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Resumen

En la base de los problemas de optimizacion en aprendizaje profundo residen algorit-
mos como el Gradiente Descendiente Estocastico (SGD, por sus siglas en inglés), el cual
emplea un subconjunto de los datos por iteracion para estimar el gradiente con el fin de
minimizar una funcién de costo. Los algoritmos adaptativos, basados en el SGD, son am-
pliamente reconocidos por su efectividad al utilizar la informacién del gradiente de itera-
ciones previas, generando un momento o memoria que permite una prediccion mds precisa
de la pendiente real del gradiente en iteraciones futuras, acelerando asi la convergencia.
No obstante, estos algoritmos ain requieren una tasa de aprendizaje (learning rate o LR)
inicial (escalar) asi como un programador de LR.

En este trabajo proponemos un nuevo algoritmo de SGD que estima la LR inicial (escalar)
mediante una adaptacion del tamafo de paso ideal de Cauchy para la regresion logistica
multinomial; ademas, la LR se actualiza de manera recursiva hasta un nimero determinado
de épocas, tras lo cual se emplea un programador de LR decreciente. El método propuesto
se evalia en varias arquitecturas de clasificaciéon multiclase bien conocidas y se compara
favorablemente con otras alternativas adaptativas (escalares y espaciales) bien optimiza-
das, incluyendo el algoritmo Adam.

Esta tesis fue presentada en la conferencia indexada en IEEE Xplore LASCAS’24.

Palabras Clave

Aprendizaje profundo, gradiente descendiente estocéstico, tamafio de paso adaptativo,
regresion logistica multinomial.



Abstract

At the core of deep learning optimization problems reside algorithms such as the Stochas-
tic Gradient Descent (SGD), which employs a subset of the data per iteration to estimate
the gradient in order to minimize a cost function. Adaptive algorithms, based on SGD, are
well known for being effective in using gradient information from past iterations, gener-
ating momentum or memory that enables a more accurate prediction of the true gradient
slope in future iterations, thus accelerating convergence. Nevertheless, these algorithms
still need an initial (scalar) learning rate (LR) as well as a LR scheduler.

In this work we propose a new SGD algorithm that estimates the initial (scalar) LR via
an adaptation of the ideal Cauchy step size for the multinomial logistic regression; further-
more, the LR is recursively updated up to a given number of epochs, after which a decaying
LR scheduler is used. The proposed method is assessed for several well-known multiclass
classification architectures and favorably compares against other well-tuned (scalar and
spatially) adaptive alternatives, including the Adam algorithm.

This thesis was presented in the IEEE Xplore indexed conference LASCAS’24.

Keywords

Deep learning, stochastic gradient descent, adaptive step size, multinomial logistic
regression.
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Introduction

Deep learning (DL) has become an increasingly popular field in the development of highly
accurate models for a wide range of applications in recent years. This surge in popularity
is driven by the ability of DL models to automatically extract and learn intricate patterns
from a broad range of data, making them effective for tasks such as image classification,
speech recognition, natural language processing, and many others [1].

Current deep learning models benefit significantly from parallel programming and ad-
vancements in hardware, especially the development of powerful GPUs for multi-core
processing. These advancements have played a crucial role in the rapid growth of deep
learning by enabling researchers to train larger and more complex models on vast amounts
of data [2l]. However, training these models still requires significant time.

As the complexity and size of deep learning models and datasets continue to grow,
the need for efficient optimization methods becomes increasingly crucial. Adaptive op-
timization methods are, to date, the main optimization methods used for deep learning
algorithms due to their ability to enhance the training process of deep learning models.
The effectiveness of these methods is largely attributed to their ability to adjust learning
rates dynamically, which allows adaptive optimization methods can navigate complex loss
landscapes of DL models more effectively, leading to faster and more reliable convergence

[3].

This adaptability is particularly important in deep learning, where the optimal learning
rate can vary significantly across different layers and stages of training. Algorithms such
as AdaGrad [4], RMSprop [35], and Adam [6] have become pivotal in the DL. community
due to their robust performance across various tasks and architectures [7]].

In this thesis we proposed an adaptive learning rate designed to approximate the ideal
step size for Multinomial Logistic Regression (MLR) [8]] by means of the Cauchy method
[9]. This approach estimates the optimal direction and magnitude of each step at every
iteration, thereby enhancing the efficiency of training updates and ensuring that the step
size remains close to optimal throughout the training process. This dynamic adjustment
is vital for maintaining effective training, particularly with the increasing complexity and
scale of deep learning models. When integrated with Stochastic Gradient Descent (SGD),
this method can accelerate convergence and improve model accuracy, while maintaining
computational costs similar to existing techniques.



This study also evaluates the estimated step size and compares it to the fixed step size
used in SGD and its adaptive variants. The goal is to determine if the Cauchy derived step
size can enhance convergence speed and accuracy compared to traditional and adaptive
methods. In order to do so, an algorithm to compute the Ideal Step Size Estimation (ISSE)
for the MLR is developed, then the performance of the algorithm is assessed by comparing
it with vanilla SGD and its variants. Our experiment results support our main claim: SGD
along with our proposed method has better performance than other existing adaptive step
sizes, as well as comparative performance with adaptive methods like Adam [6].

