemann-Liouville frac-
tional integral uses Cauchy’s formula for integrating in an iterative manner. In a
similar way, a first approach to defining a fractional derivative is to consider an
iterative process. This approach was developed by Gréunwald-Letnikov. How-
ever in this thesis another approach is consider based on Definition 2.2.1 for the
fractional integral. There are two approaches via this method, the first consists
of perturbing the integer order by a fractional integral and then apply an integer
number of derivatives. The second approach is simply to reverse the order of the
operations, first apply an integer number of derivatives and then compute a frac-
tional integral up to the required order. The following example will make more clear
this procedure.

Example 2.3.1. Consider the function f(t) and its first derivative < f(¢). Now,
select an order o = 0.3. Following the method mentioned before, there are two
ways to obtain a fractional derivative of that order.

]O'7f(t) f(t) DO.Sf(t)
o g

< ! 3 ! ! >
< T 3 T T >

Integration\/ Derivation

Fig. 5: Scheme for Riemann-Liouville fractional derivative

f@) DU f(t) af)

< ! 3¢ ! 1 >
~ T T T g

Integration \_/ Derivation

Fig. 6: Scheme for Caputo fractional derivative
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The first one, shown in Figure 5, is obtained as

d

DO (1) = 17 F(0).

Clearly, the fractional integral is applied before the integer derivative, this approach
corresponds to the Riemann-Liouville fractional derivative. On the other hand, the
approach shown in Figure 6

D50 = 17 (3:10))

corresponds to the Caputo fractional derivative, where the fractional integral is
applied after the integer derivative. 0

2.3.1 Riemann-Liouville fractional derivative
Example 2.3.1 gives the intuition behind this approach, however the formal
definition is given next.

Definition 2.3.1. The Riemann-Liouville fractional derivative of order o« > 0 is

defined as ”

D*f(t) = - I"f(¢).
foranyn —1 < a <nwithn € N, ¢t € [0,b] and f a Lebesgue integrable function
defined in the interval [0, t].

Note that when a € N then the fractional derivative is the standard notion of
derivative. Also, D°f(t) = f(t) since I°f(t) = f(t).

Example 2.3.2. In particular, when 0 < o < 1 it follows that

DRf(r) = S1 (),

O

Example 2.3.3. Let 0 < a < 1. Using Example 2.3.2, Example 2.2.1 and equation
(2.1.3) gives

d e 1—a)t@ o
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This implies that for any constant ¢ € R,

ct™@

D% = ——.
¢ 'l —a)

Note that under the Riemann-Liouville fractional derivative approach, the deriva-
tive of a constant is not zero. This is the main difference as compared to the
classical derivative, and this issue is pursued later in Chapter4. 0

Example 2.3.4. Let « > 0 and 5 > —1. Then using Definition 2.3.1 and Exam-
ple 2.2.2 gives

L(B+1) d
'n—a+pB+1)dt

(n—a+ BB+ 1)75"—‘”5—1

D*tP = ,
'n—a+p8+1)

(t77")

where n — 1 < a < n with n € N. Using (2.1.3) yields

gr=e+B-1 [ (B 4 1)
TB—a+n)

D8 =

In particular, when 0 < a < 1 it follows that

LB+1)

P — P~
I'B—a+1)

O

It is natural to ask about the relationship between the Riemann-Liouville frac-
tional integral and derivative, it is expected that Fundamental Theorem of Calculus
should hold in some way. The next lemma addresses this issue.

Lemma 2.3.1. Leta > 0, then

DI f(t) = f(2).

Proof: By definition
dn —Q (6%
DI f(t) = _dt"[n (I*f(t)),

where n — 1 < a < n with n € N. Using Lemma 2.2.1 part 1 gives
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since n € N. The Fundamental Theorem of Calculus was used in the last step. =

It is interesting to note that Lemma 2.3.1 established that the Riemann-Liouville
differentiation operator is a left inverse of the Riemann-Liouville integration opera-
tor of the same order. The inverse formula does not hold, i.e., I*D*f(t) # f(t) in
general the correct relationship is as follows.

Theorem 2.3.1. Let0 < «a <1, then

ta_l

f(t) = 12D f(t) + Il‘“f(o)m.

Proof: Using I'~° f(t) instead of f(¢) in Theorem 2.2.2 gives

a—1

d

arl-—a e d l1-« l1-« t
El il Con— ! (EI f(t)>+l f(o)r(a).

Applying Lemma 2.2.1 part 1, the Fundamental Theorem of Calculus and Defini-
tion 2.3.1 yields

a—1

f(t) = I°Dof(t) + Il“"f@)%-

2.3.2 Caputo fractional derivative
The next approach is based also on the Riemann-Liouville fractional integral.

Definition 2.3.2. The Caputo fractional derivative forany n—1 < o < nwithn € N,
t € [0, b], and n times differentiable function f is defined by

Note that when o € N then the fractional derivative is the standard derivative.
In addition “D°f(t) = D°f(t) = f(t).

Example 2.3.5. When 0 < a <1 it follows that

D) = 1 (5 10)).
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Example 2.3.6. Let 0 < a < 1. Using Example 2.3.5 gives
“D1(t) = 1"~ (g ]l(t)) = 0.
dt
This implies that for any constant ¢ € R,
‘D% = 0.

Unlike the first approach, the Caputo fractional derivative of a constant is zero.
This property is one of the main differences with the Riemann-Liouville fractional
derivative approach (see Example 2.3.3). 0

Example 2.3.7. Let o > 0. Then using Definition 2.3.2 and Example 2.2.2 gives

—a_T(B+1) .
=
CryayB n—ao d" B
not defined : otherwise,

where n — 1 < a < n with n € N. Note that in Definition 2.3.2, the function f(¢) is
required to be n times differentiable in order to ensure that the Caputo derivative
is well defined. In this case, when f is non integer and 5 < n, it is obviously not n
times differentiable, and therefore it is not possible to take the fractional derivative
of order a. 0

2.3.3 The right fractional derivative

The concept given in Definition in 2.3.1 is the so called left sided Riemann-
Liouville fractional derivative because the left sided fractional integral is used. But
in general the right sided Riemann-Liouville fractional derivative can be defined as

follows
dn

D) = (1)

SLT) (1),
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where n — 1 < a < nwithn € N, ¢t € [0,b] and f a Lebesgue integrable function
defined in the interval [0, ¢]. Note that this definition is analogous to Definition 2.3.1
but using the right sided fractional integral introduced in Subsection 2.2.1.

2.4 PROPERTIES

In this section key properties to be used in Chapter 4 are presented: the linear-
ity of fractional derivatives, some rules for the composition of fractional derivatives
and integrals, the fractional version of the Leibniz rule (the derivative of the product
of functions), the fractional version of the chain rule (the derivative of composite
functions), and the use of the Laplace transform in the fractional setting. The fi-
nal theorem will give the relationship between the Riemann-Liouville and Caputo
fractional derivatives.

2.4.1 Linearity

Lemma 2.4.1. Let A,B € R, f and g real-valued measurable functions on [0, ]
and o > 0, such that °Df(t) and “D*g(t) are well defined. Then,

1. DY(Af(t) + By(t)) = ADf(t) + BD%g(t)
2. °DY(Af(t) + Bg(t)) = A°D*f(t) + B “Dy(t).

Proof: Both relationships follow from the linearity of the fractional integrals and
integer derivatives. u

2.4.2 Composition

In this subsection, the focus is on the composition of Riemann-Liouville frac-
tional integral and derivatives. First, the integer derivative of the fractional deriva-
tive is analyzed.

