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Resumen

La esparsidad es una propiedad ampliamente valorada en diversas aplicaciones de apren-
dizaje automatico y procesamiento de sefiales pues permite una representacion eficiente de
datos y previene el sobreajuste en modelos de aprendizaje. A pesar de su amplia utilidad,
el uso de la esparsidad para reducir las demandas computacionales sigue siendo un drea
activa de investigacion. En optimizacion matematica, la esparsidad puede promoverse en
las soluciones mediante técnicas de regularizacién o imponiendo restricciones explicitas.
Recientemente se han propuesto técnicas como las reglas de cribado para explotar la es-
parsidad y disminuir los requerimientos computacionales de problemas de optimizacion a
gran escala. Sin embargo, los métodos de cribado mds avanzados actualmente disponibles
proporcionan solo aproximaciones inexactas del soporte de la solucién, descartando pocos
elementos y, por lo tanto, ofreciendo ahorros computacionales limitados.

Esta tesis contribuye con una extension de las reglas de cribado seguro basada en
umbralizacion adaptativa orientada a problemas de optimizacion regularizada. La regla
de umbralizacién propuesta se fundamenta en la observacién de que la métrica utilizada
para identificar caracteristicas no contribuyentes puede considerarse que presenta una dis-
tribucion aproximadamente unimodal para fines practicos. El enfoque propuesto fue in-
corporado en el algoritmo gradiente proximal acelerado (APG) / algoritmo de contraccion
iterativa rapida (FISTA), un optimizador que recientemente ha atraido atencion debido a
su tasa de convergencia tedrica O (k‘z). Para validar la técnica propuesta, se llevaron a
cabo experimentos computacionales en multiples contextos. Los resultados experimen-
tales indican que el método propuesto proporciona mejoras de velocidad superiores tanto
a las reglas de cribado seguro como a las de cribado fuerte en sus versiones estaticas (como
etapa de preprocesamiento), tanto en conjuntos de datos sintéticos como reales, con una
aceleracion de hasta aproximadamente 33.9 veces. El método desarrollado en esta tesis
fue presentado en un articulo de conferencia en la 2023 24th International Conference on
Digital Signal Processing (DSP).
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Abstract

Sparsity is a widely valued property in several machine learning and signal processing
applications as it enables efficient data representation and prevents overfitting in learning
models. Despite its broad utility, the use of sparsity to reduce computational demands re-
mains an active research area. In mathematical optimization, sparsity can be promoted in
solutions through regularization techniques or by imposing explicit constraints. Recently,
techniques such as screening rules have been proposed to exploit sparsity to diminish the
computational requirements of large and huge-scale optimization problems. Nevertheless,
current state-of-the-art screening methods provide only rough approximations of the solu-
tion support, discarding few elements and thus yielding limited computational savings.

This thesis contributes with an extension of safe screening rules based on adaptive
thresholding aimed at regularized optimization problems. The proposed thresholding rule
is based on the observation that the metric used to identify non-contributing features can
be considered to have an approximate unimodal distribution for practical purposes. The
proposed approach was embedded into the accelerated proximal gradient (APG) / fast it-
erative shrinkage thresholding algorithm (FISTA), an optimizer that has recently attracted
attention due to its theoretical convergence rate O (k‘z). To validate the proposed tech-
nique, computational experiments were conducted across multiple contexts. Experimental
results indicate that the proposed method provides greater speedups than both safe and
strong screening rules in their static version (each implemented as a preprocessing stage)
across synthetic and real datasets with a speedup of up to 33.9, approximately. The method
developed in this thesis was presented in a conference article at the 2023 24th International
Conference on Digital Signal Processing (DSP).
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Introduction

Sparse optimization has emerged as a key area of research in signal processing and ma-
chine learning. Its benefits include the ability to provide robust solutions in the presence of
inexact data and the incorporation of prior knowledge in several problem domains [1, 2].
In machine learning specifically, sparsity also plays a crucial role in preventing overfitting
and improving generalization. However, sparse optimization methods are often computa-
tionally intensive on their own, and as machine learning and signal processing applications
continue to scale, they place even greater demands on processing time and memory. This
has prompted the development of techniques aimed at reducing processing time, memory
usage, and the overall problem size in optimization tasks. In particular, screening rules
[3, 4, 5] have proven effective in sparse optimization by allowing the early identification
of features that do not contribute to the solution. Nevertheless, most screening rules are
limited by their reliance on surrogate quantities that relax the strict theoretical screening
conditions, leading to the potential retention of non-contributing features when evaluating
whether a feature can be discarded, thus limiting computational savings.

The contribution of this thesis is a method for enhancing safe screening rules for regu-
larized optimization problems through the introduction of adaptive thresholding. The pro-
posed method stems from the observation that safe screening rules can be interpreted as
thresholding over a measure that can reasonably be assumed to be unimodal. Furthermore,
the method is versatile as it can be applied to any safe screening rule and thus incorporated
into any optimizer. The proposed method was compounded with safe screening rules and
embedded in the accelerated proximal gradient (APG) / fast iterative shrinkage threshold-
ing algorithm (FISTA) optimizer as a preprocessing step and tested using several datasets.
Experimental results indicate that the proposed technique improves the support estima-
tion, thus yielding greater computational savings with little degradation in the solution. It
is important to mention that the proposed method was presented in a conference article [6]
at the 2023 IEEE 24th International Conference on Digital Signal Processing.

This document is organized as follows. Chapter 1 outlines the methodological frame-
work of the thesis. Core concepts in convex analysis and the optimization algorithm used
in this work are covered in Chapter 2. Chapter 3 reviews state-of-the-art techniques for
reducing the size of optimization problems. Chapter 4 introduces the proposed method,
providing an intuitive justification. Finally, Chapter 5 presents the computational experi-
ments and their corresponding results, followed by concluding remarks.



Chapter 1

Methodological framework

This chapter provides an overview of the thesis by outlining its motivation, stating the
central thesis problem, and detailing the objectives. It also discusses how the contribu-
tions of this work will be validated through both theoretical evaluation and experimental
validation. Finally, this chapter presents key mathematical notation used throughout this
document to ensure clarity and consistency.

1.1 Motivation

With the rise of machine learning in technology, mathematical optimization methods have
become the backbone of many applications, ranging from scientific fields such as medicine,
astronomy, and geology to practical computational tools such as text translation, speech
recognition, and financial modeling. However, optimization algorithms often require in-
tensive computations, involving a large number of operations, which makes it essential
to develop mathematical techniques that remain efficient even as the volume of data in-
creases, as seen in many modern applications. In several instances, data also carry inherent
structural information or exhibit certain properties, such as redundancy or sparsity [1], that
can be leveraged to simplify computations [7]. Sparsity, in particular, is highly desirable
in several signal processing and machine learning applications because it results in robust
solutions, aligns with prior knowledge, enhances stability, and helps prevent overfitting in
models [2]. However, solving optimization problems in large or huge-scale settings poses
significant challenges, making algorithms that require evaluating quantities over the entire
dataset impractical, further complicating optimization in these contexts. Thereby, prob-
lem size reduction techniques, such as screening rules [3, 4, 5], are crucial to reduce the
computational burden and making optimization feasible in large-scale applications.



1.2 Statement of the problem

In data-intensive applications, screening techniques [3, 4, 5] are used to reduce the dimen-
sionality of data sets and thus improve computational efficiency. However, current state-
of-the-art screening methods face significant limitations when applied to large-scale data.
The fast development of both academic research and industry demands methods, several of
them optimization-based, that must handle huge amounts of data. In this context, existing
screening techniques often fail to eliminate enough features to achieve substantial com-
putational savings, especially in fields where data grows exponentially. This bottleneck
slows the development of new technologies and research, driving up financial expenses
for processing systems and hindering progress in critical computationally demanding ar-
eas such as machine learning, artificial intelligence, and big data analytics [7]. Therefore,
it is necessary to explore new methods and adapt existing screening techniques so they can
handle the demands of high-dimensional data more effectively. By improving the feature
elimination process, significant computational savings can be achieved, facilitating faster
innovation and reducing costs for both industry and research sectors. This thesis hypoth-
esizes that, by addressing the limitations of current screening rules, it is possible to refine
screening techniques, thereby enhancing computational efficiency in sparse optimization
and benefiting a wide range of data-intensive applications.

1.3 Objectives

1.3.1 Main objective

The main goal of this thesis project is to develop a computationally efficient method to en-
hance state-of-the-art screening techniques aiming to achieve greater computational sav-
ings by increasing the number of eliminated features.

1.3.2 Specific objectives

1. Implement sparse optimization problems that can serve as cases of study.
2. Apply state-of-the-art screening techniques to the established cases of study.

3. Propose a novel method to improve the screening support estimation (increasing the
number of discarded features).

4. Test the proposed method for the defined cases of study and assess key performance
metrics to quantify its effectiveness.



1.4 Validation of contributions

The proposed method will be subjected to both theoretical evaluation and experimental
validation. The theoretical evaluation will focus on analyzing the method’s computational
cost and memory usage. On the other hand, the experimental validation will assess the per-
formance of the method by applying it to a range of optimization problems corresponding
to the selected cases of study (which will be fully defined in Chapter 5). These tests will
verify the method’s ability to yield computational savings and accurately identify non-
contributing features across various tasks.

1.4.1 Theoretical evaluation

The theoretical time and space complexity of the proposed method will be thoroughly
analyzed to assess its computational efficiency. This analysis is included in Section 4.3.
Specifically, the asymptotic efficiency, i.e. how the resource consumption of an algorithm
increases as the size of the input increases without bound, will be studied. The time
complexity refers to the amount of time that an algorithm requires to run and is determined
by counting the number of operations needed for the algorithm to complete its task [8].
This key metric is typically expressed as a function of the input size, providing insights
into how the algorithm’s performance scales with an increasing amount of data. On the
other hand, the space complexity reflects the memory usage of the algorithm, measuring
the amount of memory required as a function of the input size. Both time and space
complexities are commonly expressed using asymptotic notation. Specifically, the big-
O notation (0) is used, since it describes the asymptotic upper bound or the worst-case
scenario, within a constant factor, of a function.

1.4.2 Experimental validation

Experimental validation will be performed to assess the computational gains achieved by
the proposed method, as well as to determine whether there is any quality loss in the result-
ing solutions. Chapter 5 thoroughly presents the experiments used to validate the proposed
method in this work. A series of tests across different application contexts, ranging from
signal processing to machine learning, will be employed to thoroughly characterize the
performance of the proposed method.

The evaluation will focus on a few key metrics. First, the cardinality of the solution,
i.e. the number of non-zero entries in the optimal solution, will be analyzed as it directly
quantifies the immediate impact of applying screening rules. Since the primary goal of in-
troducing the proposed method is to speed up the optimization process, the computational
efficiency will be evaluated through the metrics detailed in the following. Total process-
ing time will be recorded. This gives a direct measurement of the computational cost and



allows us to evaluate the effectiveness of variable discarding in reducing the runtime. To
quantify the performance improvement when using screening techniques, the speedup, de-
fined as the ratio of the processing time of a previously established baseline method to the
processing time of the method under evaluation, will be analyzed.