The core ideas of this work were originally presented at the IEEE conference LAS-
CAS’24 [10], in this document an extended version of such ideas are organized using
following structure: In Chapter 1, statement of the problem, related theory and current
approaches in the state of the art are covered. In Chapter 2, theory behind the logistic re-
gression problem is discussed to understand the ideal step size for the MLR, as well as the
study outline. In Chapter 3, the proposed method is calculated and an algorithm is imple-
mented. In Chapter 4, the performance of the algorithm is compared with other adaptive
step sizes and adaptive methods, employing the CIFAR-10 [11], CIFAR-100 [11]], and
SVHN [[12] datasets in conjunction with the ResNet-18 [13]] and DenseNet-121 [14] con-
volutional neural networks (CNNs). Finally, in the conclusions are presented and potential
improvements for the proposed algorithm are discussed.



Chapter 1

Research Framework

1.1 Statement of the problem

At the core of many learning problems lies the task of optimization, which involves finding
the best set of parameters for a given model by minimizing a loss function. Classical
learning problems like linear regression [15] use optimization to minimize mean squared
error, while more modern models such as Convolutional Neural Networks (CNNSs) [[16]
and Transformers [17] also rely heavily on optimization for backpropagation to estimate
the weight parameters.

One of the key factors that contributes to the success of deep learning is the opti-
mization of model parameters using efficient algorithms such as stochastic gradient de-
scent (SGD). SGD is one of the most widely used optimization algorithms and serves as a
stochastic approximation of gradient descent (GD) [18].

Consider the following parameter update of GD and SGD:

1 N
F(ug) = N Y () (1a)
n=1
1
8= 5 Y Vii(u) (1b)

In (1a), u; denotes the model parameters at iteration k and F (u ) represents the average
loss function over the entire dataset, N is the total number of data points, and f,, is the loss
associated with the n-th data point.

In (1b), g, represents the gradient estimate at iteration k and Vf, is the gradient of
the loss function with respect to the n-th data point. SGD uses a random subset B of



{1,...,N}, referred to as a batch. If B, covers the entire set, then SGD becomes equivalent
to GD.

In the original SGD formulation, the parameter update rule is expressed as follows:

Uiy = U — O Bk 2)

Here, e denotes the learning rate, which is crucial for influencing both the convergence
speed and the final performance of the model. More recent variants of SGD, such as those
involving momentum or adaptive learning rates, include additional parameters to enhance
the convergence properties and efficiency of the optimization process, these variants adjust
the gradient estimates and updates dynamically.

1.2 Related Theory

To determine an ideal step size that enhances the efficiency of the training process, an
understanding of optimization methods is essential. For that end, convex functions and the
Gradient Descent (GD) iterative algorithm and momentum methods are studied.

1.2.1 Convex functions

For the case of study, f represents a cost function that evaluates vectors in RY, implying:
f:RY = R. Said function must be convex to guarantee that it reaches a minimum, for
this, the following must be fulfilled:

floy+(1—o)u) <of(y)+(1—0o)f(u), Vael0,1]uyecRY 3)

The first term represents the value of the convex function evaluated between u and y,
and the second term is the line segment connecting the values of the function in u and y.

This inequality demonstrates the property of convex functions, where the function
value at a convex combination of any two points in the domain does not exceed the corre-
sponding combination of the function values at those points.

Furthermore, a differentiable function is one that lies above its tangent lines at every
point where it is defined:

f(z) > f(u)+(Vf(u),z—u), VzuecRY 4)

This relationship expresses that for any two points in the domain of the function, the
value at one point is greater than or equal to the value at another point plus the inner prod-
uct of the gradient of the function at that second point and the vector difference between



the two points. The inequality states that the value of the function f at any point z is at least
as great as the value at another point u plus the linear approximation of f at u evaluated at
A

This property allows the use of gradient based iterative methods in convex optimiza-
tion, as it ensures that the direction of the gradient always points towards a minimum,
warranting efficient search for optimal solutions within this framework.

Also, to be convex, the function f must be twice differentiable and have a positive
value:

Vif(u) >0 (5)

This condition indicates that the Hessian matrix of the function f at any point u is
positive semi-definite, which is a key factor in determining convexity at that point. When
this condition holds across the entire domain of the function f, the function is globally
convex. This property simplifies the optimization process when employing algorithms
like gradient descent, as it guarantees that following the path of steepest descent will lead
directly to the optimum.

Lastly, to ensure that the convex function will reach a minimum using the gradient
descent algorithm with step size o, the function must be Lipschitz continuous, that is:

£(2) < S W)+ (9 (02— w) + = Ju 23 ©

This condition implies that the function f has a bounded rate of change, controlled
by the Lipschitz constant L, which ensures that the function does not vary too abruptly.
Such bound is critical for the convergence of gradient descent because it allows for the
selection of a step size o that is sufficiently small to make continuous progress towards
the minimum, but large enough to ensure efficient convergence. Particularly, if 0 < a0 < %,
gradient descent is guaranteed to converge to the minimum of a convex function, ensuring
that each step taken is in a direction that reduces the value of the function.

This Lipschitz continuity, combined with the positive semidefinite condition of the
Hessian, forms a robust framework for applying gradient descent to convex optimization
problems efficiently.