Theorem 2.4.1. Leta > 0,m € N and f a continuous function on [0, b]. Then

dm
SSDR () = DUA(R)
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Proof: By Definition 2.3.1, it follows that

dm dm dn dner
G D0 = S (I @) = S,

where n — 1 < a < n with n € N. Letting 8 = a« + m and p = n + m, note that
p—1 < 8 < p. Substituting above gives

dm a — ﬁ Be = = arm
dt—mD f(t) = dtpj Pf(t) = DPf(t) = D" f(t).

Next, the fractional derivative of the fractional integral is analyzed.

Lemma 2.4.2. Let o, B > 0, then
DPICf(t) = I*7Pf(1).
Proof: There is two cases: If a« > (3, then using Lemma 2.2.1, part 1 it follows that
DPIef(t) = DE(IPI°P f(t)).
Now, using Lemma 2.3.1 gives
DRI f(t) = I*7Pf(t).

On the other hand, if o < 3, then by Definition 2.3.1

DPIf(t) = % (I"=P(If (1))

where n — 1 < f < nwithn € N. Assume that m —1 < 8 — a < m, then

n < m. Now, using Lemma 2.2.1, part 1 and the commutative property of the

integral derivatives, it follows that
dn

DAIf(t) = I (1) =

an arr
dtm de¢n—m

) (ImmPte ()
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Thus, using Lemma 2.3.1 and Definition 2.3.1 gives

m

DI f(t) = S 1m0 (1) = D (1),

Both cases lead to the same conclusion, which proves the theorem. [ |

Note that o« = 5 in Theorem 2.4.2 leads to the same case as in Lemma 2.3.1.
Next, the fractional integral of the fractional derivative is analyzed when both
orders are less than 1.

Theorem 2.4.2. Let0 < o, 5 < 1, then

tafl

[°DPf(t) = I°7Pf(t) — fl_ﬁf(o)r(a)-

Proof: There are two cases: If a« > f, then using Lemma 2.2.1, part 1 and
Theorem 2.3.1 gives

1*DPf(t) = (1*PI°) D f(t) = I*~° (f(t) - Il—ﬁf(o)tﬁ_'l> |
L'(B)

Applying Lemma 2.2.1, part 2,

., . _ I'F1(0) a—B48—1
e G — [ ) <7F(ﬁ) )I G .

Then using Example 2.2.2, gives

I'Pf(0) (L)
r(3) )( I(a)

On the other hand, if a« < 3, then I f(t) = D?~*I° f(t) using Theorem 2.4.2 since
8 — a > 0. Therefore, it follows that

tafl

(a)

fwﬁﬂwzﬂﬂﬂw—( )zﬂﬁﬂw—ﬂﬁﬂm

I°DPf(t) = DP=I°DP f(t).
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Using Theorem 2.3.1, Theorem 2.4.1, part 1 and Example 2.3.4 gives

[°DPf(t) = D=° (f(t) — ' £(0) tﬁl) = DO f(t) - (%) DP-ayf-1

I'(B) I(s)
o Ilﬁf(O)) (P(ﬁ)t‘”> o - te!
= DB — = DB I B .
ro- (S (Fo -0
Both cases lead to the same conclusion, which proves the theorem. |

Note that o = 5 in Theorem 2.4.2 leads to the same case as in Theorem 2.3.1.
The last case to be analyze is the composition of two fractional derivatives.

Theorem 2.4.3. Let0 < o, 5 < 1, then

o 1
[(—a)

Proof: Using Example 2.3.2 for D? f(t) and Theorem 2.4.2, it follows that

D*Df(t) = D0 f(t) = I P (0)3

d

I—o d
= (1D (1)) =

anp
DDA f(t) = -

(=50 = 1 10— ).

Since the integer derivative is linear, applying Definition 2.3.1 gives

1-8 18

— DB f(t) — IV f(0)~—

[(=a)’

where (2.1.3) is used in the last step. |

Note that in contrast to the Riemann-Liouville fractional integral which com-
mutes (Lemma 2.2.1 part 1), in general, the Riemann-Liouville fractional derivative
operator does not commute (D*D? f(t) # DPD*f(t), for arbitrary «, 8 > 0).

Lemma 2.4.3. Let 0 < «,8 < 1. If D*DPf(t) = DPD*f(t), then a = B or
I~ f(0) =1""7f(0) =0

Proof: Consider

DD f(t) = D f(t) = I F(0) 5
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Comparing it with the expression given in Theorem 2.4.3, it follows immediately
that if D*f(t) = D°f(t), then

t,a,1 t*ﬁfl

PO gy = T O f

In order for the expression above to be true for any ¢ > 0, the following must hold

I~ f(0) = I*?f(0) = 0.

Example 2.4.1. Let 0 < o, < 1. Then

DDt = D(T(B + 1)) = %

since D’t? = I'(B + 1) from Example 2.3.4 and using Example 2.3.3 in the last
step. On the other hand,

DADes — P (tﬁ—" L(B+1) ) __TB+1 Dby _ rB+1)t«
I'(

[(B—a+1) B—a+1) - T(1-a)

applying Example 2.3.4 two times. Clearly, D*D’t? = D?D*t®. This result agrees
with Lemma 2.4.3 since

L tlfa—kﬁ F(ﬁ + 1)

[1—Gft5 r
=0 I'2—a+p)

t=0

and
't g = tT(B + 1)]=0 = 0,

using Example 2.2.2 in both cases. An important observation is that this condition
is not equivalent to taking fractional derivatives. Observe that

rE+1)

Datﬁ = t—OH‘ﬁ—
=0 I'(l—a+p)

t=0

and
Dt|eg = T(B+ D= = T(B +1) #0,
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using Example 2.3.4 in both cases. Therefore, Dt?|,_y # D?t%|,—,. O

2.4.3 Fractional derivative of the product of two functions

The fractional version of the Leibniz Rule, the derivative of the product of func-
tions, is given next.

Theorem 2.4.4. Let« > 0 and f and g be smooth functions on [0,t]. Then,

(90 =3 (§)@s0) (S0

k=0

The proof is nontrivial and can be found in [25]. An important remark is that this
fractional version of the Leibniz Rule has, in general, an infinite number of terms
in the summation. Furthermore, it is known that this characteristic is intrinsic of
derivatives of non-integer orders [31].

2.4.4 Fractional derivative of the composition of two functions

The fractional version of the chain rule, the derivative of the composition of two
functions, is given next. The results in this subsection are largely based on [24],
Another approach using the Faa di Bruno formula can be found in [25].

Theorem 2.4.5. Let« > 0 and f and g be smooth functions on [0, b]. Then,

00 k

D(fog)t) =3 o (Z (’j)(—g@))’"mgkr(t)) < Tl

k=0 r=0

Proof: The claim follows from the chain rule for fractional calculus introduced by
Osler [24], using equations (3.4)-(3.5) in [24] with z = ¢, g(t) =t and F(t,w) = 1.

Note that similar to the identity in Theorem 2.4.4, the chain rule for fractional
calculus has, in general, infinite number of terms in the summation.
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Example 2.4.2. In the case where a = 1 in Theorem 2.4.5, it follows that

d S
a(fog)(t):ZH Z

Since for £k € Nwith & > 1,

k-1

390 =X (Dsorgeo,

r=1

[8] and & 1(¢) = 0 for ¢ > 0, all the terms are zero except the one corresponding
to k = 1. This term gives the usual chain rule. 0

The next result follows directly as a consequence of Theorem 2.4.5 when the
order of the fractional derivative is an integer. Also, this result is the well known
formula that appears in [8].