In addition, quality metrics will be examined for different tasks. In cases where the
optimization problem is related to classification or regression, the accuracy in both the
training set and test set is evaluated [9]. This allows to measure how well the solution
generalizes to unseen data. On the other hand, for signal and image reconstruction tasks,
the peak signal-to-noise ratio (PSNR) [10] will be used as a measure of the quality of the
reconstructed signal or image compared to a reference ground truth. PSNR is widely used
in image processing and measures the ratio between the maximum possible power of a
signal and the power of corrupting noise.

1.5 Mathematical notation

e Variables: Represented by lowercase letters (e.g., x, ).

Vectors (1D tensors): Denoted by bold lowercase letters (e.g., X, ¢).

Matrices (2D tensors): Represented by bold uppercase letters (e.g., X, ®@).

Superscripts: Indicate:

— The state or value of a variable at a specific iteration.
— An element in a sequence.
— Example: x(®) represents:

x The value of x at the k-th iteration.
x The k-th element in the sequence {x(k) }

Subscripts: Used for array slicing:

— Added to the letter to explicitly indicate the slicing type.
— For an n-dimensional array, the subscript is an n-element tuple:
x a: b — selects elements between indices a and b (interval slicing).
* : (colon) — keeps the entire dimension unchanged (no slicing applied).
* a — selects only the single element at index a (single-element selection).
* Condition: b > a > 0.
— Position in the tuple:
* Each element in the tuple corresponds to a specific dimension of the array.

* The k-th position in the tuple determines how the slicing affects the k-th
dimension.

10



Chapter 2

Theoretical background

2.1 Fundamentals on convex analysis

In this section, relevant concepts for the development of this thesis are reviewed. For a
more detailed description of the concepts and theorems listed here, see [11].

2.1.1 Basic concepts and properties
2.1.1.1 Convex sets and functions
A set € is convex if, for any 0 € [0, 1] and points x;,x; € C, the following holds

0-x1+(1—-0)-x,€C (2.1)

On the other hand, a function f is convex if, for any 6 € [0,1] and points x1,x; €
dom(f), the following holds

F(O-x14(1-6)-x2) <O-f(x1)+(1-8)-f(x2). (2.2)

2.1.1.2 Indicator function

The indicator function characterizes the membership of an element in a set. Formally,
given a set C C IR, its indicator function, denoted by 1¢ is defined as

0 if ueC,
te(w) = {+oo if uge. 2.3)

11



It is important to note that if € is a convex set, its indicator function ie is also convex.

2.1.1.3 Subdifferential

The subdifferential is a generalization of the derivative for convex functions that allows
for non-uniqueness. Formally, the subdifferential of a function f at u, denoted by df(u),
is the set defined by

df(u)={geR": f(u)> f(v)+(gu—v), ¥weR"}. (2.4)

Geometrically, the subdifferential at a point u represents the set of all possible slopes
of lines that lie below or touch the graph of f at w. If f is differentiable at u, then the
subdifferential reduces to a singleton set containing the derivative of f at u.

2.1.1.4 Smoothness
A function is smooth if it exhibits continuous and well-behaved behavior without abrupt

changes or irregularities. Formally, a function f is L-smooth if its gradient Vf is a L-
Lipschitz function, i.e. Vu,v € dom(f) it follows that

V() = V)] < Lllu—vl, (2.5)
where L is a parameter known as smoothness constant. This constant quantifies the rate at
which the function’s gradient can change and provides an upper bound on the function’s

curvature. A smaller Lipschitz constant L corresponds to a smoother function, where the
gradient changes more gradually, while a larger L implies a more irregular behavior.

2.1.1.5 Proximal operator

Given a closed and proper function f : € — RU{+eo}, the proximal mapping of f for
u € C[12], denoted as prox (u), is defined as

) 1
prox ; (u) = argmin f(v)+§|lv—qu. (2.6)

The proximal operator can be interpreted as the calculation of a point that is close to u
with respect to the function f. It is also important mentioning that this operator preserves
the convexity of the function f i.e. if f is convex, then prox;_ (u) for any A > 0.

12



2.1.2 Karush-Kuhn-Tucker conditions

They are also referred as Kuhn-Tucker, optimality or KKT conditions [13]. Given the
following general convex program

m]iI? f(u) subjectto cj(u)=0, i€J, c;(u) <0, je, (2.7)
uclR”

with solution continuously differentiable . Then, there exist a Lagrange multiplier vector
¥, such that the following condition is satisfied

(0,0) € 3L (8, 9), 2.8)

where £ is the Lagrangian of the convex program. It is important to mention that the
Karush-Kuhn-Tucker conditions can also be stated as

Vol (8,9) =0 (2.92)
ci(u)=0, i€ (2.9b)
ci(u) <0, i€g (2.9¢)

vi=0,i€] (2.9d)
vi-ci(u) =0, ieJU{g, (2.9¢)

as is indicated in [11, 14]. It is important to mention that:

e Equation (2.9a) is known as the stationarity condition,
e Equations (2.9b) and (2.9¢) are known as the primal feasibility conditions,
e Equation (2.9d) is known as the dual feasibility condition,

e Equation (2.9¢) is known as complementary slackness condition.

2.1.3 Duality
2.1.3.1 Fenchel-Legendre transform
The Fenchel-Legendre transform [13] is a mathematical operation that associates a con-

vex function with its dual function. Formally, given a function f : R" — IR, the convex
conjugate, or Fenchel conjugate, of f is a function f* : R” — IR defined as

f(v)=sup (u,v)— f(u). (2.10)

uclR”

13



The mapping f — f* is known as the Fenchel-Legendre transform. Some important
properties and relationships associated with the Fenchel-Legendre transform include:

e If fis a convex function, then its Fenchel-Legendre transform f* is also convex.

e If f is a proper, closed, and convex function, then the convex conjugate of its convex
conjugate, denoted as (f*)*, recovers the original function f i.e. (f*)* = f.

e The Fenchel-Legendre transform provides a duality relationship between optimiza-
tion problems. In particular, it relates primal and dual problems and facilitates the
derivation of optimality conditions and duality gaps.

2.1.3.2 Primal-dual pair

A primal-dual pair [15] refers to a specific relationship between two closely related opti-
mization problems: the primal problem and the dual problem. In the context of this work,
the following primal-dual pair is considered

a™ e P (u) := argmin f(Xu)+LA-g(u) (2.11a)
uclR”
v™ € Dy (v) i=argmax —f* (~A-v) —A-g" (XTV), (2.11b)
velR”

where f:IR” — IR and g : R” — IR are convex and proper functions with convex conju-
gates f* and g*, respectively, X € R"*" is matrix (or operator) of the primal-dual pair, and
A > 0 s the regularization hyperparameter. It is important to mention that Py (u) and D; (v)
are known as the primal and dual problems with solutions @™ and ¥, respectively.

2.1.3.3 Duality gap

The duality gap [14] is defined as the difference between the optimal values of the primal
and dual problems. Mathematically, given a primal-dual feasible pair of vectors (u,v) €
dom (P)) x dom (D), the duality gap is defined as

gapy (u,v) = P, (u) =Dy (v). (2.12)

It is important to mention that the optimal solution to the primal problem cannot be
lower than the value obtained by solving the dual problem i.e. P, (ﬁ(k)) > Dy (0(7‘)> ,

meaning that the duality gap can only take non-negative values. The duality of the primal-
dual pair can be characterized by using the value of the duality gap. Strong duality, a
property associated with convex optimization problems, is the situation associated with

14



the duality gap being zero i.e. P, (ﬁ(k)) =Dy ({;(M) and implies that the optimal solution
to the primal problem can be found by solving the dual problem, and vice versa. On

the other hand, weak duality is a property associated with both non-convex and convex
optimization problems and presents itself when the duality gap is greater or equal than

zero i.e. Py (ﬁo‘)> > Dy, (0(7‘)) It is important to mention that due to the weak duality
property, the following property holds

Py (u) — P, (ﬁ(k)> < gap) (u,v). (2.13)

2.1.3.4 Fenchel duality theorem

The Fenchel duality theorem [13], also known as the Fenchel-Moreau duality theorem, is
a fundamental result in convex analysis and optimization theory. It establishes a strong
duality relationship between a convex function and its convex conjugate function, provid-
ing insights into the optimization problem associated with the original function. Formally
and in the context of this work, for a primal-dual pair given by (2.11a) and (2.11b), strong
duality holds if and only if the following holds

XT3 ¢ g (ﬁm) o™ e ag* <XT€7(7“)) (2.14a)
9™ car <Xﬁ(7‘)) s xa® e o (—x-o“‘)) . (2.14b)

It is important to mention that (2.14a) and (2.14b) are also referred to as optimality or
KKT conditions in recent literature [5].

2.2 Optimization algorithms

In the context of large and huge scale optimization, the challenges of solving optimiza-
tion problems range from memory limitation, non-linearity, non-smoothness to even non-
convex problems. Among several optimizers, gradient descent and its variants are very
well-known popular methods applied in those fields in the machine learning and signal
processing fields. The class of gradient methods provide cheap computations, convergence
guarantees, easy-to-implement parallelization, and efficiency in high dimensions. In the
following, relevant details related to the accelerated proximal gradient (APG) method, a
popular variant of gradient descent that is the optimizer used in this work, are presented.
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2.2.1 Gradient methods

Gradient methods constitute a class of optimization techniques that rely on the information
conveyed by the gradient (first-order derivative) to perform the optimization of a function.
They are aimed at optimization problems of the form

min f(x), (2.15)
xeR”
where f is convex and L-smooth. The usage of the gradient provides a nice tradeoff
between computational cost and convergence properties that allows for these methods to
be applied in different applications.

2.2.1.1 Gradient descent

Gradient descent [16] is a well-known optimization solver and is widely applied to several
problems in machine learning and computer vision. It consists of following updates in a
direction opposite to V f as

gmn:gm_¢myf@®>. (2.16)

It is important to mention that due to its low convergence rate, which is asymptotically
O (k’l) , the application of gradient descent is limited only to a few problems.

2.2.1.2 Nesterov’s accelerated gradient

The Nesterov’s accelerated gradient [17] is an extension of the standard gradient descent
algorithm with the goal of improving convergence speed, especially in situations where
the optimization landscape has a high degree of curvature. This algorithm is outlined as
two steps and the use of a

gww:¢@_¢wvf@®) (2.17a)
k)2
e _ 1 1;4’ (2.17b)
k) _1
k1) _ (k) ! k k—1
yEHD) = y(®) t(k—ﬂ)‘("()_x( >>, 2.17¢)

where 'Y(k) = t,((k)T_wl is the inertial sequence of the algorithm. This algorithm wields an

improved asymptotically convergence rate of O (k_z).
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2.2.2 Proximal methods

Proximal methods constitute a class of optimization techniques that is considered as an
extension of gradient methods commonly used to solve convex optimization problems in-
volving non-smooth functions. In particular, these methods are used to solve optimization
problems of the form

min F(x) = f(x) + g(x), (2.18)
xeR”
where f is a convex and L-smooth function and g is a non-smooth function. These methods
are widely applied in several fields, including machine learning and signal processing.

