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Abstract

This master thesis is dedicated to the design and simulation of a model following controller for
a quadrotor underactuated system. First, the quadrotor is modeled as a nonlinear Multi-Input
Multi-Output (MIMO) system in affine form with four inputs (torques and thrust) and for
outputs (three axis position and yaw angle). This was made by kinematics and Newton-Euler
dynamics formulation. For the design, the model following control is composed by a Model
Control Loop (MCL) where an idealized nominal plant model is considered. In this stage the
special case of dynamic extension for MIMO systems is considered to obtain the decoupling
matrix nonsingular and achieve full relative degree, then the augmented system is transformed
in a Byrnes-Isidori-form so feedback linearization technique with state feedback gain can
be applied for a reference trajectory. Hence, a second controller that operates on the real
plant is designed. This is called a Process Control Loop (PCL). The nonlinear system is
considered with external disturbances and is modeled based on the error dynamics between
the process output and the nominal model output. The control is designed applying feedback
linearization with high-gain state feedback with bounded uncertainty for the robustness. The
obtained control law is feedforwarded by the control input of the MCL to make the outputs
of the process follow the outputs of the MCL. The control system was compared with a
single-loop state feedback pole placement design. The simulations demonstrated the stability
under uncertainties and better trajectory tracking.



Kurzfassung

Diese Masterarbeit widmet sich dem Entwurf und der Simulation eines Model Following
Controllers fiir ein unteraktuiertes Quadrotor-System. Zunéchst wird der Quadrotor als
nichtlineares MIMO (Multi-Input Multi-Output) System in affiner Form mit vier Eingéingen
(Drehmomente und Schub) und vier Ausgéngen (Position entlang der drei Achsen und Gier-
winkel) modelliert. Dies wird durch kinematische und Newton-Euler-Dynamikformulierung
erreicht. Fiir den Entwurf besteht der Model Following Control aus einer Model Control Loop
(MCL), in der ein idealisiertes Modell des Prozesses beriicksichtigt wird. Wéhrend dieses
Schrittes wird der spezielle Fall der dynamischen Erweiterung fiir MIMO-Systeme betrachtet,
um die Entkopplungsmatrix nicht-singuldr zu machen und den vollen relativen Grad zu
erreichen. AnschlieBend wird das erweiterte System in eine Byrnes-Isidori-Form transformiert,
so dass die Feedback-Linearisierungstechnik mit Zustandsriickfithrungsverstarkung auf eine
Referenztrajektorie angewendet werden kann. Daher wird ein zweiter Controller entworfen,
der am eigentlichen Prozess arbeitet. Dies wird als Process Control Loop (PCL) bezeichnet.
Das nichtlineare System wird unter Berticksichtigung von externen Stérungen modelliert,
basierend auf der Fehlerdynamik zwischen der Prozessausgabe und der Ausgabe des nominalen
Modells. Die Regelung wird unter Anwendung der Feedback-Linearisierung mit high-gain
Zustandsriickfithrungsverstarker und begrenzter Unsicherheit fiir die Robustheit entworfen.
Das erhaltene Regelgesetz wird durch die Steuereingabe der MCL vorwarts gefiihrt, um die
Ausgénge des Prozesses den Ausgdngen der MCL zu folgen. Das Regelungssystem wurde mit
einer Einzelschleifensteuerung mit Polplatzierung verglichen. Die Simulationen zeigten die
Stabilitat unter Unsicherheiten und eine bessere Trajektorienverfolgung.