Corollary 2.4.1. [fa = N € N then
av 1 (& (k R A WS
G e00=3 5 (3 (1) o Gwst 0 gesto)

Another, interesting special case of Theorem 2.4.5 is when the function f is
a polynomial. Let P, denote the class of polynomials with real coefficients and
having degree gq.

Corollary 2.4.2. Suppose f € P, then

q k k
D(fog)t) =3 (Z (’j)(—g@))?"mgk—f(t)) S Hal0)

k=0 r=0
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when £ > q. |

Example 2.4.3. In the case where f € P, in Corollary 2.4.2, it follows that

D(feg)(t) = (D(1)) f(9(t) + (D%g(t) — g(t) D ﬂ(t))d%f(g(t))-

This result would be very useful in Chapter 4. 0

2.4.5 Laplace Transform

In this subsection, the Laplace transform of the fractional integral and deriva-
tives will be given. Also, some examples and a theorem about the relationship be-
tween the Riemann-Liouville and Caputo fractional derivatives is described. This
will be useful in Chapter 4.

Theorem 2.4.6. Leta > 0. Then,

Proof: Following Example 2.2.3,

[ A0 ﬁta—l * f(t).

Applying the Laplace transform and using property (2.1.6) gives

LI (1) =:i:é;5:zwta-lLéf[f<tﬂ.

Using Example 2.1.1 yields

zmﬂmzﬁ%(”®)m@:F@.

Theorem 2.4.7. Let0 < a < 1. Then,
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Proof: Applying the Laplace transform as in Example 2.3.2 gives

d

2107 f(0] = 2 | 5110

Using property (2.1.8), it follows that
LD f(t)] = sLI' f(t)] — ' f(0).

Also, from Definition 2.4.6

F
207 1(0] =5 (52 ) = 5(0) = F(9) - I (0),
|
Theorem 2.4.8. Let0) < o < 1. Then,
LI°D°f(t)] = s*F(s) — s*1 £(0).
Proof: Applying the Laplace transform as in Example 2.3.5 gives
Cra 1-a d
210 f0]= 2 [1= (510) |
Using Theorem 2.4.6 gives
Cra B 1 i
LD 0) = 2 | 310
Using property (2.1.8) above, one must concludes that
210 s0)) = T _ o)~ ep0)
|

The final theorem of this section gives the relationship between the Riemann-
Liouville and Caputo fractional derivatives. A new proof, different from the classical
one on [7], is presented here using the Laplace transform.
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Theorem 2.4.9. Let0 < o < 1. Then,
“Df(t) = D(f(t) — f(0)).
Proof: Define g(t) = f(t) — f(0). By Definition 2.4.7,
L[D(t)] = s°G(s) — I*"*g(0). (2.4.1)
On the other hand,
G(s) = Z[f(t) — fF(0)] = F(s) — f(0)Z[1] = F(s) — ﬂ, (2.4.2)
since .Z[1] = 1/s using Example 2.1.1. Also,
I'=eg(t) = ' f(t) = I'"* f(0).

Thus, when ¢t = 0,
I'*g(0) = I'""*£(0) — I'"*£(0) = 0. (2.4.3)

Substituting (2.4.2) and (2.4.3) in (2.4.1) gives

21070 = (£ - L) =0 =2 (s) = 2 10
Finally, from Definition 2.4.8, .Z[°D?f(t)] = s*F(s) — s*~1£(0), thus
Z[D%g(t)] = Z[°D* f(1)].
Taking the inverse Laplace transform on each side yields

Do f(t) = D*(f(t) - £(0)),

which completes the proof. [
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CHAPTER 3

FORMAL POWER SERIES AND FLIESS OPERATORS

This chapter presents some elements from the fundamental theory of formal
power series. The treatment relies heavily on [2]. Formal power series appear
naturally in the context of language theory; therefore, the terminology of this sub-
ject will be adopted. The definition of formal languages and formal power series
are introduced first. Then, the solutions of a single-input single-output linear and
bilinear time invariant system are exhibited from the power series point of view in
terms of Fliess operators.

3.1 FORMAL LANGUAGES

A finite nonempty set of noncommuting symbols X = {z¢, x4, ..., z,} is called
an alphabet. Each element of X is called a /etter, and any finite sequence of letters
from X, n =, ---x;,, is called a word over X. The length of n, ||, is the number
of letters in n. Let ||, denote the number of times the letter z; € X appears in
the word 7. The set of all words of length k is denoted by X*. The set of all words
including the empty word, (), is designated by X*. A language is any subset of X*.

Definition 3.1.1. The catenation product is the associative mapping

€ : X*xX* > X*
(n,€) = né.

Clearly, for any n, &, v € X* it holds that
(n&)v = (né)v.
Also, the empty word () is the identity element for ¢ since
nd=0n=n, Vne X"

The triple (X*,%,0) is a free monoid of X, the characteristic of free refers to the
fact that there are no relationship between the letters. For example, the letter z;
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Definition 3.1.2. Let (M,0,¢) and (M’', 0, ¢’) be two arbitrary monoids. A map-
ping p: M — M’ is called a morphism if

p(n3&) = p(n)T'p(§), Vn,€ € M,

where p(e) = ¢'. When p is bijective it is called an isomorphism.
Note that any mapping p : X — M’ can be uniquely extended to a morphism
p: X* — M’ by letting
p('rikxikfl - 'xil) = p(xik)D/p(xik—l)D/ [ Dlp('ril)'
If p is injective, i.e, p(n) = p(&) implies n = &, Vn, £ € X*, then pis called a coding
of X*.
3.1.1 Formal power series

Given the alphabet X = {xg,z1,...,2,} and a finite ¢ € N, a formal power
series in X is any mapping of the form

c: X* = RE

The value of ¢ for a specific word n € X* is denoted by (¢,n) and is called the
coefficient of n in c. Typically, ¢ is represented as the formal sum

c=Y (e,
neXx*

The coefficient (c, () is referred to as the constant term. When the constant term
is zero, c is called proper. The support of c is the language

supp(c) = {n: (¢,n) # 0}.

A series ¢ is said to be a subseries of ¢ if supp(¢) C supp(c) and (¢,n) = (¢,n), Vn €
supp(¢). The collection of all formal power series over X is denoted by R*((X)). In
addition, the set of all series with finite support is denoted by R(X). Its elements
are called polynomials.
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The sets RY({X)) and R‘(X) have a considerable algebraic structure, each
admits a vector space structure over R. If ¢, d € R*({X)), their sum is defined by

c+d=Y (c+dmn="> ((e,n)+(dn)n,

nex* nex*

and their scalar multiplication is given by

ac = Z (ae,m)n = Z a(e,n)n,Va € R.

neX* IS
The set of formal power series with these two operations forms an R—vector space.

Definition 3.1.3. The Cauchy product of two series ¢, d € R*((X)) is

cd = Z (Cdv 77)77 = Z Z (Ca 6) (d’ V)n'

neX* neX* Ev=n

When ¢ = 1, the R—vector space R*((X)) forms a ring, an R—algebra and a
module over the ring R*(X) using the Cauchy product.

3.2 FLIESS OPERATORS

As explained in Chapter 1, a series ¢ € R*((X)) can be formally associated
with an m—input, /—output operator Fliess operator

Fu)(t) = ) (e,m) Byul(t, to),
neXx*
when the inputs are measurable functions.