2.2.2.1 Proximal gradient

Gradient descent was extended, by introducing the proximal operator, to the proximal
gradient (PG) algorithm in order to solve problems with non-smooth regularization [18],
and it consists of the following update

x(k+D = ProXes).q (x(k) —a® -Vf (X(k)>) . (2.19)

It is important to mention that when g(x) = A||x||;, the PG method is known as iterative
shrinkage thresholding algorithm (ISTA). It was independently verified that early variants
of PG achieve a convergence rate of O (k‘l) [19, 20, 21].

2.2.2.2 Accelerated proximal gradient

Conversely to the PG, the Nesterov’s accelerated gradient algorithm can be extended us-
ing the proximal operator. The extension for problems with non-smooth regularization is
known as accelerated proximal gradient (APG), also known as the fast iterative shrinkage
thresholding algorithm (FISTA) [22] allows, to solve optimization problems of the form
(2.18) by using the following updates

k1) — ProXy ., (y(k) —ok.vf <y(k))) (2.20a)
102
ey _ 1 1;4 t (2.20b)
(k1) _ (k)+—f(k)_1. (k+1) _ L (0) 2.20
y =Yy (k1) <X X >’ (2.20c)
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where f, g :IR” — IR are convex functions, V f is L-Lipschitz continuous, and g(.) could be
non-smooth. APG uses information of the two previous iterates of the solutions, achieving
a convergence rate of O (k‘z).

2.2.3 Adaptive step size techniques

Several strategies have been proposed to accelerate gradient-based and proximal methods.
For instance, methods for selecting the step size a®) have been a key focus since they
allow significantly reducing the number of iterations required for convergence, although
often at the cost of increased per-iteration computation. One such strategy is the line search
method for step size selection [14], however, although this method is effective, it incurs in
a high computational cost, as an additional optimization problem

offy = argmin £ (x¥ —a-vf(x¥)) (2.21)

oacR*

is required to be solved per iteration. Another widely applied choice to compute the step
size is the Cauchy step size selection technique [16], tailored for quadratic problems, it
proposes to use the following expression

w]>
o) = %, (2.22)

where g¥) = Vf (x(k)>, and Q represents the Hessian of the function f at x*). It is

also worth mentioning that a multiplicative variant of the Cauchy step size [23] has been
proposed and is expressed as

a® ﬂ (2.23)
Ca-mul (g®,Qg®))’ '

where ¢ € [0,2]. Furthermore, in order to exploit the sparsity in the solutions of certain
optimization problems, a support-aware variant of the Cauchy step size technique [24],
initially proposed in the context of iterative hard thresholding, is given by

2
o |59 o] (2.24)
Ca-supp — (s ogk, Q(skogh))’ '

where © represents Hadamard product i.e. pointwise multiplication, and the support (es-

timated at the k-th iteration) is given by s =1 (X(k)> with 1(.) representing a pointwise
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indicator function. On the other hand, the Barzilai-Borwein technique [25] proposes the
two following step size sequences

(k—1) (k—1) INIE
(k) :<Z Y > (k) Hy(k I)HZ
OBRB_y1 5 (2.25a) a _

R 82 = (i k)

(2.25b)

where yk—1) = x(k=1) _x(K) apd zk=1) = g(k=1) _ g(k) and more recently, a variant based
on these was proposed in [26] as

) g _ 1",
Opp.v3 = \ OgB.y1 *OBB-v2 = W (2.26)
2

It is worth to mention that in [27], the previous original proposals were combined into
the Cauchy-Barzilai-Borwein step size selection, which reads as

(k) .
o, f d(k,2) =0

I O (k:2)=0, (2.27)
OCBB otherwise.
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Chapter 3

Problem size reduction

High-dimensional regularized optimization problems present significant computational
challenges due to their intensive resource requirements. As the demand for efficient op-
timizers grows, particularly with the adoption of sparsity-inducing regularization, several
techniques have been developed to improve performance. Among these methods, feature
screening stands out: a collection of optimizer-agnostic rules designed to reduce problem
complexity by identifying and eliminating non-active entries in the solution of sparse op-
timization problems. This not only enhances computational efficiency but also adapts to a
variety of iterative solvers. This chapter outlines the key problem size reduction strategies
and provides a synthesis of the current state of the art in screening methodologies.

3.1 Facial reduction

Facial reduction is a method designed to aid in the size reduction of optimization problems.
It was originally conceived to be applied to linear programming [28, 29], and extended to
conic programming [30], and further adapted to semidefinite programming [31]. All these
problems can be written as generic conic programming problems i.e. in the following form

mig (c,u) subjectto Au=b, u =5 Oyq(e), (3.1)
ue

where X is a convex cone defined in €, and a =4 b is a relational operator that implies
a—b € XK. Furthermore, depending on the choice of XK, the optimization problem can cat-
egorized as linear or semidefinite programming when X is chosen to be IR", (non-negative
orthant), or 5 (semidefinite cone), respectively.

Facial reduction simplifies the feasible region of an optimization problem by work-
ing with its auxiliary systems (constraints) to eliminate redundancies. This technique is
grounded in the Theorem of the Alternative [32], which provides the mathematical basis
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for facial reduction computations in problems that do not satisfy the Slater condition, that
is, problems that are not strictly feasible. The formal characterization of facial reduction
is based on the concept of a face. A face is a subset of the feasible set of the convex cone
X that is itself a convex cone. The minimal face of X containing a set M C X is defined
as the intersection of all faces of X that contain M, and is denoted by face (M, X). Let F,
be the feasible region of the primal problem. The minimal face of X that contains F, is
denoted by face (F,,X). Then, facial reduction allows replacing X with face (J,,X), and
& with span (X) in problem (3.1).

In linear programming, this procedure is often required only once. However, for conic
and semidefinite programming, repeated applications may be necessary. The result is a
lower-dimensional primal problem that automatically satisfies Slater’s condition, because
J, intersects the relative interior of face (F,,X). Finally, it is important to mention that
the facial reduction procedure is conceptual. This is due to the fact that its implementation
involves either demonstrating that the auxiliary systems are inconsistent or solving them
to machine precision at each iteration.

Recent advancements in facial reduction have yielded significant progress. For in-
stance, the relaxation of auxiliary problems to achieve solvable systems—since solving
the auxiliary system is not always simpler than the original problem—was explored in
[33] for semidefinite programming and its impact on facial reduction. Additionally, [34]
demonstrated how combining facial reduction with other techniques aligns well with an
alternating direction method of multipliers (ADMM) solver [35] to address semidefinite
programming with double non-negativity constraints. Moreover, the facial reduction tech-
nique has proven valuable in applications such as matrix completion [36], robust principal
component analysis [37], and challenging combinatorial problems [38].

3.2 Correlation screening

Correlation screening is a class of dimensionality reduction techniques for sparse problems
that is based on a property coined as sure screening. Sure screening denotes the property
where, in the context of solving a sparse problem, all essential variables reliably survive
the elimination process, with probability tending to one. An important screening technique
of this class that was formulated for linear models 1.e.

y=Xo+€, (3.2)

where y € R is the response of the model, X € R”*" is a random design matrix, ® €
IR" is the parameter of the model, and € € R™ represents i.i.d. random errors, is sure
independence screening (SIS) [39] which uses correlation learning which filters out the
features that are weakly correlated with the response. Then, the SIS test to evaluate the
k-th of the design matrix reads as
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XL.y|>1— @y =0, (3.3)

where @ is the obtained estimation, and ¢ is a selected critical threshold (such that the
number of selected variables is smaller than a prescribed proportion of the features). Sev-
eral improvements to the standard SIS test have emerged over time. For instance, [39]
introduces iterative variants of SIS to enhance performance. To address challenges posed
by heavy-tailed distributions and highly skewed responses, a robust version of SIS was
proposed in [40]. The SIS method has also been adapted to the compressed sensing
framework, as demonstrated in [41]. Additionally, [42] proposes incorporating a con-
ditioning set (prior knowledge) to reduce false positives and false negatives when dealing
with highly correlated covariates.

3.3 Screening rules

Screening rules [3] are a class of methods designed to exploit sparsity to reduce the size
of sparse optimization problems by leveraging the structure of the associated primal-dual
pairs. These techniques have proven effective for eliminating features by estimating and
tracking the support of optimization problem solutions, or for sample elimination by iden-
tifying redundancies among training examples. The focus in what follows is specifically
on feature screening techniques, commonly referred to in the literature as screening rules.

In general, modern screening techniques arise as a consequence of the generalized
Kuhn-Tucker theorem i.e. Karush-Kuhn-Tucker (KKT) conditions [13]. For an optimiza-
tion problem with a sparsity-inducing regularization and matrix system X € IR™*", its
associated primal-dual pair can be expressed as

oW ¢ argmin Py (Q) := f(XQ)+A-g(Q) (3.4a)
QeR"™*P
6" c argmax Dy (©) = —f* (—1-©) —L-¢g" (X7 O) (3.4b)
OcRmxp

where f and g are convex functions (f is L-smooth and g is non-smooth and separable)

with Fenchel conjugates f* and g*, respectively, and Q(M and C:)(M are the primal and
dual solutions. It is important to mention the convenience of proceeding with this screen-
ing framework while taking into account the separability assumption i.e. the structure-
promoting regularization term g is considered to be separable (this is the case for a broad
class of applications in signal processing and machine learning), to perform an analysis
for each feature or group of features in an independent fashion. Then, the considered
optimality conditions with the separability consideration can be expressed as
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x7,0" ¢ ag (Q,ﬂ”) 355  —2-0Y vy (XQ(”) . (35b)

Conversely, the basic screening rule to discard the k-th feature arises from (3.5a) [5,
Theorem 3], and takes the following form

|xr6" | <1-a) =0, (3.6)

.. . . . . . A(L) .
It is important to mention that the screening rule (3.6) is not applicable since G( ) 1S not
available until the end of the optimization procedure.