1.2.2 Optimization algorithms: GD and SGD

Due to memory limitations, calculating the total gradient of the dataset, denoted Fi(w) =
%Zln\’: 1 Ja(w) as in (la), is not generally feasible in practice. This issue arises because,
in real world applications N — oo, making it impractical to compute the gradient for the



entire dataset, therefore a random subset is used by each iteration in SGD [18]. In this
context, the gradient is approximated by g, = ﬁ Y e, V/fu(Wk) as in (1b).

Given the parameter to be optimized w and the step size oy which may be constant or
adaptive, the key difference between GD and SGD are highlighted by (7) and (8):

GD: Wil = Wi — O - VF(Wk) @)
SGD: Wi =W — 0y - g (8)

With these approximations, it is possible to compute the cost function and the gradient
without limits of size from the dataset and without memory limitations.

1.2.3 Momentum and Nesterov

Since GD and SGD are not efficient against sudden slope changes in multiple dimensions,
momentum [19] can help handle it more effectively and reach a minimum of the cost
function in fewer iterations by taking accounts of previous gradients in the update rule at
each iteration:

Momentum:  zx| =7Y-Zx — AVF (W) 9)
Wil = Wi+ 24 (10)

Momentum accelerates the reduction of the function in gradient direction with large
changes and that has maintained its sign in previous iterations, obtaining faster conver-
gence and reduced oscillation. The term 7y determines the inertia or memory of the algo-
rithm, if yis large the momentum will overshoot the target and as y goes smaller it behaves
more like GD, and if y is much bigger than o, the accumulated gradients will be dominant
in the update rule.

A method that is closely related to momentum method is Nesterov Accelerated Gradi-
ent (NAG) [20]:

Nesterov : w1 = zx — WV F (2) (11)

Zir1 = Wik 1 + Vi (Wi1 — Wi) (12)

The difference between Momentum and Nesterov Accelerated Gradient lies in the gra-
dient computation. In Momentum, the gradient is computed using the current parameters
Wy, but depending only in the accumulation of past gradients can sometimes be coun-
terproductive. To better anticipate the behavior of the function in future iterations, the



gradient is evaluated at z;, which incorporates the inertial sequence Y(Wg,1 — Wy) that
controls the extent of the lookahead, reflecting how strongly past gradients influence the
current update. By evaluating the gradient at this adjusted position, NAG provides a more
informed estimate of the future parameters. This helps improve the direction of the update
by accounting for both the current trajectory and the accumulated momentum, ensuring
that the update reflects not just the immediate gradient but also the expected future behav-
ior of the optimization process.

1.3 State of the Art

1.3.1 Adaptive Step Sizes for SGD

Besides classical methods, the choice of an appropriate step size for executing SGD algo-
rithms is one of the main challenges in deep learning, since SGD does not work with the
conventional line search methodology [21]], it is common in SGD to either use a diminish-
ing step size or manually adjust a fixed step size [22].

Conventional adaptive step size strategies such as Cauchy [9]], Barzilai-Borwein [23]]
and Lipschitz-based [24]], that are common strategies in the GD context, cannot be directly
used in SGD, however there are current studies that adapt them in order to fit the model.

1.3.1.1 Barzilai-Borwein Step Size for SGD

The Barzilai-Borwein (BB) method [23]], is quasi-Newton approach that is designed to
compute step sizes in optimization without directly calculating the Hessian matrix, instead,
the BB method uses an approximation derived from the secant equation. As in (la), F
represents the cost function, and H is the approximation of the Hessian matrix:

Hk(xk_xkfl) :VF(Xk) —VF(Xk,I) (13)

This effectively captures the curvature of the objective function by considering the gra-
dients and displacements between two consecutive iterations, allowing the BB method
to have computational simplicity and robust convergence properties of more traditional,
computationally intensive Newtonian methods.

The BB method minimizes the difference between the current and previous iterations
gradients and objective variables as follows:

argéninH(xk—Xk_]) — o (VF (x¢) = VF (x-1))I3 (14)

Where the step size obtained is:

ofE — (% —x¢_1)" (VF (x¢) — VF (;(k—l)) (15)
IVF (x¢) = VF (x¢—1) I3




However, due to the randomness of the stochastic gradients, the step size computed in
SGD-BB may change drastically which may cause instability and divergence. An algo-
rithm proposed in [25] addresses this problem by computing a summation of the moving
average of the gradient each iteration inside an epoch to approximate the true gradient.

1.3.1.2 Lipschitz constant based step size

The Lipschitz constant L is an essential value in optimization algorithms, especially gradient-
based methods like GD, it determines stability and convergence properties [24]]:

1F () = fWII < Ll =yl (16)

This inequality implies that the function f does not change more rapidly than L times
the change in x. In practical terms, a smaller Lipschitz constant means that f is smoother,
and thus, gradient descent can use a larger step size without risking divergence. Con-
versely, a large Lipschitz constant may lead to oscillations or slow convergence, necessi-
tating a more cautious approach with smaller step sizes. Thus, knowing or estimating L
accurately is crucial for the effective application of gradient based optimization methods.
A method for the Lipschitz constant estimated for MLR in deep learning models is studied
in [26].