In order to solve an input-output linear or non linear system using formal power
series, a Fliess operator representation is needed. This focuses mainly on two
input-output time invariant systems, namely the linear and bilinear cases. When
m = 1 and ¢ = 1, the systems are called single-input single-output. A single-input
single-output linear and bilinear time invariant system are shown in Figure 2 and 7,
respectively. The following subsections explain how to obtain the known solutions
for both systems obtained via iterated methods following the usual Peano-Baker
formula [4,28].
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2(t) = Noz(t) + Niz(t)u(t)
y(t) = Az(t)

Fig. 7: Block diagram of single-input single-output bilinear time invariant system

3.2.1 On linear time invariant systems

As shown in Chapter 1, the first-order differential equation associated to this
system is given in (1.1.2). Specifically the state equation is

2 = Az + Bu, 2(0) = 2, (3.2.1)

where A ¢ R™™ B ¢ R™! and z, is any vector in R”. This equation can be
written in integral form using the fundamental theorem of calculus, i.e, fot Z(t)dt =
z(t) — 2(0), as

z(t) = 20 + A/Ot z(T)dr + B /OtU(T)dT. (3.2.2)

Now substitute the expression above for z(¢) in the term A fot z(7)dr of (3.2.2). This
yields

t T o t
2(t) = 20 + A/ (Zo + A/ z(m)dm + B/ u(ﬁ)d71> dr + B/ u(T)dr
0 0 0
‘ t t T t o t
=2+ Azo/ dr + A2/ / z(m)dndr + AB/ / u(r)dndr + B/ u(r)dr.
0 o Jo 0 Jo 0
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Repeating the procedure in the term A2 fot Jy z(m1)dmdr above, gives

t t T T1 T1
2(t) = 20 + Azo/ dr + A2/ / (zo + A/ z(ma)drs + B/ U(Tg)dTg) drdr
0 0 Jo 0 0
t T t
+AB/ / u(m)dndr + B/ u(T)dr
’ 2 t T ° t T1 T
=20+ Azo/ dr + AZZO/ / drdr + A® / / / 2(1o)dmodmdT
0 0 Jo o Jo Jo
t T1 T t T t
+ A2B/ / / u(me)dredmdr + AB/ / u(m)drdr + B/ u(T)dr.
o Jo Jo 0 Jo 0

Repeating the procedure agsin and arranging terms gives

t t T t T1 T
Z(t) =2y + AZO / ldm + A2ZO / / ldTldT + A3ZO / / / 1d7’2d7’1d7’
0 0 JoO 0 Jo 0
t T2 T1 T t Tl T
+ A3B/ / / / u(73)drdodridr + A*B / / / u(mp)dredmdr
0 JO 0 0 0 Jo 0

+AB /Ot /OTu(ﬁ)dﬁdT + B/ u(r)dr + Ry(=(t)), (3.2.3)

t
0

t T2 T1 97
Ra(=(t)) = A* / / / / +(rs)drsdradmdr.
0 0 0 0

Recall, by definition, that for any £ > 0

t T
b= [ [ s
to to

since uy = 1. Also, forany £ > 0

where

t T
Ezlgm [U] (ta tO) = / T / Ui (kal)difl «.oodT.
to to
Substituting the iterated integrals in (3.2.3) yields

2(t) = z0Eplu](t) + Azo By [u](t) + A2EI(2) [u](t) + A3Ezg [u](t)
+ A’BE,g,, [ul(t) + A’ BE,z,, [ul(t) + ABE,y, [ul(t) + BE,, [u](t)
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Continuing in this manner produces in the limit

}:A%JC +§:Ak i [ (1), (3.2.4)

which can be viewed as the usual Peano-Baker formula [4,28]. Equivalently, the
series solution of (3.2.1) is

2(t) = Felul(t) = ) (com) Eylul(t),

nex

where X = {x, z;}. Clearly, the only terms with coefficients different from zero in
(3.2.4) are the ones related to the words z,* and xy*z, for any k& > 0. Therefore,
the coefficients of the generating series for y(t) = F.[u](t) = Cz(t) = CF. [u](t)
are
CA*B  :n=xofx1, k>0
(e,m) = CA*2y :n==x% k>0

0 : otherwise.

As a check, the explicit solution for the system (1.1.2) can be calculated from
(3.2.4). The following two lemmas are needed in order to calculate it.

Lemma 3.2.1. Forany k > 0,

k
B ul(t) = 77

Proof: The prove is done after k repeated integrations from Examples 1.1.1
and 1.1.2 taking ¢, = 0. |

Lemma 3.2.2. Forany k > 0,

Proof: When k = 0, by definition E,,[u](t) = [/

0

By Jul(f) = /ﬁ@l m_//u”umm_/@—ﬂ(m

uy (7)d7. Also, when k = 1,
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using integration by parts. This set up can be extended inductively to produce

Ban )= [ [ Boll(minds

t T T2 t t — 2
:/ / / Ul(Tg)dTQdTldT:/ (t=7) u(T)dr,
o Jo Jo 0 2

and after k repeated integrations the statement is proved. |

Substituting (3.2.1) and (3.2.2) in (3.2.4), gives
o0 k 0 t A pa k
A1) = AFz %+ZA’“B/O (t = ) u(r)dr
k=0 k=0
. (At)F LSS (At — 7))k
> (Z ( kt‘) )zo—i—/o (Z 7( (tk! ) )BU(T)dT

k=0 k=0

¢
— etz +/ A7) Bu(r)dr.
0

As expected this result is the same as the well known solution given in (1.1.3).

3.2.2 On bilinear time invariant systems

A bilinear time invariant state space realization is the first-order differential
equation and output equation

z2 = Noz + Nyzu, z(0) = 2z
y = Az, (3.2.5)

where Ny, N; € R™™ )\ € R™ and z, is a any vector in R". Note that the state
equation can be written in integral form using the Fundamental Theorem of Cal-
culus as

2(t) = 2o + NO/O z(T)dT + N1/0 z(T)u(r)dr. (3.2.6)

The method applied next is similar to the one developed in Subsection 3.2.1, but
in this case the presence of the bilinear term z(¢)u(t) generates a much more rich
and complicated structure. Making the substitution of z(¢) in the corresponding
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two terms of (3.2.6), yields

2(t) = 20+ N, /0 t (zo + Ny /0 " a(m)dn 4+ Ny /0 ' Z(Tl)u(ﬁ)dﬁ) dr
+ Ny /0 t (zo + Ny /0 " o(m)dn + Ny /0 ' z(ﬁ)u(ﬁ)dﬁ> u(r)dr

t t
=20+ NOZO/ dr + leo/ u(T)dr

—|—N2/ / ’7'1 dTldT+NON1/ / 7'1 ’7'1 dTldT

+N1N0/0 u(T )/0 (Tl)dﬁdwrz\ﬂ/o (T)/O z(m)u(m)dmdr.

Repeating this procedure one more time, in order to see the structure of the terms,
gives

¢
Z(t>:ZO+N0ZO/ dT+N120/ dT+N2/ / d7'1dT—|—N0N1/ / u(m)dmdr
0

+N1N0/Ot (r )/0 dTldT+N1/O i )/0 w(m)dmdr + Ro(=(8), u(t)),
(3.2.7)

where Ry (z(t),u(t)) contains all the integrals depending explicitly on z(¢) and w(t).
Using iterated integrals in (3.2.7) yields

z(t) = 20 Eplu](t) + NozoEwo[u](t) + N12oEx, [u](t)
+ NgzOEzg [u](t) + NoN120 Egyz, [u](t) + N1Nozo By, oo [u)(t) + NszEz§ [u](t)
+ Ro(z(t), u(t)).