3.3.1 Safe screening rules

Screening rules are considered safe if they ensure the identification and elimination of only
those features or variables that do not contribute to the optimal solution [5]. These rules
arise from the basic rule (3.6) by defining a region R (known as safe region) that contains

the dual solution @(M. This leads to the following evaluation rule for the k-th feature

max HXTkG)H <1 —>Q,(:L)

=0,. 3.7
OcR P S

It is important to note that by incorporating the safe region constraint, the rule (3.7)

does not depend on @(7»)’ enabling its practical implementation. This is a key feature that
makes the rule computationally feasible. However, to make the rule applicable in practice,
a specific point in the dual solution space, denoted as P € R (referred to as the dual point),
must be selected. This choice of a dual point simplifies the evaluation of the screening rule
while ensuring its correctness within the defined safe region leading to

IXEPI|+ X |- max [@—P| <18 0, (3.8)

The rule expressed in (3.8) is still not applicable as is, but it is possible to find an upper
bound dependent on the dual region and other elements

®-P|| <d X,Z,Q.0.\
r(})leai)é H H_ P;L,Dx,32< s Ldyna, I, )7

resulting in the following generic rule for the computational application of safe screening
in evaluating the k-th feature of the primal problem

)

IXT P+ |[Xe:|| - dp, b2 (X, 2,2,0,4) < 1 - =0, (3.9)
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where dp, p, ® (X,Z,Q,0,]) is a function dependent on the structure of the primal-dual
pair (Py,D;,) and the geometry of the dual region R. On the other hand, the dual point
P can be obtained using the dual solution ®, and its calculation depends on the geometry
of R. In turn, the primal-dual link, which provides the following easy-to-compute way to
calculate the dual solution, can be written as

Vi (X.4Q)
ST max (A Amax)’

(?) (3.10)

where Apax is the smallest value that A could take that corresponds to an all-zero primal
solution. Safe screening rules have been proposed to accelerate the solution of prevalent
problems in signal processing and machine learning, such as LASSO [43, 44, 45, 46],
sparse logistic regression [47, 48, 49], and sparse support vector machines [50, 51, 52],
among others. Studied choices for defining the safe region include ball (often referred
to as a sphere in the literature) [3, 53], ellipsoid [54], dome [55, 56], and polytope [57].
Despite the variety of these choices, the safe sphere remains the most widely adopted
due to its minimal computational overhead in optimization algorithms. Among the many
safe screening techniques discussed in the literature, the most prominent are the gap safe
screening rules, which use the duality gap to determine the function dp, p, » (X,Z,Q,0,2),
enabling efficient identification and elimination of irrelevant features.

3.3.2 Strong screening rules

Introduced in [58], the relaxation of the initial safe screening rules led to the proposal of a
new set of rules, now known as strong screening rules. These rules, while allowing for a
higher number of excluded features compared to the original ones, come with the trade-off
of potentially discarding relevant (i.e. active) features. This relaxation involves relaxing
the non-expansiveness condition on the gradient of the data fitting term, unless stronger
assumptions about the dictionary or system matrix are made.

The initial strong screening rule was aimed at ¢/1-norm regularized statistical models,
1.e. problems of the form

.1 2
— || X — A1
Join, 2|| o-yl;+2lo],, (3.11)

where A is the regularization hyperparameter, X is the matrix of the system, y is the ob-
served data. Considering that the minimum hyperparameter for which the solution of the
problem is all-zero is given by Ayax = HXTy} ..» then the basic strong screening rule to
evaluate the k-th feature is expressed as

XT.y| <2A—Amax — @ =0, (3.12)
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. . . . . . X,
where ® is the solution of the problem. This rule is obtained by replacing Ww

with one in the safe screening rule proposed for LASSO in [3]. A simple intuition of
this comes from analyzing standardized dictionaries or features i.e. Hij; ||2 =1, so the
following Cauchy-Schwarz inequality holds

¥l
xmax

> 1. (3.13)

Strong screening rules were extended to tackle other classes of optimization problems.
A generalization of strong rules was proposed in [58] for a broader class of sparse regular-
ized problems, so it can be applied to optimization problems of the form given by (3.4a).
The extended strong rule to evaluate of the k-th feature reads as

IXE.VF Omsp) || < 22— Amax — Q. = 0,, (3.14)

where Q is the solution to the problem. Finally, since strong screening rules have the risk
of incorrectly discarding relevant features, they must be supplemented with a check on the
discarded features to perform corrections. The verification is done by checking the KKT
conditions for all entries of the solution. If there are no violations, the solution is correct.
Otherwise, the discarded entries that violate the KKT conditions are included in the active
set of entries and the optimization problem is solved with the updated set of active entries.

3.3.3 Non-static screening rules

The safe and strong screening rules discussed above can be classified as static screening
rules, as they are typically applied prior to solving the optimization problem, that is, as a
preprocessing step. Their effectiveness can be enhanced by adapting them into methods
that operate during the optimization process itself, allowing for a more refined estimation
of the active support and, consequently, the elimination of additional features. These adap-
tations, known as non-static screening rules, adjust the estimated active set dynamically as
the optimization proceeds, leading to a more effective feature selection. Below, the most
noteworthy adaptations of static screening rules into non-static variants are presented.

3.3.3.1 Sequential screening rules

Warm start [14] is an optimization technique that allows to accelerate the convergence
and improve the efficiency of solving a particular optimization problem by leveraging the
information gained from solving similar or related problems. Formally, the standard warm
start sequence of problems, i.e. the problems that are solved sequentially, are defined as
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min £ (XQ)+A7.g(Q), 3.15

min - /(XQ)+10 ¢ (@) (.15
where i = 0,...,n, and all problems in the sequence have hyperparameters that are ele-
ments of a strictly decreasing sequence i.e. A1) > A0 Here, the solution of the (i—1)-th
problem is used to initialize the i-th problem, thus improving convergence.

In the context of warm start, the static screening techniques can be adapted to eliminate
non-contributing features to refine the support of the solution for each problem to solve.
This is done by using the solution of the previous problem in the warm start sequence, i.e.
the solution of the (i — 1)-th problem is used to compute the elements to perform screening
in the i-th problem instead of using an all-zero solution (which is typically used in static
screening), thus achieving a more refined support. This idea applied to safe screening rules
was explored in [3, 59], leading to sequential safe screening rules (also known as recursive
safe screening rules). In particular, the most popular sequential safe screening rules are
based on the gap safe sphere, and its application to the i-th problem in the sequence of
optimization problems reads as

(i)

HX'{:Z@(H)H + 0] < 19 =0, (3.16)
where the center @(i_l) and the radius r\¥) are calculated as
A (i-1)

o vr(xG

R ( ) — (3.17a)
max (Mi—1>,g° (XTVf (XQ )))
W) _ 2 GG

r = \/L—. 0 gap) (Q ,0 ) (3.17b)

where Q(l) and (':)(l) are the primal and dual solutions that correspond to the i-th problem in
the sequence, respectively, and g° is the dual norm of g. Conversely, the application of this
idea to strong screening, coined as sequential strong screening rules, was proposed in [58].
For a warm start sequence of problems given by (3.15), the sequential strong screening to
evaluate the k-th feature in the i-th problem in the warm start sequence reads as

XtV (XQ(H)) | <220 -20-0 o =0, (3.18)

A(i—1) . . . .
where Q(l ) is the solution of the (i — 1)-th problem in the warm start sequence i.e. when
the regularization hyperparameter is Al~1).
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3.3.3.2 Dynamic screening rules

An important note on safe screening rules in its static form is that their formulation uses the
initial values of primal and dual solutions, Q and ®, which are not obtained but selected.
Standard practice involves choosing Q as all-zero and ® as its correspondent obtained
by the primal-dual link. By applying the underlying principle of sequential screening,
the performance of the screening procedure can be enhanced by strategically selecting
these values resulting in a more accurate support estimation. This idea was explored in
[60, 61, 62] for updating the parameters associated with screening by using the primal and
dual solutions at a given iteration in the optimization procedure, thus performing screening
along with the iterations of the optimization algorithm leading to dynamic screening. The
resulting technique is known as dynamic since it allows to refine the number of discarded
features as the algorithm progresses towards the optimal solution.

The dynamic screening idea was elaborated into a general framework for gap safe
screening, in particular for a safe sphere region, in [5]. Furthermore, a theoretical guaran-
tee was provided there for that particular case, since demonstrating that the sequence of
safe spheres produced by dynamic screening converges as the iterations of the optimiza-
tion solver go on. In particular, the rule of dynamic screening using a gap safe sphere to
evaluate the k-th feature at the i-th iteration of the optimization solver, read as

XL+ x| <1 = 0, (3.19)

where the center ®~1) and the radius V) are calculated as
Vf (XQ(H)>
. max (A, g° (XTVf (XQU-D)))

el-1) — (3.20a)

A = \/ % gap, (QUD,@0-1), (3.20b)

where Q) and ®) are the values of the primal and dual solutions at the i-th iteration of
the optimization solver, respectively, and g° is the dual norm of g. Other notable works on
dynamic screening include [63] that introduces dynamic sasvi, a dynamic extension of the
sasvi screening technique. Finally, it is important to mention that it is often recommended
to perform dynamic screening only every few iterations due to the expensive computational
cost of the duality gap calculation [5].

3.3.4 Screening rules for non-traditional regularization schemes
Screening rules have been extended to handle sparse regularizers that do not conform

to the separability property or the convexity condition typical of classical screening ap-
proaches. For instance, [64] addressed screening rules for non-convex sparsity-promoting
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regularizers by employing an iterative majorization-minimization (MM) approach, embed-
ding a screening rule in its inner solver, with a condition to propagate screened variables
across MM iterations. In [65], screening rules were adapted to problems involving both
¢>-norm regularization and either ¢y-pseudonorm regularization or ¢op-pseudonorm-based
constraints by applying convex perspective relaxations to the mixed programming formu-
lations of these problems. Similarly, [66] applied screening rules to ¢y-pseudonorm reg-
ularized least squares, particularly in the context of bound-and-branch solvers. Screening
rules for constrained problems were adapted in [4], using the indicator function of the con-
strained set as regularization and employing the Wolfe gap function instead of the conven-
tional duality gap. The challenge of non-separability posed by overlapping group norms
was tackled by screening rules introduced in [67], which proposed evaluating each group
using the dual polytope projection screening approach, while accounting for overlapping
groups inclusive of the one under evaluation. Finally, strong screening rules [68] and safe
screening rules [69] were proposed for Sorted L-One Penalized Estimation (SLOPE), a
class of optimization problems that use the convex but non-smooth sorted ¢1-norm as a
sparse regularizer, which imposes heavier penalties on larger entries of the solution.

3.3.5 Beyond the limits of classical screening rules

Screening rules have also benefited from both theoretical advancements and practical find-
ings, enabling their application in broader setups or enhancing their efficiency within tra-
ditional schemes. For example, it was shown in [70] that screening rules can function
effectively in non-convex optimization contexts, as long as the loss function is convex
over certain subsets of its domain (locally strongly convex), removing the requirement
for global convexity in the optimization problem. Moreover, in the context of LASSO,
screening rules were extended into Adascreen [71], incorporating multiple half-space con-
straints on the dual optimal solution in addition to the traditional sphere constraint (safe
sphere screening rule), forming an ensemble of screening rules. A hybrid approach, com-
bining safe and strong rules, was introduced as hybrid safe-strong rules (HSSR) in [72],
integrating safe screening into a strong screening procedure to reduce the need for post-
convergence KKT checks on features eliminated by safe rules. Similarly, the combination
of safe screening with a relaxation procedure for tracking zero and non-zero entries in
non-negative elastic net regularized least squares was explored in [73]. Lastly, region-free
safe screening rules were introduced in [74] for ¢;-norm regularized convex problems,
comparing the values of relaxed primal and dual functions at feasible points.