1.3.2 Adaptive Methods for SGD

Adaptive algorithms [7]] typically employ a step size that is either constant or exhibits a de-
caying pattern over time, they have been designed to enhance the efficiency of optimization
methods. Rather than relying solely on current data, gradient information is incorporated
from prior iterations, which aids in more accurately estimating the true gradient direction
in the upcoming iterations; in the light of (2), this amounts to replacing g; by a function
of the set {go,g1,...,8k}- This approach allows for more informed updates [27]].

1.3.2.1 Adagrad
Adagrad [4] is an optimization method that dynamically adjusts the learning rate for each
parameter by taking into account the historical squared gradients. The method computes

an additional step for updating the parameter by first calculating the accumulated squared
gradient vector up to time step k, represented by:

Vi = Vi1 + 8, (17
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where v; is the sum of the squares of the past gradients with respect to that parameter
up to the current step, and g; is the gradient of the loss function at step k. Given this
accumulation, the parameter update is executed as follows:

(04

VVi+E€ Bk

In this equation, w; denotes the parameter value in the current iteration, o is a prede-
fined initial learning rate, and € is a small constant added to improve numerical stability
and prevent division by zero and oversized steps.

Wil = Wi — (18)

Adagrad adjusts the learning rate for each parameter by dividing it by the square root of
the accumulated gradients, allowing for an individualized approach to parameter updates
as seen in Figure 1.

Wit1 Wi gL
A O r "
'\
. 1
— X i, mel) o
N
/U L ) U

Figure 1: Multi-dimensional Adaptive Step Size Adagrad.

This adaptive learning rate mechanism results in smaller updates for parameters with
large gradients and larger updates for those with smaller gradients, which ensures that in-
frequently occurring but potentially relevant parameters receive sufficient attention. By
scaling the updates based on the frequency and magnitude of the gradients, Adagrad pro-
motes faster convergence, especially in datasets characterized by sparse features.

However, a significant limitation of AdaGrad is that its learning rate tends to con-
tinuously decrease over time, which can lead to very small updates and, consequently, a
premature stopping of the training process. This occurs because the accumulated squared
gradient in the denominator can grow excessively large, leading to an overly diminished
effective learning rate for each parameter.
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Despite this, AdaGrad has influenced the development of subsequent adaptive algo-
rithms, which refine and build upon the initial approach, providing strategies for managing
the diminishing learning rates.

1.3.2.2 RMSProp

RMSProp [35] is an adaptive optimization algorithm that modifies Adagrad to overcome
the limitation of a monotonically decreasing learning rate. It introduces a decay factor to
control the accumulation of past squared gradients:

Vi =B-vi_1+(1-P)- g (19)

Where P is a decay factor which moderates the influence of past gradients on the
accumulation. This adjustment ensures that the accumulated squared gradients v; to adapt
more dynamically over time, preventing it to continue growing without bound which can
result in the learning rate from diminishing too promptly.

This modification means that RMSprop does not just accumulate squared gradients,
it maintains an exponential moving average of these gradients. This approach moderates
the impact of any individual gradient update on the learning rate. Consequently, unlike
Adagrad, RMSprop ensures that the learning rate declines more gradually. This allows for
more consistent and effective parameter update in the training process.

In RMSprop, the parameter update rule is modified by the new definition of the variable
Vi, and follows the same structure of AdaGrad as in (18).

1.3.2.3 ADAM

The Adam algorithm [6] is designed to combine the benefits of previous presented opti-
mization methods. Adam maintains an exponential moving average of past squared gra-
dients and, additionally, also preserves an exponentially moving average of past gradients
similar to momentum.

The first moment is represented by m; and can be interpreted as the mean or momen-
tum of the gradients. Alternatively, the second moment represented by v, defines the
uncentered variance like in RMSprop.

Adam has the following update equations for these moments:

my = B1-my_+(1—P1)-g (20)
Vi =PB2 Vi1 + (1—B2) - gf 1)

12



To improve the estimates in the early iterations, Adam introduces bias correction terms
for both moment estimates, this ensures the estimates are more accurate during the initial
phases of training where bias can significantly affect the calculations. The new moments
are defined as:

A my

iy = —— (22)
-

P L (23)

(1-5)

The bias corrected moments are then used for updating the parameters:

A

O - My

Viite =

Wi+l = Wi —

Overall, Adam has demonstrated faster convergence and superior performance across
a wide spectrum of deep learning tasks, making it a popular choice in many applications

I17].

1.3.3 Stochastic Optimization Methods Structure

Building upon the explanation of adaptive step sizes and adaptive methods for deep learn-
ing, Figure 2 synthesizes them in a structure. Starting from the left, the root of these
methods, the SGD algorithm, is presented. The diagram then depicts the development
from momentum adaptations to more recent multidimensional adaptive methods, and also
includes the advancements of adaptive step sizes for SGD.

13



Multi-dimensional Adaptive Step Size
SGD +
Momentum

D
SGD + AdaGrad RMSProp
Nesterov M.

Adaptive Step Size

Lipschitz Barzilai Cauchy
based Borwein (own)

Figure 2: Stochastic Optimization Methods Structure

It it worth noting that the Cauchy Step Size inside the adaptive step size methods in
Figure 2, portrayed as own, is the main aim of this work and is being proposed for the
multinomial logistic regression.
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Chapter 2

Case of Study

In this study, for image classification, the well known multiclass model of Multinomial
Logistic Regression (MLR) or softmax [8] is employed, which arguably has better perfor-
mance than SVMs [28]] and decision trees [29]]. It is robust to outliers, noisy data, and is
differentiable, making it a popular choice in various fields such as image recognition and
natural language processing.