Resumen

La tesis de maestria esta dedicada al disefio y simulacién de un controlador por seguimiento de
modelo (MFC por sus siglas en inglés) para un sistema subactuado de cuadrirrotor. En primer
lugar, el cuadrirrotor es modelado como un sistema no lineal afin de multiples entradas y
multiples salidas (MIMO, por sus siglas en inglés) con cuatro entradas (tres torques y empuje)
y cuatro salidas (posicién en tres coordenadas y dngulo de guinada). Esto fue elavorado
mediante la formulacién de cinematica y dindmica de Newton-Euler. Para el diseno, el control
por seguimiento de modelo estd compuesto por un bucle de control basado en el modelo
(MCL por sus siglas en inglés) en donde es considerado el modelo nominal del sistema ideal.
En esta fase es considerado el caso especial de la dindmica extendida para sistemas MIMO
con el fin de obtener la matriz de desacoplo no singular y alcanzar el grado relativo completo,
luego el sistema extendido es transformado en la forma de Byrnes-Isidori para que la técnica
de linealizacién por realimentacién con ganancia por realimentacién de estados pueda ser
aplicada para trayectorias de referencia. En segundo lugar, un segundo controlador que opera
con el proceso real es diseniado. Este disefio es llamado control basado en el proceso (PCL
por sus siglas en inglés). El sistema nolineal es considerado con perturbaciones externas
y es modelado basado en la dindmica del error entre la salida del proceso y la salida del
modelo nominal. Ademas, el controlador es disenado aplicando la ténica de linealizacion por
realimentacion con realimentacion de estados de alta ganancia con incertidumbre acotada
para garantizar robustez. La ley de control obtenida es anticipada por la senal de control
del bucle de control de modelo para hacer que la salida del proceso siga a la senal de salida
del modelo. Finalmente, el sistema de control es comparado con la técnica de diseno por
ubicacion de polos mediante realimentaciéon de estados. Las simulaciones demostraron la
estabilidad bajo incertidumbre y mejor seguimiento de trajectorias.
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Chapter 1

Introduction

1.1. Motivation

An Unmanned Aerial Vehicle (UAV), also known as a drone, is an aircraft that operates
without a pilot onboard that can be remotely controlled or have an autonomous flight [14]
[55]. With the advancement of technology drones have been applied in the fields of mining,
agriculture, forestry, archaeology, architecture and even in construction industry [5].

They have the capability to integrate various sensors for data collection; for instance, cameras,
LiDAR, multispectral sensors or specialized instruments for atmospheric measurements
[72][34][81]. UAVs can also provide assistance for environmental monitoring. They are
utilized for the mapping and surveillance of forested areas. Due to that work, researchers
can monitor wildlife, climate change and human activities in the environment [68][43][29].
These aircraft play important role in agricultural research; for example, with specific sensors
they can detect diseases, monitor crop health, improve the enhancement of irrigation and
fertilization strategies [18] [27]. In the area of civil engineering and infrastructure, UAVs are
utilized for inspection constructions, buildings, bridges. They can inspect these structures
without the help of human intervention [12][21]. In the context of transportation applications
concepts, drones are being used for traffic management, checking congestion providing
real-time information [49][52].

UAVs have also gained important consideration in control system algorithms research area.
They were used as testbeds for developing and testing control techniques to improve flight
stability, trajectory following or tracking, and moveability [80]. Researchers have explored
into state of the art in control methodologies to investigate the potential of UAVs; for instance,
nonlinear control, adaptive control, sliding mode control and backstepping control to improve
the performance of these aircraft. These control system algorithms are designed to overcome
the complexities associated with nonlinear dynamics, uncertainties, and external disturbances
affecting the flight of the drone [25][56][35][65]. By taking UAVs as test platforms, researchers
can investigate and validate the performance of these algorithms enhancing the advancements



in autonomous flight, collision avoidance or swarm of multiple UAVs. The integration of
control system algorithms in UAVs brings possibilities for safe, efficient, and intelligent aerial
operations in numerous areas of expertise.

1.2. Quadrotor: general view

There are four categories UAVs were divided: fixed wing UAV, UAVs based on rotary wing
and flapping wing configuration, UAVs based on hybrid wing and gas envelope-based UAVs.
The quadrotor is a kind of Unmanned Aerial Vehicle (UAV) that belongs to the category of
"rotating and flapping” because of its Vertical Take Off and Landing (VTOL) ability. Its basic
components are a frame with four motors, propellers, gyroscopes, accelerometers, GPS and a
control system board. The movement of the aircraft depends on the change of velocities of
its motors [40] [32]. The operational framework in this aerial technology has similarity with
the fundamental principle of helicopters, in which both of them achieve hovering movement
by creating a downward force of air [9]. A real quadrotor is shown in Figure 1.1 where the
physical components can be observed.