3.4 Squeezing rules

Spreading the information of a signal uniformly over its representation coefficients is also
a desirable property in certain applications such as the design of robust analog-to-digital
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conversion schemes [75, 76] or to reduce the peak-to-average power ratio (PAPR) in mul-
ticarrier transmissions [77, 78]. This property leads to democratic or antisparse represen-
tations in the sense that the representations coefficients are dense with several saturated
entries [79]. The associated optimization problem to find such representations is known
as antisparse coding and is modeled as a /-norm constrained problem, though it is more
common to use the regularized form

.1
min [ Xe —y|3 +2[o]... (321

oelR”

where X € R™*" is the coding matrix, y € R” represents the signal measurements, and the
antisparse representation of the signal denoted by @ is the solution to the problem.

It is important to note that the problem given by (3.21) does not produce a sparse so-
lution, nevertheless, the uniformly spreading property of its solution can also be exploited
to perform feature elimination in a similar fashion to screening rules. Squeezing is a tech-
nique proposed in [80, 81] that allows to discard features for the antisparse coding class
of problems by identifying the entries that were guaranteed to saturate i.e. to take the
allowed maximum value. Furthermore, these squeezing rules were found to relate to the
safe screening rules (thus dubbing them as safe squeezing rules) due to them complying
with the safe property (since the both of them only discard non-contributing features) and
the similarity in their structure.

Formally, the squeezing rules aim at estimating the set of indices of saturated entries
™)

in the solution of the antisparse coding problem as W = 19) U1’”, where

B = {ksoff) =

() *)

with 1} and 1" representing the sets of indices of positive and negative saturated entries
in the solution, respectively. Clearly, it is not possible to know 1) without solving the
antisparse coding problem, so, in practice, the aforementioned sets are estimated as t,
1+, and 1, where 1 C 1(7‘), 1 C 19), - C 1@, and 1 =1, Ul_. In order to exploit the
knowledge of the estimated set 1, the problem given by (3.21) must be rewritten as

ci)(“Hw} (3.22a) 1(}):{k:d)(”:—

NG Hm} . (3.22b)

2
+A-w subjectto —w<w, w<w, (3.23)
2

min % H Xe X m —y

(w,w)eReard(€) xR

where w represents the absolute value of the saturated entries, C is the set of indices that
correspond to the entries in the solution that are guaranteed not to saturate, the vector X
is calculated as the difference between the columns of X that correspond to the positively
saturated entries and those that correspond to the negatively saturated entries, i.e.
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x= Y Xp:— Y X (3.24)
kelg

kel
It is important to note that the dimensionality of the solution of the reduced problem,
given by (3.23), has been effectively reduced since card (C) = n —card (1).

The dual of the reduced antisparse coding problem is given by

1,2 1 2 T T
max iy~ 50—yl subject to |Xe8||, +x"8 <A, (3.25)

and the basic squeezing rule for evaluating the k-th feature is expressed as

X[8%|>0kel®™ o (3.26)
B sign(X,{yﬁ )

where é(k) is the solution of the dual problem of the antisparse coding problem with hyper-
parameter A. In [80, 81] it is demonstrated that, in a similar fashion to safe screening rules,
by introducing a region in the dual space that is guaranteed to contain the dual solution,
the basic squeezing rules become computationally applicable. In particular, the case of the
safe sphere i.e. ball B (c,r) was studied, resulting in the safe sphere squeezing rules

XD e| > r||Xe. |, = k™ (3.27)

sign (X,{c) ’

where the center ¢ and radius 7 can be determined as

- \/Z-gapx (w:.8) (3.282)
_9— z if ||XZlz||, +x"z<0, :
T W'Z if || Xgz, +%"z>0, (3.28b)

where gap, is the duality gap between the reduced antisparse problem and its dual for
the hyperparameter A. Finally, it is important to mention that the extension to dynamic
squeezing for gap safe sphere squeezing is also studied in [81], where dual points that are
produced along the iterations of the optimization procedure can be used to update the safe
sphere, resulting in a dynamic procedure with properties similar to dynamic screening.
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Chapter 4

Proposed method

This chapter outlines the main contributions of this thesis. Initially, an intuitive exploration
of the quantities employed to evaluate features is provided, offering insight into their roles
and relationships. Following this, a practical approach for applying adaptive thresholding
on this collection is introduced, aiming to enhance feature evaluation accuracy. It is worth
to note that the contributions discussed in this chapter can be found in [6].

4.1 Screening metric

4.1.1 Definition

Screening rules become computationally feasible by incorporating a region R in the dual
space, which is guaranteed to contain the solution to the dual problem (3.4b). This allows
the selection of a dual point P € R, enabling the derivation of computable quantities.
Specifically, the screening metric to evaluate the k-th feature in the primal problem (3.4a)
is denoted by ®@; and defined as

@y = || XE.P|| + || Xk || - dp, b, 2 (X, Z,Q2,0,1) 4.1)

where dp, p, ® (X,Z,Q,0,1) represents a parameter that depends on the geometry of the
region R and the structure of the primal-dual pair (3.4a)-(3.4b). Then, the screening test
to evaluate the k-th feature, using the defined screening metric, is given by

()

&, <18, =0, (4.2)

a(h) . . . . "
where Q( ) is the solution of the primal problem. This condition ensures that features not
contributing to the optimal solution can be safely eliminated.
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4.1.2 Analysis of the distribution of the screening metric

It is important to note how the dual problem (3.4b) is structured. It consists of two primary
components: a data fidelity term, which ensures that its solution fits the observed informa-
tion, and a regularization term, which imposes a dependency to the matrix of features X.
. . . . A (A . . .
Following this reasoning, the dual solution ®( ) represents the ideal or correct information

(A

that the primal solution Q ) should correspond to, effectively acting as a reference for the

e . A (A
optimization problem. The correlation between ®( ) and the k-th feature can be denoted
as I'y, which can be calculated as

re=|x;.6"|. (4.3)

. . . A (A C .
and explains how relevant is the k-th feature with respect to Q( ). In sparse optimization,
the values collected in I" can be interpreted as follows: non-contributing features have low
I'; values, as their contribution to the final solution is minimal or non-existent. If the primal

solution fz(” is highly sparse, meaning most features are not relevant, the distribution of
I'; will have a large proportion of low values. As such, under the stated assumptions, the
distribution of the quantities collected in I' can be assumed to be unimodal, where the peak
(mode) corresponds to non-contributing features.

While I' provides crucial insights into the sparsity of the solution, its direct use is im-

. . . . oA C .
practical because computing I' requires the final solution ®( ), which is only available after
the optimization process is completed. To address this limitation, an alternative approach
is needed. In the context of safe screening, the introduction of the quantities ¥, defined as

Wy = max 1X7.0|, (4.4)

aids into deriving computationally feasible alternatives to directly relying onI". As demon-
strated in [5], these quantities are bounded by the inequality

T <) <Ty+ || Xk || - diam (R), (4.5)

where diam(XR) refers to the diameter of the region in the dual space R, representing the
distance between its farthest points. The following relation plays a crucial role in the final
outcome, even if it is not explicitly stated in this reasoning

®-P|| <d X,Z.Q.0. A\
I(E)leai)é H H_ P;L,Dx,32< s Ldyna, I, )7

where dp, p, ® (X,Z,Q,0,)) denotes a distance related to the dual region R, such as the
radius of a ball. By leveraging this relationship and the expression in (4.5), along with the
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following relations

X P|| <¥x  dp.p,%(X,Z,Q,0,}) < diam (R) D= max X[,
where P € R, it can be shown that each entry of the screening metric ® is bounded as

[ < ®; <T;+2D-diam (R). (4.6)

Following the unimodality assumption for I, it is reasonable to assume that ® exhibits
approximate unimodality, its mode is similarly bounded as

Iinode < Pmode < I'mode + 2D - diam (:R) ) 4.7)

which supports the notion that @ inherits the unimodal structure of I'. This makes ® a
valid surrogate that is feasible to compute, as it does not depend on the solution of the
optimization problem, with exploitable properties for practical implementations.

4.2 Generalized screening rule

In the context of safe screening rules, one challenge lies in the occurrence of false nega-
tives, where non-contributing features are mistakenly identified as contributing due to the
use of surrogate quantities ®; instead of the more accurate I'y. Since ®; > I'y, this dis-
crepancy can lead to errors in feature selection. To mitigate this, the proposed approach
leverages the approximate unimodality of @ to establish a threshold, thereby refining the
screening rule. Specifically, the evaluation rule for the k-th feature reads as

@ <10 =0, (4.8)

where ¢ is determined based on the distribution of ®. This generalization enhances the
precision of the screening process.

4.3 Adaptive thresholding for the screening metric

4.3.1 Formulation of the thresholding rule

In order to compute the threshold 7, the unimodality assumption for the distribution of &
is used, then, its histogram, from which an idealized though faithful representation can be
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observed in Figure 1, can be analyzed to formulate a rule for the computation of z. A basic
criteria would be to take a threshold greater than ®,,,qe to discard with great probability the
values associated with non-contributing features. Nevertheless, in practice, this strategy
can be either too conservative or too aggressive depending on the location of the threshold
for safe screening (which is equal to one).

hmax n 1

=

=

o

o

g

<

=

)

o

—

Z

=
0 | |
0 cIDmin q)l q)mode CI),, q)rnax

bin

Figure 1: Idealized representation of the histogram of ®

The following values can be extracted from the histogram of ®

q)min S q)l S q)mode S q)r S q>mzzun (49)

where ®, is a value corresponding to the threshold for unimodal data that can be computed
by using techniques such as [82], and ®; can be computed in a similar fashion using the
left part of the histogram.

The proposed criteria for the computation of ¢ takes into account the shape of the
histogram of ®, and is crafted such that the resulting value of ¢ is greater than one (to
achieve more computational savings than safe screening). Before analyzing the histogram
of @ to formulate a rule for the computation of ¢, it is important to note that if ®,x < 1,
then the solution of the problem, denoted by Q(M, is all-zero, since safe thresholding
should discard all features, while if ®,,,x = 1, then, computing a threshold is not necessary.