Note that all the possible words over X = {x¢, z;} of length two or shorter appear
above, specifically {0, zo, 71, 22, xox1, 1120, 23 }. Also observe, that the coefficient
Ny is attached to the letter xy and N; to the letter ;. For example, the coefficient
of the word 22 is NZ and similarly the coefficient for zx; is Ny N;. Continuing in this
manner produces in the limit the usual Peano-Baker formula [4, 28], so the series
solution of (3.2.5) is
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where X = {z, z,}. The coefficients of the generating series for y(t) = F.[u](t) =
Az(t) = AF., [u](t) are

(C,T]) :)\Nik“'Nilzm = Ty, =+ Ty, (328)

where 7;1,"' ,ik € {0,1}, Nil,"' ;Nik € {NO7N1} and HP N c X.
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CHAPTER 4

FRACTIONAL FLIESS OPERATORS

The concept of a fractional Fliess operator is presented as a generalization of
the usual Fliess operator introduced in Chapter 1. The basic idea is that iterated
Riemann-Liouville fractional integrals are used instead of the classical integrals.
There are in fact two choices available for the definition, one that is compatible with
the Riemann-Liouville fractional derivative and the other with the Caputo fractional
derivative. Both approaches are pursued in the context of state space realizations
for these operators. At this stage, no requirement is placed on the coefficients of
the generating series, so the development is purely formal.

Let X = {xo,21,..., 2z}, p > 1and a < b. For a Lebesgue measurable function
u: a,b] — R™, define ||ull, = max{||w]|, : 1 <1i < m}, where ||u,||, is the usual L,-
norm for a measurable real-valued function, u;, defined on [a, b]. The first definition
is the fractional version of the iterated integral £, [u](¢,%,) given in Section 1.1.
Without loss of generality it is assumed that ¢, = 0, and thus it will be omitted from
the notation.

Definition 4.0.1. Let 0 < o < 1 and T € R be fixed. The fractional iterated
integral for any n = z;7' € X*, z; € X, n € X*, is the mapping Ey : L'[0,T] —
R[0, T] defined by the recursion

E2[u)(t) = B2, [u)(t) = I°fui(r) ES[u)())(0),

where Ej := 1 and

tafl

t) = I'(a)
uo(t) - -
1 : Caputo derivative approach.

: Riemann-Liouville derivative approach

Note that when o = 1, the resulting iterated integrals are the usual continuous
functions E,[u](¢,0). But when 0 < o < 1, the corresponding fractional iterated
integrals will be continuous if, for example, the functions u;, i = 1,2,...,m are all
continuous. Weaker sufficient conditions also exist, see Subsection 2.2.4.
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Example 4.0.1. Let 0 < a < 1, thus the fractional version of Example 1.1.1 is

(a

=~

I (uo (1)) = I« (;‘“) : Riemann-Liouville derivative approach
1°(1 : Caputo derivative approach.

Using Example 2.2.2 and 2.2.1 yields

t2a71 5 i ol 1 H . .
E2 [u](t) = F(Q:) : Riemann-Liouville derivative approach
rwr : Caputo derivative approach.

Example 4.0.2. Let 0 < a < 1, when the word is n = 22 = zyx0, the fractional
iterated integral associated with it is

Eglul(t) = I*[uo(7) Eg, [ul(T)](8) = I [uo(7)1* (uo(T))](t)

{IO‘ [t“_lla <t°‘_1>] : Riemann-Liouville derivative approach

I'(a) I'(a)

I*[11%(1)] = I**(1) : Caputo derivative approach.

Using Example 2.2.2, 2.2.1 and 4.0.1 yields

a)'(2a)
t2a

fo-L= SV : Caputo derivative approach.

) {Ia [F(ﬁi] . Riemann-Liouville derivative approach
%Slul(t) =
I'(2a41)

Example 4.0.3. When the word is n = zqz1, the fractional iterated integral associ-
ated with it is

B [ul(t) = I uo(7) B3, [ul (T)](2) = 1% [uo (7)1 (ua (7))](2)

I« ['*F“(;; I*(uy () : Riemann-Liouville derivative approach
I*[1I*(uy (t))] = I**(uy(¢)) : Caputo derivative approach.
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Note that while the fractional iterated integral associated with the Riemann-
Liouville derivative approach involves complicated operations even for the input g,
the Caputo derivative approach has a structure more similar to the usual iterated
integral. The fractional version of the input-output operator corresponding to c is
given next.

Definition 4.0.2. For any c € R*((X)) and 0 < « < 1 the fractional Fliess opera-
tor is defined formally by

Folul(t) = ) (en) Bplul(®).

nex*
As expected, when o = 1, the operator is the usual one given in (1.1.1).

Example 4.0.4. When the series is ¢ = 2xy + 3zpx1, the corresponding Fliess
operator is

F&ul(t) = Fy [u](t) = 2EZ, [u](t) + 3E;, ., [u](t)

c — T 2x0+43xo0T1

2% + 3I¢ '*F“(;; I*(us(t))| : Riemann-Liouville derivative approach

2t + 3% (wa(?)) : Caputo derivative approach.

4.1 ON FRACTIONAL LINEAR TIME INVARIANT SYSTEMS

The focus in this section will be on fractional linear time invariant systems. The
objective is to generalize the theory in Subsection 3.2.1 for fractional systems,
now using the tools introduced in previous chapters. The state equation related to
this new input-output model will be of non integer order since Riemann-Liouville
fractional integrals are used instead of classical integrals. When a fractional order
is used instead of the first order in (3.2.1), the resultant derivative can be of two
types: a Riemman-Liouville fractional derivative or a Caputo fractional derivative.
The following subsections analyze each case.
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4.1.1 Riemman-Liouville fractional derivative approach

A single-input single-output linear time invariant system with a fractional differ-
ential equation, where the derivative is the Riemann-Liouville fractional derivative
is shown in Figure 8.

D%z = Az(t) + Bu(t)
y(t) = C=(t)

Fig. 8: Block diagram of single-input single-output Riemann-Liouville fractional
linear time invariant system

As shown in Chapter 1, the fractional differential equation associated with this
system is given in (1.1.7). Specifically, the state equation is
D%z = Az + Bu, 2(0) = 2, (4.1.1)

where 0 < a < 1, A € R™* B € R™ and z, is a any vector in R”. This equa-
tion can be written in integral form using the Fractional Fundamental Theorem of
Calculus given in Theorem 2.3.1, namely,

I9(D2(t)) = I*(Az(t) + Bu(t)) = AI*2(t) + BI%u(t).

Then,

ta—l

(a)

2(t) — I'*2(0) {

Rearranging terms gives

} = AI“%(t) + BI°u(t).

ta—l

IN())

2(t) = I'™*2(0) { ] + AI%z(t) + BI%u(t). (4.1.2)

Since integration and differentiation are defined componentwise, there is no loss
of generality in the following analysis by assuming n = 1. For any F' € Py, the
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differential chain rule in integral form given in Example 2.4.3 becomes

DUF(2(1)) = (D*U$) F(=(1)) + (D*2(t) — 2(t) D" l(t))%F(Z(t))-

Replacing (4.1.1) gives

DYF(2(t)) = (D*1(t))F(2(t)) + (Az(t) + Bu(t) — z(t)D* l(t))%F(z(t))

Taking the fractional integral at each side,

1D F(=(t)) = I*(D* W) F(=(1))) + A I° (z(t)d%F(z(t»)
L B I <u(t)%F(z(t))> e ((DO‘ ]l(t))z(t)%F(z(t))) |

Using Theorem 2.3.1 and rearranging gives

ta—l

Pa(o) = IR G0) [ o] + 10 10O + 4 1 (205 Fe0) )

+BI° (u(t)%F(z(t})) _I° ((DO‘ 1(7:))2(7:)%1:(2(75))) .