We investigate the impact of an automatic step size selection method for the application
of MLR for image classification tasks. The focus is to improve the training process by
selecting appropriate step sizes for the SGD iterative algorithm, this involves analyzing
different optimization techniques and their impact on the convergence and accuracy of the
model.

2.1 MLR Cost Function

Starting from the binary logistic regression [30], which consist in classification of data
with two classes (the results are bounded between zero and one), the following probability
functions categorizes a variable in a binary domain, the sigmoid function:

e_<X7w>
P(y:0|X,W):m (25)
1
P(y:1|x,w):1—P(y:o|x,w)=m (26)

In this, the vector x denotes the evaluated values that are part of two possible cate-
gories, y is the category or label of said data and w denotes a vector of weights which
will be updated in each iteration and at its optimum, when reaching the minimum of the

15



cost function, said calculated weights will make the sigmoid function behave with the best

possible accuracy.

For the case of multinomial logistic regression, there is categorization in multiple
classes, it is a generalization of the binomial case and it takes the following form that

is denoted by:

In these, L classes

: 1
are given, ———
gtven, v efxwy)

Ply=0|x,w) | exwo)
P(y=1|x,w) | X
P(y =2 | X’W) = L elx,wr) e<X’w2> 27)
: =1%""
Ply=L—-1|x,w) | W) |

normalize the data and the parameter w; rep-

resents the weights for each of the different classes. The multiclass classification problem
with the softmax activation function can be appreciated in Figure 3.

)

X1

X2

X3

Xk

zr = (Xg, Wg) softmax
e?
" [
1=0 €
e”?
Z — 7
=0 €
[ J
.
®
eZk
2k — 71 o
1=0 €

class
probability

Figure 3: Softmax Activation in Multiclass Image Classification

In general, the following function is given, it is called the softmax function:

e <Xn 7Wyn >

Py,=c|x,,Ww) = ————
(yn | " ) ZZL:_()I e(Xn7Wl>

(28)

For the multinominal logistic regression, which is the case of study, the following

structure is employed:

16



|
X=1|xX X| X2 ... xy_1 |, XeRWN (29)
|

|
|

W= |wo wi wo ... wi_ | ,WeRM (30)
|

| |
Yo
| Y1
Y=|y, |=| » |, YeRV (31)
| .
| yN-1 |

X is a matrix containing the dataset which is composed by N columns denoting the
number of the individual signals as vectors of data and k rows representing the features for
each one, W is the weight matrix with L columns as vectors of the individual classes and k
rows representing the features for each one, finally Y is a vector containing the respective
category or label for each of the data.

To estimate W, the Maximum Likelihood Estimation (MLE) method can be used.
MLE is a method for estimating the parameters given the probability function and observed
data, this is achieved by maximizing the likelihood function so that the observed data is
most probable.

WyLE = argmax,, £(w) (32)

The likelihood function £(w) is the joint probability of data, which in this case, being
independent and identically distributed, becomes the multiplication of its known probabil-
ity density functions:

L(w)=[TPOn=c|xunw) (33)

Analogously, one can find the logarithm of the likelihood function given that it is
monotonically increasing and maximizing the log-likelihood is equivalent:

<X"’W,Vn> N—1
Z Og[ (X w»] )3 [<Xnawyn —10gZe<XmWf (34)
n=0 >

n=0
As can be seen, working with log-likelihood is favorable due to the ease it provides
when working with multiplication of exponentials.

17



By taking w = —w , given that its values are initialized at random, the following cost
function and its gradient are obtained:

N-1 N-1 -1
fe(w) = Z (X, Wy, )+ Z log (Z e_<X"’W1>) (35)
=0 =0 =0

ohelW) _g _ Ni (Xn Iy = ) — &) (36)

L-1
o, Erg et

The goal is to minimize the cost function to find an ideal step size for the SGD and its
variants.

2.2 Ideal Step Size for MLR

The optimization of the step size in gradient descent is crucial for efficient learning in
models such as multinomial logistic regression. We begin by defining the ideal step size,
also known as the Cauchy step size [9], which is derived by minimizing the following
function for the step k:

of = argmin f (w, —aV,) (37)

To find this ideal step size, we first compute the derivative of the cost function with

respect to o and set it to zero, ensuring that the step size minimizes the function along the
direction of the gradient:

ofec (W, —aV,)
oo

=0 (38)

This derivative equation is a critical step as it confirms the point of minimum descent,
integrating both the direction and magnitude of the step.

To apply the Cauchy Step Size to MLR, the cost function can be expressed and manip-
ulated as follows:

L—-1
fe(w—0aV) =—a(x,,V,,)+log ( ) e_<X”’wl_°‘Vl>> (39)

=0

To find the ideal step size, we differentiate this function with respect to o and set the
derivative to zero:

18



d

5q fe(W—aVv)] =0 (40)

By solving this equation, we obtain an estimate for the ideal step size.