Thereby, the following cases for the computation of ¢ can be distinguished:

e ®, 4. <1< D« This indicates that fz(") is highly sparse, then ¢ can be chosen in
Jmax (1,®,) ,Pmax|. In practice, for 0 < oy < 1, the following rule can be applied

t=op-max(1,®,)+ (1—0p) - Pmax- (4.10)

e | <®, 4 and the histogram of ® is not greatly left skewed: This indicates that
A(A) . . . .
Q( ) is moderately sparse. If the histogram of @ is greatly right skewed, then an
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aggressive strategy can be applied. Thus ¢ can be reasonably chosen in [®p0de, P;]-
Then, by considering 0 < oy < 1, 7 can be calculated as

t:ocl-<1>mode+(1—oc1)-<l>,. 4.11)

On the other hand, if the histogram of @ is not predominantly skewed, ¢ can be

reasonably chosen in |max (1,®;),®pode]. Then, by considering 0 < oy < 1, ¢ can
be calculated as

t:az-max(1,¢1)+(l—az)-d)mode. 4.12)

o &, <1 <D, and the histogram of ® is greatly left skewed: This indicates that

Q(M could be moderately sparse, and |1,®p04¢] can be considered a reasonable
range for ¢. In practice, it suffices to apply, for 0 < oz < 1, the following rule

t:OC3—|—(1—0(3)-‘I)m0de. (4.13)
e | < ®; and the histogram of ® is greatly left skewed: This indicates that Q(M is not

sparse or lowly sparse. Considering the latter case, ¢t can be reasonably chosen in
Jmax (1,®p,) ,P;]. Then, by considering 0 < o4 < 1, ¢ can be calculated as

t:OL4-maX(l,<I>min)+(1—0c4)-¢I>l. (4.14)

In summary, the rule for the calculation of the threshold is

(1 if ®pax <1,
(xo-max(l,CI),)—i— (1 —OL()) P I Proge < 1 < Prax,
. ocl-d>m0de+(1—oc1)-<l>r %f s> Sr, (4.15)
o -max (1,®;) + (1 — o) - Proge  if |s| < sz,
o3+ (1 —0(3) “Prode if ®; <1< Ppyoge,
(04 -max (1, Ppin) + (1 —0u) - ®; if 1 <Py,

where s is the skewness of the distribution of ®, and sy is a threshold used to determine the
degree of skewness. It is worth remarking on the meaning of skewness in the context of the
proposed method. By taking into account the unimodality assumption in the distribution
of @, the magnitude and sign of the skewness indicate the relative position of the mode
in the distribution of the screening metric ®. Finally, it is important to mention that in
this work the skewness is estimated using the second Pearson’s skewness coefficient [83],
which is defined, for a set of data points x, as

G ). (4.16)

where uy, my and Gy represent the mean, median, and standard deviation of x, respectively.
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4.3.2 Complexity analysis

The following analysis assumes a matrix of features X € IR”*" and an optimization vari-
able Q € IR"*”. The main computational challenge arises from the histogram computation,
which in its naive form requires O (m- p) sums to accumulate frequencies. To determine
®; and ®;, following the approach presented in [82] and assuming a histogram with r
bins, O (r) pointwise operations are necessary. Additionally, the branches required in the
threshold calculation (4.15) involve up to O (1) pointwise operations. As a result, the total
computational complexity of the method is O (m-p+r).

In terms of memory requirements, calculating a histogram with r bins for an input of
size m - p results in a memory complexity of O (m- p+ r). The memory cost to determine
®; and ®;, is O(1), and the memory complexity for the thresholding procedure is O (1).
Therefore, the overall memory complexity of the method is also O (m-p+r).

In comparison, safe screening methods typically involve matrix multiplications, which
come with a computational complexity of O (m - p) and a memory complexity of O (m- p),
where n represents the number of features. Considering that the proposed method consists
basically in histogram computation and pointwise operations on the histogram and that
r << m- p, it introduces minimal overhead in terms of computation and memory and thus
serves as a computationally lightweight enhancement to safe screening.
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Chapter 5

Computational experiments and results

This chapter presents the computational evaluation of the proposed method using a range
of signal processing and machine learning models. The purpose of the proposed exper-
imental validation is to assess the effectiveness of the method under different sparsity-
promoting regularization regimes and across diverse datasets. To this end, several case
studies are considered, reflecting both element-wise and group-wise sparsity scenarios,
and selected to illustrate the versatility and robustness of the method in practical settings.
The chapter begins by outlining the cases of study and their mathematical details, and the
datasets used, followed by a description of the experimental setup. Then it presents the
numerical results and concludes with a discussion of the key findings.

5.1 Cases of study

The application of the proposed method spans several domains in signal processing and
machine learning, particularly in relation to how different sparsity-promoting regulariza-
tion techniques influence task performance. These applications can be broadly grouped
into two categories:

e models using individual sparsity regularization to recover signals or extract features
by enforcing component-level sparsity, such as

— basis pursuit denoising,

— binary classification;

e models leveraging group sparsity where sparsity is enforced across multiple signals
or labels to promote consistency in sparsity patterns, including

— joint sparse reconstruction,
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— MEG / EEG source imaging,

— multiclass classification.

Each one of these categories is discussed in more detail in the following subsections.

5.1.1 Element-wise sparse regularization

The problem of inducing sparsity in model parameters can be framed as an optimization
problem that minimizes a loss function subject to regularization promoting sparse solu-
tions. In general, the class of problems addressed here involves minimizing an objective
function of the form

min f(X0)+A-g(0), (5.1)
ocR”

where ® € IR” is the optimization variable, z € IR™ is the observed data, X € IR"*" is the
design matrix, and the regularization term considered in this work is the ¢;-norm i.e.

n—1
g(o) = o, =Y |a]. (5.2)
k=0

The two models considered within this class are the least absolute shrinkage and se-
lection operator (LASSO) and sparse binary logistic regression. LASSO, originally in-
troduced in [84], is widely applied in contexts such as signal recovery and denoising. It
applies /1-norm regularization to the least squares problem, effectively driving some coef-
ficients to zero and promoting sparse solutions. This property makes LASSO particularly
useful in feature selection, especially when only a subset of features is expected to signif-
icantly influence the outcome. On the other hand, sparse binary logistic regression [85]
is tailored for binary classification tasks, such as image classification. Like traditional lo-
gistic regression, it models the probability of binary outcomes using a logistic function.
However, by incorporating sparsity-inducing regularization, it highlights the most relevant
predictors, enhancing both interpretability and computational efficiency in cases with sev-
eral potential predictors. Thus, sparse binary logistic regression not only aids in accurate
prediction but also helps identify the most important features in classification tasks.

A concise overview of the mathematical elements used in gap safe sphere screening
rules, as described in [86], for problems of the form (5.1) is given in Table I. A critical
component is the sigmoid function &, which is applied to a vector @ € IR", defined as

1

c:c(m):HTp(m).

(5.3)
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This transformation ensures that each element of the vector x is mapped to a positive
value lower than one, a characteristic often used in binary classification tasks. Another
essential element is the negative binary entropy function, denoted nh. For a scalar value
x € R, the function nh(x) is defined as

nh (x) = {x'log(x)—l-(l—x)-log(l—x) if0<x<lI,

~+o0 if otherwise. (54)

Table I: Mathematical elements for safe screening rules for pointwise sparse norm regu-
larized problems. It is worth to note that the dual variable @ € IR™ is a vector.

Mathematical LASSO S.pa.rse blnar.y
element logistic regression
f (@) Ho—z; — Yz -log (6r) + (1 — z;) -log (1 — o)
£*(8) 118+z(l3— 3 12l3 Ynh (0 +z)
Vf (o) 0—z c—z
Mnax X"z, X" (3 1u—2)|,
1
L 1 7

5.1.2 Group sparse regularization

The problems addressed here involve learning structured sparsity patterns across multiple
related tasks, typically by solving a regularized optimization problem of the form

min XQ)+A-g(Q), 55
min f(XQ)+1-g() 55)
where Q € R"*? is the optimization variable, Z € IR"*? is the observed data, X € R""*"
is the design matrix. In particular, this work analyzes the case where the applied regular-
ization is the /5 1-norm, defined as

m—1
g(Q) =2l =) |, (5.6)
k=0

Two primary models of interest within this framework are multitask LASSO and sparse
multinomial logistic regression. Multitask LASSO builds on the original LASSO by ex-
tending it to scenarios where multiple related tasks are solved simultaneously. Unlike
traditional LASSO, multitask LASSO [85] employs group sparsity (also known as group
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LASSO), enforcing sparsity at the level of groups of coefficients rather than individual en-
tries. This group-level regularization encourages the selection or exclusion of entire groups
of related features, which is particularly useful in situations where tasks are expected to
share common predictive features. By doing so, multitask LASSO ensures a more inter-
pretable solution, as it identifies features that are relevant across multiple tasks. In contrast,
sparse multinomial logistic regression [85] is designed for classification problems that in-
volve more than two classes. Similarly to its binary counterpart, this model estimates the
probability distribution over several classes using a multinomial logistic function. How-
ever, what distinguishes sparse multinomial logistic regression is its focus on sparsity,
making it more interpretable by selecting a subset of relevant predictors for each class.
This approach proves valuable in applications where there are many potential features,
as it not only predicts the most likely class, but also highlights which features are most
influential for each category, improving both model interpretability and generalization.

The elements required for gap safe sphere screening rules, as described in [86], to be
applied to problems of the form (5.5) are presented in Table II. One key component is
the softmax function, which transforms a matrix X by converting its rows into probability
distributions. The softmax function is defined as

T T

softmax (X) = [—eXP(XO")T exp (X 1) (5.7)

ZZ;(I)exp(XOJc) ZZ;(I)eXP(mel,k) ’

where each row is normalized, making them suitable for use as probabilities in classifica-
tion models. Another important concept is the negative entropy function, denoted as NH,
which for a vector x € IR”, is defined as

NH (x) = ZZ;& x; -log (x;) if ):Z;(l) X, =1 and x; >0, 5.8)
oo if otherwise. :

Table II: Mathematical elements for safe screening rules for group sparse norm regularized
problems. It is worth to note that dual variable ® € IR”*? is a matrix.

Mathematical Multitask Sparse multinomial

element LASSO logistic regression

/(@) 31Q-ZlF  — XX [Zosoftmax (Q)];,
f1©)  3O+Zl;—FIIZ];  YiNH (@ +Z)
Vi(Q) Q-7 softmax (Q) —Z

1
Ama X7z, [x7 <;'1nxp_Z>H27w
L 1 1
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5.2 Datasets

The experiments detailed in this chapter make use of data coming from different sources.
In the following, important details of the datasets used in this work are briefly presented.

5.2.1 Basic shapes dictionary

A synthetic dictionary consisting of m atoms is computationally generated, where each
atom represents a n X n grayscale image. The dictionary is overcomplete, meaning that the
number of atoms exceeds twice the total number of pixels in each image, i.e. m > 2-n>.
Each atom in the dictionary corresponds to a basic geometric shape: ellipse, triangle,
rectangle, pentagon, hexagon, or heptagon. The variations between atoms come from
differences in size and centering (location) for the same geometric shape. In this specific
work, a dictionary of 20000 atoms is generated, with each atom being a binary image of
size 100 x 100, where white shapes are placed against a black background. One example
of each geometric shape that was generated for the dictionary can be observed in Figure 2.