Figure 1.1: Typical quadrotor that is used for testbed of control algorithms [9].

VTOL aircraft which have the ability to hover and low-speed fly are helpful in isolated
zones and also in places with reduced space for landing compared to the fixed wing UAVs
which need devices for landing and take-off that are not accessible in cities and distant areas
[46]. The research field for this kind of UAV have been grown through time. Their control
performance has been subject of investigation in many studies most related to autonomous
flight, also mentioned in the previous introduction section [77]. Quadrotors operate without
the need for sophisticated mechanical linkages to control the movement of their rotors This
are advantages over other UAV VTOL like a helicopter. Additionally, employing four separate
rotors leads to their reduced diameters in comparison to the single main rotor commonly
found in helicopters. This reduction in rotor size results in a decrease in the amount of stored
kinetic energy associated with each individual rotor. A disadvantage is that the quadrotor
design is made to operate with four rotors or actuators (which will be named control inputs
in the modeling chapter) to control the six movements of translation and rotation (six degrees

2



of freedom) independently. This represents an underactuated system, because the number
of control inputs is smaller than the degrees of freedom [48] [20]. Nevertheless, due to its
lightweight components and low-cost, these aircraft were considered as testbeds for different
control algorithms [8].

1.3. State of the art

The field of quadrotor control systems has witnessed significant advancements and research,
leading to developments in autonomous flight, stability, and maneuverability. This is achieved
because of the control algorithm design implemented. This subsection provides a summary
of the state of the art research in quadrotor control, highlighting the areas of innovative
methodologies, and significant contributions.

In the realm of engineering, a quadrotor can be characterized as a system with nonlinearity,
coupled dynamics, multivariable underactuated behavior which they are complex to handle
[19]. Linear control methods; for instance, proportional integral derivative (PID) control
was applied in [59] in which the controller demonstrates the ability to achieve stability of
this complicated system; nevertheless, the performance of the flight is impacted by the
existence of external disturbances and the values of the implemented controller parameters
are different from the simulation parameters. External disturbances were no considered in
the mathematical model and it was linearized around an equilibrium point.

In order to deal with those problems, nonlinear control methods were implemented. Feedback
linearization is one of these techniques. The fundamental concept underlying this methodology
involves the algebraic transformation of the dynamics of a nonlinear system into either a
fully or partially linear representation, therefore allowing designers the application of linear
control techniques [67]. The employment of this method has shown results in robotics,
helicopter flight control and aircraft performance. Furthermore, in the field of unmanned
aerial vehicles (UAVs), feedback linearization control strategies were applied to quadrotor
flight control. In [66] the authors proposed a controller design for the quadrotor combining a
feedback linearization nonlinear technique and a linear quadratic regulator (LQR) control
strategy, instead of linearization of the model, in order ot stabilize the attitude dynamics of
the aircraft. Through numerical simulations the control system’s stability and robustness
under nominal conditions were validated. Additionally, flight tests with the addition of a
bounded disturbance showed the controller’s successful performance. Another contribution
of this technique was showed in [10] where a feedback linearization with model predictive
control scheme was developed for guiding the quadrotor along desired trajectories. By this
method the nonlinear state-space model was transformed into a linear system while preventing
round-off errors associated with Taylor series approximations. Additionally, a disturbance
estimator was implemented for estimating and compensating the external disturbances,
thereby guaranteeing error BIBO stability. The proposed control algorithm was evaluated
through numerical simulations, examining tracking performance for the quadrotor in different
scenarios even under constant or continuous disturbances. Nevertheless, the designed was



developed until simulation stage. The authors considered the implementation on actual
quadrotors for the future work.