Now let F'(z(t)) = Az(t) above, then

ta—l
I(a)
+ ABI®u(t) — AI* ((D*1(t))=(t)) ,

Az(t) = AI'=2(0)I° { } + AI°((D1(t))2(t)) + A2T2(t)

and cancelling two terms gives

a—1

Az(t) = AI'2(0) H’(&)

] + A21°2(t) + ABI®u(t).
Substitute the resulting equation into (4.1.2). This yields

a—1 a—1

2(t) = "2 2(0) Lﬁ (&)] + AT (0)° [lf (&)] + BI*u(t) + ABP*u(t) + A21°=(¢).

(4.1.3)
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Repeating this procedure with F'(z(t)) = A?z(t) gives

a—1

[(a)

A?z(t) = AT 2(0) [ ] + A 2(t) + A2BI%u(t).

Substitute the resulting equation into (4.1.3). This yields

a—1 a—1

2(t) = I'"2(0) llt“(a)] + AI'2(0)1° [;(a)} + AT (0) 1 [%}

+ BI®u(t)+ ABI**u(t) + A2 BI**u(t) + Ra(z(t)),

where Ry(z(t)) contains all the integrals depending explicitly on z(¢). Continuing
in this manner produces in the limit

2(t) = i AR (0) T [It“(::)] + i AR BT (t), (4.1.4)
k=0 k=1

which can be viewed as a fractional form of the usual Peano-Baker formula [4, 28]
given in (3.2.4) for linear time invariant systems. Equivalently, the series solution
of (4.1.1) is

2() = (cm) BSu](t), (4.1.5)

nex*
where uy(t) := t*71/T'(«) as indicated in Definition 4.0.1,X = {x¢,z;} and the

coefficients of the generating series for y(t) = Cz(t) = F*[u](t) are

CA*B = xokx, K> 0
() = CAFIY = (2) :m =", k>0

0 : otherwise.

The fractional iterated integral in (4.1.5) is

Ey

I%u(t)  np=xzfF oy, k>1
[u](t){ S

Jek [1;“(;] =", k> 0.

As a check, the explicit solution for the system (1.1.7) can be calculated from
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(4.1.4). Observe that using Example 2.2.2 and 2.2.3 yields

N gh o oot I'(a) k1 ok .
z(t)_];/u z(O)( o) )(P(ak+a)>+;A B(I*11(t)) % u(t).

Thus,
Z(t) — i ﬂta—lll—az(o) + i Ak—1 jok—1 ]l(t)B « u(t)
[(ak + ) '
k=0 k=1
Using Definition 2.1.1, Example 2.2.4 and Lemma 2.1.1 gives
2(t) = Enu (At )T TT2(0) + (1% Ena(ALY)) B * ult). (4.1.6)

On the other hand, taking the Laplace transform of (4.1.1) and applying Theo-
rem 2.4.7, then it follows that

s*ZL[2(t)] — I'"92(0) = AL[2(t)] + BL u(t)),
and thus,
Ll2(t)] = (8T — AT T2(0) + (s1 — A) "' BZL[u(t)].
Using Lemma 2.1.2 gives
L12(1)] = LI Ena AN I2(0) + L[t S o (AL BLu(t)].
Taking the inverse Laplace transform and using (2.1.6) yields
2(t) = Ep o (ALNTITT2(0) + (19710 o (A1) B % u(t), (4.1.7)

which is the same result obtained in (4.1.6) when the series solution (4.1.5) is
used. That is, the generating series ¢ can be written is terms of the function
t*~1&, o (At¥), which is a generalization of the matrix exponential e** when a = 1.
Also note that in this Riemann-Liouville approach the coefficients are not explicit
functions of z(0) but rather 1'=*2(0). This fractional initial condition can be written
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as
2(t)I ()

tafl

[l’o‘z(t) }t:O =
=0

[17,29].

4.1.2 Caputo fractional derivative approach

A single-input single-output linear time invariant system with a fractional differ-
ential equation, where the derivative is the Caputo fractional derivative is shown in
Figure 9.

D2(t) = Az(t) + Bul(t)
y(t) = C=(t)

Fig. 9: Block diagram of single-input single-output Caputo fractional linear time
invariant system

As shown in Chapter 1, the fractional differential equation associated to this
system is given in (1.1.8). Specifically the state equation is

°D?z = Az + Bu, 2(0) = z, (4.1.8)

where 0 < o < 1, A € R™ B € R™! and z, is a any vector in R". This equation
can also be written in integral form. First, using Theorem 2.4.9, gives

Dz = D*(2(t) — 2(0)) = Az(t) + Bu(t). (4.1.9)
Taking the fractional integral in each term yields
I*(D*(2(t) — 2(0))) = I*(Az(t) + Bu(t)) = AI*=(t) + BI%u(t).

Using the Fractional Fundamental Theorem of Calculus given in Theorem 2.3.1, it
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follows that
(2(t) — 2(0)) — I'"*(2(t) — z(O))]tZO {m} = AI°z(t) + BI%u(t).
Rearranging terms gives
z(t) = 2(0) + AI“z(t) + BI%u(t), (4.1.10)

since I'~(z(t) — 2(0))],_, = 0. Assume n = 1 and use the same procedure as in
the previous Section 4.1.1. For any G € Py, the differential chain rule in integral
form given in Example 2.4.3 becomes

DPG(a(D) = (DU M)G(D) + (D*=(t) — 2()D° 1e)) S C=(1).

Assume that G(z(t)) = F(z(t)) — F(=2(0)) and note that D“z(t) = Az(t) + Bu(t) +
Dz(0) from (4.1.9). Substituting above gives
DH(F(2(t))=F(2(0))) = (D)) (F(=(t)) — F(2(0)))

+ (Ax(t) + Bu(t) — (2(t) — 2(0)) D 1(t)) 2

3 (F(z(t) = F(2(0))).

Taking the fractional integral at each side,
I*D*F(2(t)) = I*((D*1(2))(F(2(t)) — F(2(0))))

+AI (z(t)dizp(z(t))) +BI” (u(t)%F(z(w))
- 1 (D" M) (0~ 0D . F0))
since <L F(z(0)) = 0. Using Theorem 2.3.1 yields

a—1

FIa(0) - F(:00) = I(F(:(0) - FO)) [ £

+ A" (z(t)d%F(z(t))) + B I* u(t)iF(z(t)))

] (D 1) F(=(1))
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Since I'"*(F(z(t)) — F(2(0)))|,_, = 0, rearranging gives

F(z(t)) = F(2(0)) + I* (D" M) (F(2(t)) — F(2(0)))) + A I* (Z(t)%F(Z(t)O
+BI° (u(t)%F(z(t))) —I° ((DO‘ 1(4))(=(t) — z(O))(%F(z(t))) .
Now let F'(=(t)) = Az(t) above, then
Az(t) = Az(0) + A%I*2(t) + ABI*u(t),

since (F'(z(t)) — F(2(0)))|,_o = 0and (2(t) — 2(0))|,_, = 0. Substituting the result
into (4.1.10) gives

2(t) = 2(0) + Az(0)I* 1(t) + BI*u(t) + ABI**u(t) + Ry(2(t)),

where R;(z(t)) contains all the integrals depending explicitly on z(¢). Continuing
in this way produces the Caputo analogue of (4.1.4), namely,

2(t) = i AF2(0)T°* 1(¢) + f: AP BIy(t). (4.1.11)
k=0

k=1

The main differences in this case are the presence of z(0) instead of 7'=*z(0) in
the series coefficients and the factor of 1(¢) instead of t~!/T'(«) in the iterated
integrals. The series solution of (4.1.8) is then

2(t) = (em) ESul(®), (4.1.12)

nex

where uy(t) := 1(t) as indicated in Definition 4.0.1 and X = {x¢,x1}. The coeffi-
cients of the generating series for y(t) = Cz(t) = F*[u|(t) are