(a) Ellipse (b) Triangle (c) Rectangle
(d) Pentagon (e) Hexagon (f) Heptagon

Figure 2: Examples of the generated atoms for the basic shapes dictionary
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5.2.2 MIT-BIH Arrhythmia Database

The MIT-BIH Arrhythmia Database [87] contains 48 half-hour fragments of two-channel
ECG recordings, obtained from 47 subjects studied by the BIH Arrhythmia Laboratory be-
tween 1975 and 1979. The database recordings were sampled at 360 Hz with a resolution
of 11 bits over a range of 10 mV. Cardiologists annotated each record; disagreements
were resolved to obtain computer-readable reference annotations for each heartbeat. In
total, the database includes approximately 110000 annotated beats.

5.2.3 MedMNIST

MedMNIST [88] is a large-scale MNIST-like collection of standardized biomedical data,
comprising 12 2D image datasets and 6 3D image datasets. All samples in MedMNIST
have been preprocessed into 28 x 28 matrices and 28 x 28 x 28 tensors for 2D and 3D
datasets, respectively, and paired with their corresponding classification labels. MedM-
NIST encompasses 708069 2D images and 9998 3D images in total, and covers key
biomedical imaging modalities and is designed for classification tasks on lightweight 2D
and 3D images, accommodating a variety of data scales (ranging from 100 to 100000
images) and task types, including binary and multiclass classification, ordinal regression,
and multilabel classification. In this work, the AdrenalMNIST3D and VesselMNIST3D
datasets are selected for analysis. These datasets are briefly described in the following,
and samples of each dataset are provided in Figure 3, offering visual insight.

(a) AdrenalMNIST3D (b) VesseMNIST3D
Figure 3: Examples of the subsets of the MedMNIST dataset that are used in this work
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5.2.3.1 AdrenalMNIST3D

The AdrenalMNIST3D dataset, as described in [88], comprises 3D shape masks of 1,084
adrenal glands (left and right) obtained from 792 patients. Data acquisition was performed
at Zhongshan Hospital, affiliated with Fudan University. Abdominal computed tomogra-
phy (CT) scans were analyzed by an endocrinologist to provide annotations for each 3D
shape of an adrenal gland i.e. a binary label indicating whether the gland is normal or has
an adrenal mass. For consistency, the center of each adrenal gland was computed, and the
center-cropped 64 mm X 64 mm x 64 mm cubes were resized into 28 x 28 x 28 voxel
tensors. It is important to mention that this dataset is imbalanced and is split into training,
validation, and test sets, consisting of 1188, 98, and 298 samples, respectively.

5.2.3.2 Vesse]MNIST3D

The VesselMNIST3D dataset, as described in [88], is derived from IntrA [89], an open-
access 3D intracranial aneurysm dataset. It includes 103 3D models (meshes) of entire
brain vessels, reconstructed from MRA (magnetic resonance angiography) images. From
these complete models, 1694 healthy vessel segments and 215 aneurysm segments were
automatically generated, thus making this dataset imbalanced. To prepare the data for
analysis, the non-watertight meshes were corrected, and the watertight meshes were vox-
elized into 28 x 28 x 28 voxel grids. It is important to mention that this dataset is split into
training, validation, and test sets using aratioof 7 : 1 : 2.

5.2.4 UCI Air Quality Dataset

The UCI Air Quality Dataset [90] is a dataset from that provides information on air quality
measurements from an array of sensors located in a station in Italy recorded from March
2004 to April 2005. This dataset is used to study and model the relationship between var-
ious environmental factors and air pollution levels. It includes data collected over several
months in the city of Pisa, which is often used to predict air quality parameters or to ana-
lyze the impact of certain variables on air pollution levels. The variables collected in this
dataset can be categorized into three groups: environmental variables, pollutant concen-
trations, and sensor responses to target pollutants, with some missing values due to sensor
malfunctions. The data can be applied to develop predictive models, perform time-series
analysis, and study air pollution patterns.

5.2.5 MEG/EEG data

Electroencephalography (EEG) and magnetoencephalography (MEG) are prominent brain
imaging techniques employed to identify and characterize active regions of the brain. A
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composite MEG / EEG dataset that was computationally generated following the specifi-
cations outlined in [86] was used in this work. The dataset consists of n = 360 sensors,
with 301 MEG sensors and 59 EEG sensors, used to capture neural activity. The total
number of possible sources is p = 22494, and the data spans g = 20 time instants.

5.2.6 MNIST

The Modified National Institute of Standards and Technology (MNIST) dataset [91] is a
cornerstone in machine learning and computer vision research, widely used as a bench-
mark for evaluating image classification and recognition algorithms. This dataset is de-
rived from the NIST’s Special Database 3 (SD-3) and Special Database 1 (SD-1) con-
sidered to be the training and test sets of NIST, respectively. This dataset consists of
size-centered and normalized 28 x 28 grayscale images, each representing a handwritten
digit, resulting in 10 distinct classes. The MNIST dataset is divided into two sets: (i)
a training set containing 60000 images, and (ii) a test set with 10000 images, enabling
comprehensive model training and performance evaluation. Table III presents ten sample
images from each class, providing a visual overview of this dataset.

Table III: Examples for each class of the MNIST dataset

Label Description Examples
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5 Digits
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s s Bl EHBHEEHEEAEABH
o o FEEHHABEAREAAA
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5.2.7 Fashion-MNIST

Fashion-MNIST [92] is a dataset used for machine learning and computer vision tasks. It
provides a more challenging and realistic dataset for training and testing machine learning
models than MNIST. This dataset consists of a collection of 70000 grayscale images of
clothing items, each associated with a corresponding label indicating the type of clothing.
It contains 10 different categories of clothing and accessories, specifically items such as
t-shirts, trousers, pullovers, dresses, coats, sandals, shirts, sneakers, bags, and ankle boots.
The examples of the Fashion-MNIST dataset consist of 28 x 28 size-centered grayscale
images, making this dataset similar in structure to the original MNIST dataset Ten exam-
ples for each class in the Fashion-MNIST dataset figure can be observed in Table I'V.

Table IV: Examples for each class of Fashion-MNIST dataset

Label Description Examples
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5.3 Experimental framework

All experiments were conducted using datasets that were deemed appropriate for the spe-
cific tasks. It is important to note that the proposed method was developed based on the
gap safe screening framework [86]. The performance of the proposed method was com-
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pared against a vanilla implementation i.e. without screening, as well as implementations
incorporating either gap safe or strong screening rules in each experiment. The following
tests were employed to validate the proposed method:

1. Basis pursuit denoising: This task refers to the problem of reconstructing a signal
by finding the sparsest solution while allowing for noise. In the first case, a dictio-
nary of basic shapes is used to form a composite image as a linear combination of
a few of its atoms. The observed data is this composite image, contaminated with
additive Gaussian noise (u = 0, 0% =2.56 x 10_2), and the objective is to recover
the sparse representation associated with the image from the noisy observations. In
the second case, the task involves using the MIT-BIH Arrhythmia Database, where
ECG signals are represented using a dictionary built upon the inverse type-II discrete
cosine transform (DCT), an approach that has been exploited for ECG compression
[93]. A 20-second segment of the right-channel ECG signal is contaminated with
additive Gaussian noise (u =0, 02 =2.56 x 10_2), and the objective is to eliminate
the noise from the contaminated ECG signal.

2. Binary classification: This task is approached using binary logistic regression, a
statistical method that models the relationship between a binary dependent vari-
able and one or more independent variables. The AdrenalMNIST3D and VesselM-
NIST3D datasets are utilized for this experiment. For each dataset, the training,
validation, and test subsets were merged and subsequently re-split into new training
and test sets using a randomized 85% / 15% split.

3. Joint-sparse reconstruction: Joint-sparse signals are those that share the same sup-
port in a specific domain. In this experiment, the variables temperature, relative hu-
midity, and absolute humidity are extracted from the UCI Air Quality Dataset and
treated as jointly sparse due to their cyclical, weather-driven patterns. To achieve
an efficient representation under additive Gaussian noise (u = 0, 62 =2.56x1072),
a dictionary built using the inverse type-II DCT is employed within a multitask
LASSO regression framework. This approach effectively captures both smooth
baseline trends and sharp transient features.

4. MEG / EEG source imaging: Typically, this problem consists of solving a multi-
task regression problem with squared loss where every task corresponds to a time
instant using the MEG / EEG data. It is valid to impose a temporal stationary as-
sumption i.e. the recovered sources are identical during a short time interval, then,
this task can be modeled as a multitask LASSO [94].

5. Multiclass classification: This task is modeled as sparse multinomial logistic re-
gression, an extension of logistic regression using the softmax function to predict
category probabilities. The model assigns each observation to the category with
the highest probability based on input features. The MNIST and Fashion-MNIST
datasets are used for this task.
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Each experiment consists of performing the task for a sequence of hyperparameter
values (10° - Apax, k= —2,—1.9,...,—0.1), 100 times for each hyperparameter value in
the sequence in order to reduce variability. The selection of this hyperparameter range
is based on the observation that all tasks yield meaningful results without using screening
within this range. For each experiment (for all values in the sequence of hyperparameters),
the set of values o, k=0,1,2,3,4 used by the proposed screening method is selected by
grid search. The resulting values for oy used in each experiment are indicated in Table V.

Table V: Values of o, k=0,1,2,3,4 for the validation experiments

Experiment (o /) o o o3 Ol
BPDN

(Basic shapes dictionary) 0.9 09 05 05 05
BPDN

(MIT-BIH Arrythmia Database) 08 08 08 08

Image classification

(AdrenalMNIST3D) 09 07 07 07 07

Image classification

(VesselMNIST3D) 0.9 02 02 02 02

Joint sparse reconstruction
(UCI Air Quality Dataset)

MEG / EEG
source imaging

0.85 0.85 0.85 0.85 0.85

075 025 05 05 05

Image classifcation

(MNIST) 09 02 05 05 05

Image classifcation

(Fashion-MNIST) 0.85 0.85 0.85 0.85 0.85

It is important to mention that all experiments employed the APG optimization algo-
rithm with a fixed step size. This choice was deliberate, as adaptive step size techniques
rely on the gradient of iterative solution values. Since the tested screening techniques dis-
card entries prior to the optimization procedure, they disrupt the gradient value, thereby
affecting convergence properties and complicating the analysis if adaptive step size tech-
niques were used. It is also important to mention that the imbalanced datasets were han-
dled by applying the Synthetic Minority Over-sampling Technique (SMOTE) [95], using
the implementation provided in the widely adopted imbalanced-learn library [96].
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5.4 Numerical results

All experiments were carried out on a desktop computer equipped with a 12® Gen Intel®
Core™ i7-12700K CPU (4.7 GHz, 25 MB cache, 64 GB RAM) using Python 3. It is
important to mention that the figures only display results where there is actual discarding
1.e. cardinality lower than 100% due to screening, that is, the results corresponding to tests
with hyperparameter values where no discarding was done are not displayed. The methods
included in the experiment are gap safe screening, strong screening, and the proposed
method which are labeled as static-gapsafe, static-strong, and proposed, respectively.