2.3 Study Outline

This study proposes a novel adaptive method for the softmax regression that calculates
an approximation of the ideal Cauchy step size [9)]. Figure 4 illustrates the optimization
process in a Deep Learning model for image classification, in which an adaptive step size
is taken in contrast to a constant one.

Optimizer
0111 =0: — - VF(6,)

R
/ﬁ {SGD — Q= Qe Q

Y/ ‘ SGDISSE — a = a*
v e
N Deep Learning R °
Model o
M—// 8

Figure 4: Optimization process in a Deep Learning model.

The approach involves the following steps:

e Theoretical and empirical validation: Demonstrating that an ideal step size can be
stochastically approximated using the Cauchy method. This includes theoretical
analysis and empirical validation to show the reliability of the method.

e Algorithm development: Creating an algorithm to estimate the ideal step size, dy-
namically adjusting it during training to ensure optimal parameter updates.

e Implementation in PyTorch: Developing an optimizer in PyTorch using the calcu-
lated step size.
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e Performance testing: Rigorously testing the algorithm against traditional SGD and
its adaptive variants, which involves experimentation on image classification tasks
to assess loss, accuracy, and time.

By benchmarking against the presented methods, this study aims to demonstrate the
advantages of using an adaptive, Cauchy based step size in deep learning, in order to
contribute valuable insights into optimizing learning rates, potentially leading to more
efficient and accurate models for diverse applications.

The estimation of a practical Cauchy step size for the MLR in the stochastic context
will be derived in the following Chapter 3.
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Chapter 3

Proposed Method

After analysing methods such as the SGD algorithm as well as adaptive methods for opti-
mization, the case of approximating an ideal step size for the multinomial logistic regres-
sion is studied and implemented in a computational algorithm.

3.1 Approximate ideal step size for MLR in SGD

In neural networks with softmax activation, the magnitude of the gradients decreases as
backpropagation moves from the output layer towards the earlier layers, this results in the
gradients at the last layer being the largest among all the gradients computed [26]. Thus,
the proposed step size is calculated in the last softmax layer with larger gradients that
provide the most significant contribution to the update step.

An approximate ideal step size o is derived from the MLR cost function and is imple-
mented in a computational algorithm. The cost function, when considering only a single
sample from the entire dataset, is labeled as f;:

L—1
Fn(W) = (Xu, Wy, ) +log <Z e<"'“Wf>> : (41)

=0

where w represents the weights associated with the model, x,, is an individual input data
sample, and y, indicates its corresponding class. For a specific class [ out of the total
L classes, the gradient of the cost function with respect to the weights of that class is
represented as V; = V f,, (w;), and for the weights associated with the class of the specific
data sample y,, is denoted by V, =V, (w,,).

Following a procedure similar to the one used when deriving the Cauchy step size, the
loss function, for an unspecified o step, at the next GD step, is given by:
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L—1
f(W—aV) = —a(x,,V,,) +log (Z e—<Xle—°°Vf>> 42)

=0

Finding the derivative and equaling to zero % [f(w—aV)]=0:

B ZL—] <Xn7V[> —(Xp,W;—V))
<Xn7vyn> - ZZL 01 e Xn,W[*OCV[> (43)
Z e—(Xn,W]—OCVl Z Xn’vl N T mel OCVl> (44)
I#yn Iyn <X”’ y">
Z e (X, W) 00X, V}) — Z Me_<xnvwl> (45)
(ot (75 (% V)
Using Taylor Series [31] to clear the desired value o :
2
o
eoc(Xn,V1> =14 a(xn,Vl> + > <Xn7V1>2 (46)
o (X, V1)
Z o Xnwr) | (1 0 (X, Vi) + — (X0, V) > Z ) — (X, W) (47)
1#Yn 2 [#Yn <X”’ y">

In SGD, which can be interpreted as GD with unbiased noise added to the gradient at
each iteration [32]], the inherent randomness can result in negative or complex values for
the step size in the quadratic solution. To counter this, the real part of the step size and its
absolute value are considered in the quadratic equation solution. This ensures a positive,
real step size, aligning with the principle of SGD by updating in the direction opposite
to the gradient thereby maintaining the effectiveness of the method despite its inherent
stochasticity. The following Ideal Step Size Estimation (ISSE) for MLR is obtained:

Zl;éyn (X, W1) <Xn,vl>
Y1y, € W) (x,, V)

OUSSE = (43)

The sum over [ # y, indicates that the step size adjusts based on how poorly the model
performs on classes other than the target class. This can be beneficial for imbalanced
classification problems or scenarios where certain classes are more challenging to classify
than others.

Since e~ W1} represents the output of the softmax function, these values are higher
when the accuracy of the model is low but should decrease over time, it gives more weight
to terms where the dot product — (x,,, w;) is small. This implies that if the current model is
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already fairly confident in its prediction (the dot product is large), then the step size would
be smaller, contributing to the stability of the model.

The squared gradient in the denominator serves as a normalizing factor that tends to
reduce the step size when the gradient is large and increase it when the gradient is small
[4]. This can help prevent the optimization algorithm from taking overly large steps that
could push it past a local optimum, while also allowing the algorithm to accelerate when
it is far from an optimum.