CA*B  :n=xofz, k>0
(c,n) = CA¥zy - n=x" k>0

0 : otherwise.
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The fractional iterated integral in (4.1.12) is

I%u(t) n=x"tay, k>1
Byl (t) =
I°*1(t) :np=xk k>0,

As a check, the explicit solution for the system (1.1.8) can be calculated from
(4.1.11). First, recall that it was found in (4.1.6) that

i AFTIBIy(t) = (1 6 a(ALY) B x u(t).

k=1

Using Example 2.2.4 and the expression above in (4.1.11) yields
2(t) = En1 (At*) 20 + C(t* 1, o(AtY)) B x u(t). (4.1.13)

On the other hand, taking the Laplace transform of (4.1.8) and applying Theo-
rem 2.4.8 it follows that

@ L[2(t)] — s°712(0) = AZL[2(t)] + BL[u(t)],
and thus,
Ll2(t)] = (s*T — A)"'s*12(0) + (s°I — A) "' BLu(t)].
Using Lemma 2.1.2 gives
ZL2(t)] = L[Eni(At)]2(0) + L[t & o(At*) BLult))].
Taking the inverse Laplace transform and using (2.1.6) yields
2(t) = En1 (At*)2(0) + (t*71 &, o (AtY)) B * u(t), (4.1.14)

which is the same result obtained in (4.1.13) when the series solution (4.1.12) is
used.
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4.2 ON FRACTIONAL BILINEAR TIME INVARIANT SYSTEMS

The focus in this section will be on fractional bilinear time invariant systems.
The objective is to generalize the theory in Subsection 3.2.2 for fractional sys-
tems, now using the tools introduced in previous chapters. As in Section 4.1,
two approaches will be presented: the Riemman-Liouville fractional derivative ap-
proach and the Caputo fractional derivative approach.

4.2.1 Riemman-Liouville fractional derivative approach

A single-input single-output linear time invariant system with a fractional differ-
ential equation, where the derivative is the Riemann-Liouville fractional derivative
is used, is shown in Figure 10.

® Dz(t) = Noz(t) + N1z(t)u(t) %
y(t) = A= (t) -

Fig. 10: Block diagram of single-input single-output Riemann-Liouville fractional
bilinear time invariant system

A state-space representation for this system is

D%z = Nyz + Nizu, z(0) = 2o
y = Az, (4.2.1)

where 0 < o < 1, Ny, N; € R™™ X ¢ R and z, is a any vector in R”. Note that
the state equation is

D%z = Nyz + Nizu, z(0) = 2. (4.2.2)

This equation can be written in integral form using the Fractional Fundamental
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Theorem of Calculus given in Theorem 2.3.1, namely,
I*(D“2(t)) = I*(Noz(t) + N1z(t)u(t)) = Nol®z(t) + N1 I%(z(t)u(t)).

Then,

tafl

I(a)

2(t) — I'*2(0) [ ] = Nolz(t) + N1 I*(z(t)u(t)).

Rearranging terms gives

a—1

z(t) = I'*2(0) [%} + Nol®z(t) + N1I1%(z(t)u(t)). (4.2.3)

Assuming n = 1, for any F' € Py, the differential chain rule in integral form given in
Example 2.4.3 becomes

DF(x(t)) = (D*X(t))F(x(t)) + (D°x(t) — 2(t)D° 1<t>>%F<z<t>>.
Substituting (4.2.2) gives
DeF(z(t)) = (D*1(t))F(2(t)) + (Noz(t) + Bz(t)u(t) — 2(t)D* ]l(t))%F(z(t)).

Taking the fractional integral at each side,

I*D*F(2(t)) = I*((D*1(¢)) F'(2(t))) + No I* <z(t)d%F(2(t))>
+ N I° (z(t)u(t)(%F(z(t))) _ I ((DO‘ n(t))z(t)diF(z(t))> .

z

Using Theorem 2.3.1 and rearranging gives

a—1

I'(a)
N, I (z(t)u(t)d%F(z(t))) e ((D“ ]l(t))z(t)(%F(z(t))) .

Fe0) = I FE0) | 7o | + 00 FG0) + 80 1 (205 F (0

Now let F'(z(t)) be replaced by N;z(t), i = 0,1 above, then

a—1

[(a)

Niz(t) = NIV 2(0) 1 [ } + N I*((DY1(t))2(t)) + NoNI“=(t)
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and cancelling two terms gives

a—1

(a)

Noz(t) = NoI'™*2(0)I* { ] + NZI2(t) + Ny NoI*(z(t)u(t))

and

a—1

I(a)
Substituting both results into (4.2.3) yields

Niz(t) = N I 22(0) 1 [ } + NoN T®2(t) + NPT (2(t)u(t)).

a—1 a—1

w0 =10 | frg o)
+ N2I2°2(t) + NoNaI22 (2(8)u(t)) + N1 NoI® (%2 (t)u(t))
+ Nf[“(]“(z(t)u(t))u(t)).

} N0V [u(t) - }

} + NoI'™*2(0) I [ I(a)

Repeating this procedure, let F(z(t)) be replaced by N;Nz(t), i,57 = 0,1 and
substitute back into the equation above. This gives

z(t) = I'""*2(0) [%} + NoI'~*z(0)I* [?—_1} + N ' *2(0) 1 [u(t) }

()
st ] oo o]

+ NPT 2(0) % (u(t) ["u(t)) + N1 NoI'~*2(0) {“(tﬂa {EH

a—1

+ Ra(2(1), u(t)),

where R, (z(t), u(t)) contains all the integrals depending explicitly on z(¢) and u(t).
Continuing in this manner produces in the limit a fractional form of the usual
Peano-Baker formula [28], given in (3.2.2) for bilinear time invariant systems. So
the series solution of (4.2.2) is

2t) = (cam) E2[ul(t), (4.2.4)

nex*

where wu(t) := t*7!/T'(«) as indicated in Definition 4.0.1. The coefficients of the
generating series for y(t) = \z(t) = F[u|(t) are

(Ca 77) = )‘le e Nilll_az(o)a (425)
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where iy, --- i, € {0, 1} and z;,, - - -, x5, € {xo, 21}
As a check, write (4.2.4) in the form

+(t) = I'2(0) L’fzal)]

+ Z Z Z N;N;, - .Nil[1*012(0)[“[ui(T)Eg‘ik,,,xilu(T)](t),

=0 k=0 <0,...,7,=0

and take the Riemann-Liouville derivative of order « so that

o) 1
Dz(t)=>" Y NoNiy - Ny I'*2(0)uo () B, ...r, [u](t)
k=0 io,...,ig=0
o) 1
+). ). NN, - N ' 2200w (D ES, ..., [u](D)
k=0 20,...,2:=0

which is consistent with (4.2.2). Also note that in this Riemann-Liouville approach,
like in Section 4.1, the coefficients are not explicit functions of z(0), but rather in
terms of 1'=*2(0). This fractional initial condition can be written as

11—« _
1 Z(t)}t:O ~ T ja1

[17,29].

4.2.2 Caputo fractional derivative approach

A single-input single-output bilinear time invariant system with a fractional dif-
ferential equation, where the derivative is the Caputo fractional derivative is shown
in Figure 11.