Cardinality, processing time (in seconds), and a quality metric (depending on the task)
for the basis pursuit denoising and binary classification experiments are presented in Fig-
ure 4. Similarly, the same evaluation metrics for the joint sparse reconstruction of environ-
mental variables, MEG / EEG source imaging, and multiclass classification experiments
are shown in Figure 5. Finally, the speedups achieved by all screening-enabled optimizers
compared to their vanilla counterparts in all the models evaluated in the experiments are
summarized in Tables VI, VII, VIII, and IX.
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Figure 4: Evaluation metrics for the experiments using element-wise sparse regularization.
From top to bottom: Basis pursuit denoising using the basic shapes dictionary (first row)
and for MIT-BIH Arrythmia Dataset (second row), binary classification for AdrenalM-
NIST3D (third row) and VesseIMNIST3D (fourth row).
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Table VI: Speedups for the BPDN experiments (both with basic shapes dictionary and
with the MIT-BIH Arrythmia Dataset). Entries with ‘—’ correspond to data points in the
experiment where the respective screening methodology does not discard features, thus
they were not considered for calculating speedup. Best results are highlighted in bold.

BPDN BPDN
(Basic shapes dictionary) (MIT-BIH Arrythmia Dataset)
logyo (x::ax Static  Static Static  Static
gap safe strong roposed gap safe strong Proposed

2 — — 1.04 — — 2.42
-1.9 — — 1.04 — — 2.43
-1.8 - — 1.04 — — 2.44
-1.7 — — 1.04 — — 2.46
-1.6 — — 1.04 — — 243
-1.5 — — 1.05 — — 2.44
-1.4 — — 1.04 — — 2.44
-1.3 - — 1.05 - — 2.46
-1.2 — — 1.05 — — 243
-1.1 — — 1.05 — — 2.47

-1 — — 1.16 — — 2.48
-0.9 — — 1.17 — — 2.48
-0.8 — — 1.18 — — 2.47
-0.7 0.92 — 1.2 — — 243
-0.6 0.93 — 1.22 — — 2.42
-0.5 0.95 — 1.95 — — 2.42
-0.4 1.04 — 1.34 — — 2.46
-0.3 1.36 0.94 1.47 — 1.2 2.44
-0.2 2.44 1.69 39 16.26  20.26 16.06
-0.1 5.97 4.78 6.61 16.32  20.26 16.15
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Table VII: Speedups for the image classification experiments (both with AdrenalM-
NIST3D and with VesselMNIST3D). Entries with ‘-’ correspond to data points in the
experiment where the respective screening methodology does not discard features, thus
they were not considered for calculating speedup. Best results are highlighted in bold.

Binary classification Binary classification
(AdrenalMIST3D) (VesselMNIST3D)
log;o (kjax Static  Static Static  Static
gap safe strong roposed gap safe strong Proposed

-2 4.41 — 5.83 1.62 — 2.39
-1.9 4.39 — 5.82 1.61 — 2.38
-1.8 4.44 — 5.88 1.61 — 2.37
-1.7 4.44 — 5.74 1.63 — 24
-1.6 4.4 — 5.84 1.61 — 2.36
-1.5 4.34 — 58 1.61 — 2.35
-14 44 — 5.76 1.62 — 2.37
-1.3 4.37 — 5.81 1.62 — 2.35
-1.2 4.4 — 5.74 1.61 — 2.37
-1.1 4.41 — 5.79 1.61 — 2.37

-1 4.32 — 5.75 1.61 — 2.37
-0.9 4.41 — 5.78 1.62 — 2.36
-0.8 4.39 — 5.86 1.62 — 2.37
-0.7 4.45 — 5.68 1.61 — 2.38
-0.6 4.4 — 57 1.61 — 8.31
-0.5 4.37 — 14.47 1.61 — 8
-0.4 5.87 - 14.6 1.61 — 8.1
-0.3 7.86 5.41 14.43 1.86 1.69 5.82
-0.2 11.34  35.02 15.03 2.12 39.49 5.82
-0.1 16.12  61.98 16.85 3.73 62.99 8.88
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Figure 5: Evaluation metrics for the experiments using group sparse regularization. From
top to bottom: Joint sparse reconstruction of environmental variables (first row), MEG /
EEG source imaging (second row), multiclass classification for MNIST (third row) and
Fashion-MNIST (fourth row).
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Table VIII: Speedups for the joint sparse reconstruction (for environmental variables) and
MEG / EEG source imaging. Entries with ‘-’ correspond to data points in the experiment
where the respective screening methodology does not discard features, thus they were not
considered for calculating speedup. Best results are highlighted in bold.

Joint sparse reconstruction MEG / EEG
(UCT Air Quality Dataset) source imaging
logyo kr?:ax Static  Static Static  Static
gap safe strong roposed gap safe strong Proposed

-2 — — 2.28 — — 8.68
-1.9 — — 2.28 — — 8.68
-1.8 — — 2.27 — — 8.46
-1.7 — — 2.27 — — 8
-1.6 — — 2.28 — — 8.68
-1.5 — — 2.28 — — 8.71
-14 — — 2.27 1 — 8.65
-1.3 — — 2.27 1.02 — 7.68
-1.2 — — 2.28 1.05 — 7.2
-1.1 — — 2.27 1.09 — 7.93

-1 — — 2.27 1.36 — 26.01
-0.9 — — 2.28 1.84 — 26.09
-0.8 — — 2.27 2.73 — 25.86
-0.7 — — 2.29 4.63 — 25.95
-0.6 — — 2.28 8.63 — 25.72
-0.5 — — 2.28 14.67 — 26.18
-0.4 — — 2.28 23.31 — 27.51
-0.3 — 1 2.29 32.61 1.18 29.66
-0.2 — 37.55 2.28 37.42 36.9 29.94
-0.1 30.91 39.05 31 40.73 47.89 33.9
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Table IX: Speedups for the image classification experiments (both with MNIST and
Fashion-MNIST datasets). Entries with ‘=’ correspond to data points in the experiment
where the respective screening methodology does not discard features, thus they were not
considered for calculating speedup. Best results are highlighted in bold.

Multiclass classification Multiclass classification
(MNIST) (Fashion-MNIST)
log;o <7\::ax) Static  Static Static  Static
gap safe strong roposed gap safe strong Proposed

-2 1.12 — 1.52 1.03 — 1.13
-1.9 1.13 — 1.54 1.05 — 1.11
-1.8 1.13 — 1.52 1.03 — 1.11
-1.7 1.13 — 1.53 1.04 — 1.12
-1.6 1.14 — 1.52 1.03 — 1.11
-1.5 1.15 — 1.52 1.02 — 11
-1.4 1.15 — 1.52 1.03 — 1.11
-1.3 1.15 — 1.52 1.01 — 1.1
-1.2 1.16 — 1.51 1.03 — 1.11
-1.1 1.19 — 1.52 1.01 — 11
-1 1.21 — 1.94 1.03 — 1.12
-0.9 1.22 — 1.93 1.02 — 1.11
-0.8 1.25 — 1.93 1.04 — 1.12
-0.7 1.26 — 1.95 1.03 — 1.12
-0.6 1.29 — 1.93 1.04 — 1.13
-0.5 1.32 — 1.93 1.04 — 1.12
-0.4 1.38 — 1.93 1.07 — 1.13
-0.3 1.49 1.3 1.93 1.07 1.03 1.15
-0.2 1.58 2.17 1.92 1.12 1.26 1.17
-0.1 1.83 3.93 2.03 1.16 2 1.24

54



5.5 Discussion

Computational results demonstrate that the proposed screening methodology effectively
discards a sufficient number of features to achieve significant time savings, while maintain-
ing the same level of quality as the baseline solution i.e. the proposed method maintains
negligible distortion, as can be observed in the plots of quality metrics (PSNR, error, and
accuracy) in Figures 4 and 5 where all plots practically overlap. Numerically, there was
no loss in quality metrics for all experiments with the exception of BPDN with geomet-
ric shapes dictionary and MEG / EEG source imaging, where the relative error in quality
metrics remained at most 0.22% and 0.05%, respectively. In contrast, strong screening
leads to a noticeably different level of test accuracy in the binary classification task on the
VesseIMNIST3D dataset as can be observed in Figure 4(1). This is expected, as the strong
screening rules may discard features that are important for the solution. Notably, the pro-
posed method screens out more features than both the gap safe sphere and strong screening
methods in several cases, except at high values of the hyperparameter (i.e., values close to
Amax). This explains the shorter processing times when the proposed method is applied,
compared to the processing times associated with other screening techniques.

Furthermore, for low values of the regularization hyperparameter A, gap safe screening
and strong screening either discard very few features or fail to discard any features at all.
In contrast, the proposed adaptive thresholding technique enables feature discarding in
these cases, yielding computational savings with low or zero quality degradation quality
in the solution. This is supported by quality evaluation metrics (refer to the metrics in each
figure) and by observing the speedup (see Tables VI, VII, VIII and IX).

It is also worth mentioning that the cardinality behavior of the solutions generated
by the proposed screening technique is irregular. Specifically, more features can some-
times be discarded at lower hyperparameter values. This behavior is expected because
the thresholding mechanism employed in the proposed screening method depends on the
histogram shape rather than directly on the hyperparameter value.
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Conclusions

This thesis introduces a novel method for enhancing safe screening rules by interpreting
the screening procedure as a thresholding operation on a measure associated with the rel-
evance of each feature in the optimization problem, which can be improved through adap-
tive thresholding. The proposed method introduces a thresholding rule to be used over
safe screening rules to discard more features, thus enabling greater computational savings.
Its efficiency was assessed through experiments on both synthetic and real datasets, cover-
ing tasks such as basis pursuit denoising, joint-sparse signal reconstruction, MEG / EEG
source imaging, and image classification.

Experimental results demonstrate that the proposed method effectively accelerates op-
timization solvers for optimization problems with sparsity-promoting regularization with
minimal impact on quality metrics, provided the method’s parameters are appropriately
tuned. It is important to mention that the proposed screening method, as a static prepro-
cessing step, facilitates screening for low values of the sparsity-controlling hyperparame-
ter, a capability not observed in other state-of-the-art techniques, hence leveraging sparsity
more efficiently. Furthermore, while the proposed method introduces more computational
overhead compared to traditional safe screening, it outperforms state-of-the-art screen-
ing methods, making it a promising option for accelerating sparse models widely used in
signal processing and machine learning.
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