Because of the stochastic nature of the step size calculation by batch, high variance
regarding the components inside the step size quadratic function is to be expected; to
address that, exponential moving average (EMA) is taken for the quadratic component a
and the linear component b. The resulting step size is also averaged and multiplied by a
constant ¢, given the reduction of the EMAs.

Also, given that there is no small constant in the denominator where the gradient is
squared, typically referred to as € in adaptive methods [/]], it could lead to an increase
in the step over time if the gradient is too small and eventually diverge, which is why
a maximum step size and a decreasing factor are proposed in the algorithm. When the
algorithm reaches a maximum step size O.,4y, the reduction of the step takes place in a
magnitude inverse of the square root of the epoch.

3.2 Algorithm implementation

This section explains the derivation of the algorithm used to calculate the ISSE step size
Yty e ) (x, v))

Tize W) (x,, V)2
are defined:

OlsSE = depicted in (48). For that purpose, the following variables

o w: Weight parameters adjusted during training to minimize the loss.

x : Data points fed into the model.

V : Loss function gradient.

[ : Class identifier.

yn : Corresponding class or label.

Olyax - Maximum step size.

c : Constant multiplier.

e 7v: Exponential moving average factor.
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As can be seen, some calculations involving the numerator » and denominator a are
necessary. Given the matrix nature of the problem, a direct calculation of the variable a is
represented in Figure 5, there Xy g represents the input data of k features and batch size
R, and Wy, ; the weight matrix for L classes.

T

kxR kxL RXL

@ > Ze,@(?‘w‘)(xf,vﬁi
T

T
Rx1
—lx|—> | o | |V — = |<—¢ )V—>
)
kxR kxL RXxL
\. J

"
< (i)

T
expl —| — x| — @ <— Wyl —
kxR Rxk
T
—x|= O] <N — = [<—x0Vp—| —|xF, V)]
/
kxR Rxk Rxk Rx1
L J
L J

Figure 5: Matrix operations required to compute the ISSE step size.
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To generate the algorithm, first small terms as };.,, e*<x'r wi) are determined and then
joined and computed. It is necessary to find the exponential of the negative of inner
product of X and W, then, by adding values alongside the horizontal axis, the sum-
mation of the exponential of X and W is obtained, which gives ¥ e~ X»Wi) (X, V)2, as
seen in (i). Then, to find e~ ®"u!(x, V, )2, element-wise multiplication, multiplying
each of the date with is respective weight is performed by X and W, , the sum of the
elements of the matrix is as seen in (ii) Finally, both values are subtracted to find
Y e S (x, V)2 — e W) (x, V)2 = Yity, € W) (x, V)2 in (iii). A vector of
RE®*1 is obtained. Same procedure can be followed to obtain b, without the squared inner
product.

With theses calculations, the ISSE step size is computed at each iteration inside an
epoch, following the proposed Algorithm 1.

Algorithm 1 SGD ISSE for the Softmax
Require: wo, Onax, C,Y, epoch
1: fork=0to K do
2 a=Y e (X, V)2 d="Ya+(1—Y)a
3 b=Yy, e V(x, V), b=yb+(1—y)b
4 a=|2
50 G=c (ya+(1-7) o)
6:  if (& > Omax) OR max_step then
7
8
9

max,step True

A Olmax
\/ epoch—epochy,
end if
10: W1 —w;—0-Vy
11: end for

12: return wy,

The SGD algorithm is coded with the calculated step size, training with datasets for
classification with multinomial logistic regression. Finally, a comparison is generated
between the developed method and adaptive algorithms currently used for optimization
methods, as seen in the next chapter.
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Chapter 4

Experimental Results

To test the proposed step size in MLR, the experiments were structured as follows:

e Optimizers to be assessed:

o Vanilla SGD.

o SGD with momentum.

o SGD with Barzilai-Borwein step size [23]].
o SGD with Lipschitz constant [26]].

o The Adam algorithm [6].

ISSE step size (own).

O

e Metrics:

o Trainining and testing loss function.

o Trainining and testing accuracy.
e Models employed:

o ResNet-18 [13]].
o DenseNet-121 [14]].

e Datasets used:

o CIFAR-10 [11]: A dataset of 60,000 32x32 color images in 10 classes, with
6,000 images per class, commonly used for object recognition tasks.

o CIFAR-100 [11]: An extension of CIFAR-10 with 100 classes containing 600
images each, providing more detailed classification.
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o SVHN [12]]: The SVHN dataset consists of over 600,000 labeled digits col-
lected from house numbers, useful for digit recognition tasks.

Code is available at https://github.com/gabrielrori/ISSE-Step-Size.

For all the optimizers, weight decay was applied with a value of 5- 10~* and learning
rate scheduling [33] with a reduction of 0.1 in the 100th epoch. For the ISSE step size,
a value of y between 0.99 and 0.999 was considered, a scalar 0 < ¢ < 10 to counter the
EMA reductions and Oy, = 0.25.

The implementation was carried out on a computer with an i7 12700k processor, 64
GB of DDR4 RAM, and a Nvidia RTX 4090 graphics card with 24 GB of VRAM. The
algorithm was tested in Ubuntu 22.04 operating system with Python 3.10.