A state-space representation for this system is

D2 = Nyz + Nizu, 2(0) = 2z
y=Az, (4.2.6)

where 0 < o < 1, Ny, N; € R™™ X\ € R and z, is a any vector in R”. Note that
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D z(t) = Noz(t) + N1z(t)u(t)
y(t) = Az(t)

Fig. 11: Block diagram of single-input single-output Caputo fractional bilinear time
invariant system

the state equation is
°D%2 = Noz + Nizu, 2(0) = z,. (4.2.7)
This equation can be written in integral form. First, using Theorem 2.4.9, gives
°Dez = D*(2(t) — 2(0)) = Noz(t) + Niz(t)u(t). (4.2.8)
Taking the fractional integral in each term yields
I“(D*(2(t) — 2(0))) = I*(Noz(t) + Niz(t)u(t)) = NoIl“2(t) + N1 I%(z(t)u(t)).

Using the Fractional Fundamental Theorem of Calculus given in Theorem 2.3.1, it
follows that

ta_l

(2(t) = 2(0)) = I'=(2(t) — 2(0))],_, [p

W] = Nol“z(t) + N{I1%(z(t)u(t)).

Rearranging terms gives
2(t) = 2(0) 4+ NoI®z(t) + N1 I*(2(t)u(t)), (4.2.9)

since I'~*(z(t) — 2(0))|,_, = 0. Assuming n = 1 and following the same procedure
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as in the previous subsections yields

FIE(0) = FE0) + (D I0)FG0) = FEON) + ol (<01 F6)
d

#01* (sul L FE0)) - 1 (DU 10)610) - 0D () )

for any I € P, using Example 2.4.3 and (4.2.9). Now let F'(z(t)) be replaced by
N;z(t), i = 0,1 and substitute back into (4.2.9). This yields

2(t) = 20 + Nozol“1(t) + N1zol“u(t) + Ri(2(t), u(t)),

where R;(z(t),u(t)) contains all the integrals depending explicitly on z(¢) and w(t).
Continuing in this way produces the Caputo analogue of the result obtain in the
Riemann-Liouville subsection, namely, the series solution of (4.2.7) is

2(t) = ) (em) Exlul(?), (4.2.10)
nex*
where now uq(t) := 1(¢) as indicated in Definition 4.0.1. The coefficients of the
generating series for y(t) = A\z(t) = F*ul(t) are

forn =, ---x;,. As a check, take the Caputo derivative of order « of (4.2.10). A
straightforward calculation analogous to the one for Riemann-Liouville case gives
(4.2.7) as expected. Also, note that the coefficients in (4.2.11) coincide with the
ones in the non-fractional case given in (3.2.8).

The only difference between this Caputo fractional case and the regular case
is in terms of the iterative integrals, this motivates the final theorem of this thesis.
It is a generalization of a Volterra series [12] for a fractional bilinear system.

Theorem 4.2.1. The solution y(t) = Az(t) = F[u](t) of a bilinear system in the
Caputo sense (4.2.6) can be written in terms of the matrix Mittag-Leffler function
as
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where

’lU()(t) = )\(gaml(Nota)Zo,
wi(t, Ty oo, T1) = At — Tk)o‘_léaa,a(No(t — 7)) Ny (13 — Tk_l)o‘_léaa,a(NO(Tk — Tk—1)%)
- Ny(mo — Tl)aflga,a(No(Tz — 1)) N1En 1 (NoT1Y) 20, k> 1.

Proof: Since each word n = z;, ---x;, € X* can be rewritten uniquely in the form

xR T o™y - - - g™ "™, it follows from (4.2.10) and (4.2.11) that

[e.9]

y(t) = Z ANG™ N1Ng™ =t - - NiNo™ 2 E, [u] (%)

zo"kx1xo k121200

The claimis that y = >, . yx, Where

o0
ye(t) := ) ANg™ NI Ng™ - NiNg™ 20 ES g g -1y momo (1] (1)
ng,...,nE=0
oo t T To
= Z / / / Wi (t, Ty -+ oy T)U(T) - - - u(my) dry - - - dTy
rorme=020 Jo 0

for k> 0and yo := >, 50 ANy 20 B [u] = wo. The expressions for y, are proved
- 0
by induction on k. When k = 0 observe that

yo(t) = ) ANg"z I 1(t),
no=0

and using Example 2.2.4 yields
yo(t) = )\éaml(Nota)Zo = wo(t)

When k = 1, it follows via Example 2.2.3 that

yi(t) = > ANG™ N1 N" 2 10 (u(t) 1o U(¢))
no,n1=0

= (MO8 a(Not*) N1 No"0 z0) * (u(t)I°"0 L(t)).

no=0
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Applying next Example 2.2.4 yields

yi(t) = /0 At — T)"‘_léaa’a(No(t — 7)) N1Eo 1 (NoT1 ) 20u(T) dT
= /0 wy (t, m)u(m)dn.

Now suppose the identity in question holds for all terms up to some fixed £ > 0.
Then

yk-l—l(t) - Z )\Non’“+1N1N0”k . NlNOnOZOIa(nkH-i-l)

(W) Egynezyzg™s 1 ygmo [1] (£))

and Example 2.2.3 gives
Yr+1(t) = Z AL E, o (Not®) Ny Np™ - - - Ny Ng™ 2%

(u ()Egonkzlzo Tk—1...212070 [u](t))

t
= ) / At = Th41)* 20 (No(t = Thp1)*) Ny NG™ - - - Ny No™ 29t (Thr 1)
0

E-Taonkxlxo k1. ZBl.’L‘o"O[ ](t) di+1-

Finally, from the induction hypothesis, it follows that

t LTk T2
Yrt1(t) :/ / 28 / At — Tk+1)a71£a,a(No(t — Th1)) - Ni(12 — Tl)afl

& ,Q No(Tz - T1 )nga 1(N07'1 )ZOU(TkH) (Tl)dTl <o dTg
Tk+1
/ / / Wit (E Toa1y -+ o T)W(Thg1) -+ - u(7y) dry - - - d 7

Thus, the expression for y, holds for all £ > 0, and the theorem is proved. []

In the case of a bilinear system corresponding to the Riemann-Liouville ap-
proach, an analogous Volterra series representation can be directly computed
using Theorem 2.4.9. Recall also in the non-fractional case that there is a di-
chotomy between causal Volterra series induced by initialized state space realiza-
tions [12] and a potentially noncausal variety whose kernel functions are often de-
rived from measurements and represented in terms of their multivariable Laplace
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transforms [28]. Theorem 4.2.1 above corresponds to the former in this fractional
setting, while the fractional generalization of the latter has appeared in [19, 20].
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CHAPTER 5

CONCLUSIONS

The fractional extension of Fliess operators in two specific cases: using
Riemann-Liouville fractional derivatives and Caputo fractional derivatives was de-
fined and a characterization of a fractional extension of iterated integrals using
Riemann-Liouville fractional integrals was used.

A general solution for a fractional linear and bilinear time invariant system via
formal power series in terms of Fliess operators was created using this fractional
extension. One solution for each approach, using Riemann-Liouville fractional
derivatives and Caputo fractional derivatives.

In regards to the linear time invariant system, comparing the explicit solutions
for both systems in (4.1.7) and (4.1.14), it is evident that both approaches produce
the same impulse response, i.e, the part of y(¢) only considering the input u(t) =
1(¢), then y(t) = C(t**&,..(At*))B. While the zero-input state responses, i.e,
the part of y(¢) considering the input «(t) = 0, differ in the way they depend on
the initial conditions. Namely, &, ,(At*)t*~1'=22(0) in the Riemann-Liouville case
versus &,1(At*)z(0) in the Caputo case. In the case of bilinear time invariant
system, the main differences between the Caputo and Riemann-Liouville cases
are the presence of z(0) instead of I'“2(0) in the series coefficients and the
factor of 1(¢) instead of 1>~ /T'(«) in the iterated integrals.
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