(e) ()

Figure 6: Performance Metrics for CIFAR-10 Dataset by epoch. Rows represent metrics:
(a) and (b) training loss, (c) and (d) test accuracy, (e) and (f) step sizes. Columns represent
architectures: (left) ResNet-18 and (right) DenseNet-121.
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https://github.com/gabrielrori/ISSE-Step-Size

Fig. 6. represents the algorithm implemented for the CIFAR-10 dataset, Fig. 7. for the
CIFAR-100 dataset and Fig. 8 for the SVHN dataset.

As seen from the figures, the proposed SGD ISSE optimizer demonstrates superior
performance when compared to other adaptive step sizes, vanilla SGD and SGD with
momentum. While SGD Lipschitz keeps an almost invariant (it evolves in an order of
magnitude around 107> ), the Barzilai step size exhibits similar behavior to ISSE step
size, increasing the step for early iterations and then decreasing it, nevertheless, the step
size can sometimes peak excessively high or drop too low, rendering it counterproductive.

(c) (d)

(e) ()

Figure 7: Performance Metrics for CIFAR-100 Dataset by epoch. Rows represent metrics:
(a) and (b) training loss, (c) and (d) test accuracy, (e) and (f) step sizes. Columns represent
architectures: (left) ResNet-18 and (right) DenseNet-121.

Remarkably, the SGD ISSE optimizer exhibits performance that is comparable to
Adam, which is widely regarded as one of the most effective optimizers. This is especially
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noteworthy considering that SGD ISSE operates with a uniform step size. Integrating fea-
tures from Adam, such as variance reduction and momentum based updates, could further
enhance its effectiveness.

ISSE step size has a higher learning rate in the initial stages of training which can sig-
nificantly enhance optimization, it allows the model to converge more rapidly by enabling
the optimizer to bypass suboptimal local minima and saddle points [34]], increasing the
likelihood of more optimal solutions faster.

(a) ()

(c) (d)

(e) ()

Figure 8: Performance Metrics for SVHN Dataset by epoch. Rows represent metrics: (a)
and (b) training loss, (c) and (d) test accuracy, and (e) and (f) step sizes. Columns represent
architectures: (left) ResNet-18 and (right) DenseNet-121.

The step size in SGD ISSE is observed to increase until it reaches a predefined upper
limit, denoted as Ouynax, beyond this point, the step size begins to decrease. Reducing the
learning rate in the later stages of training enables more precise fine tuning of the model
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parameters [33]], facilitating convergence to potentially improved minima. This adaptive
approach ensures that as the model nears an optimal solution, the optimizer is able to make
adjustments improving the model performance. At epoch 100, there is another observable
reduction in the step size, this adjustment is due to a learning rate scheduling.

Additionally, as seen in Fig. 9, SGD, Adam and SGD ISSE exhibit comparable training
epoch times. In neural networks training, the predominant computational demands are
attributed to backpropagation and gradient calculations [35] this substantial portion of the
training process supersedes the complexity differences in the update rules mechanisms of
the optimizers. Thus, even with the ISSE step size calculation in the last layers, its impact
on epoch time is minimal compared to SGD and Adam.

CIFAR10 CIFAR100 SVHN

__40- WEE RESNET18 404 HEE RESNET18 6o NN RESNET18
2 DENSENET121 DENSENET121 DENSENET121
6 304 — SGD RESNET18 304 — SGD RESNET18 509 —— SGD RESNET18
8_ - SGD DENSENET121 - SGD DENSENET121 404 = SGD DENSENET121
A1)
5 20 A 20 A 30 A
o
Q 20 4
€ 10 1 10 A
[ 10 -

0- 0- 0-

Momentum
Adam [9]

BB [16]
Lipschitz [18]
ISSE (own)
Momentum
Adam [9]

BB [16]
Lipschitz [18]
ISSE (own)
Momentum
Adam [9]

BB [16]
Lipschitz [18]
ISSE (own)

Figure 9: Time per epoch in training for the optimizers compared to vanilla SGD in
ResNet-18 and DenseNet-121. Columns represent the CIFAR-10, CIFAR-100 and SVHN
datasets.
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Conclusions

In this study, we introduced a new technique for automatically determining the optimal
step size for Stochastic Gradient Descent (SGD) when applied to Multiple Linear Regres-
sion. Our proposed approach leverages the first-order derivative of the loss function to
calculate an adaptive step size dynamically. We assessed the effectiveness of our method
through experiments on neural network architectures including ResNet-18 and DenseNet-
121, utilizing datasets such as CIFAR-10, CIFAR-100, and SVHN.

The empirical results indicate that our Ideal Step Size Estimation (ISSE) method sur-
passes existing adaptive step size techniques used in the stochastic context, such as Barzilai-
Borwein (BB) and methods based on the Lipschitz constant, particularly in terms of the
convergence rate. Notably, ISSE not only outperformed standard SGD and SGD with mo-
mentum in acceleration of convergence but also demonstrated performance on par with
the Adam optimizer.

The core ideas of this thesis were published at the IEEE conference LASCAS’24 [10]
and, looking ahead, our future research will explore the application of this algorithm across
a more extensive array of neural network models and datasets. We also aim to develop
capabilities to generate adaptive step sizes tailored to different loss functions and convo-
lutional neural network (CNN) models. This ongoing research will potentially broaden
the applicability of adaptive step size strategies in optimizing neural network training pro-
cesses.
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