Another notable approach for quadrotor control is backstepping control. Backstepping control
is a control technique used for stabilizing nonlinear dynamical systems by recursively designing
control laws for each subsystem defined by virtual error variables which are stabilized by
a Lyapunov function. The control process is completed when the final external control is
attained [24]. Several researchers have explored the application of backstepping control in
quadrotors with the objective of improving stability, trajectory tracking and robustness. For
instance, in [82] the authors proposed a control strategy based two subsystems called inner
and outer loops to elude the straightforward design of underactuated control inputs for a
quadrotor. For the outer loop control laws were designed to provide pitch and roll angles as
references inputs for the inner loop so that the position control inputs can be designed. This
architecture is depicted in Figure 1.2.

Figure 1.2: Inner outer control structured for quadrotor. The control inputs uy, us, ug and
uy were all designed by backstepping method. Source: [82].

Simulation results showed that the roll and pitch angle are able to follow the reference angles
generated by the outer loop. So the tracking errors of position and attitude regularized to zero.
Therefore, the quadrotor is can follow a predefined trajectory. The previous designs assumed
a constant mass of the quadrotor; however, when these aircraft are used for agricultural
applications, payload transport or environmental monitoring their mass can change drastically.
That can affect the flight and therefore the performance of the drone. To solve that problem
authors in [83] presented a backstepping adaptive controller adding an observer for real time
mass estimation of a quadrotor with slow-varying mass during flight. Simulation results
demonstrate that the hovering control can be achieved with a slight average error range
equivalent to 2% of its own mass by using the proposed design.

Keeping the context of uncertainties and disturbances affecting the system there is other
nonlinear control strategy called sliding mode control which is a robust control method
that has gained attention due to the capability to handle uncertainties and disturbances.
Sliding Mode Control (SMC) is a form of Variable Structure Control (VSC) that employs
a discontinuous control signal to take the system onto a sliding surface in the state space.
Once the system is on the switching surface, the resulting response behavior depends on the
gradients of the switching plane and the control rapidly switches to maintain the states on the
surface and drive them to desired states, such as the origin. This attractive feature ensures



robust performance even in the presence of uncertainties, parameters variation, making the
technique a promising approach in modern control theory [78] [64]. Quadrotor control is a
difficult problem when considering external disturbances, parameter uncertainties during
flight. Due to these challenging tasks authors in [64] chose the sliding mode control for
the translational and rotational dynamics of a quadcopter system. The robustness design
was tested by simulations including lag dynamics on the actuators, then a second analysis
the inertia, arm length and mass parameters of the aircraft had a parametric uncertainty
of 20 - 50 %; finally, for unknown external disturbances gaussian normal noice was taken
account. The results showed that the quadcopter can be stabilized by the design control at
the reference position and altitude.

The principal drawback in sliding mode control is the so-called chattering problem in the
control signal that means high frequency variation signal that the actuator should receive;
nevertheless, designers found solutions to solve this problem; for example, in [2] authors
designed a chattering suppressed controller for the attitude dynamics of a spacecraft taking
account uncertainty and disturbances. The controller technique applied was a second order
sliding mode control (SOSMC) which in closed loop simulations it showed that the main
objective is accomplished bye suppressing the chattering in control. Other higher-order sliding
mode control method that effectively deals with chattering is the super twisting method. In
the publication in [7] authors proposed a robust super twisting (RST) terminal sliding mode
control (RST-TSMC) in discrete-time domain to ensure trajectory tracking of a quadrotor
with high accuracy in presence of external disturbances. The control structured was also
developed in inner outer loops where Lyapunov function candidates were considered in order
to guarantee the asymptotic stability. In the simulations results it is shown that the control
inputs are smooth and did not obtain problems with chattering. The chattering issue is
resolved by substituting the discontinuous term in the control law with a continuous function
such as the hyperbolic tangent function.

Due to the tracking performance with robustness and disturbance rejection Model Following
Control (MFC) has been applied to nonlinear dynamical systems. This method represents a
structure of two-degree-of-freedom that consists of the Model Control Loop (MCL) where the
nominal system is considered as reference system and the Process Control Loop (PCL) where
the actual plant with disturbances are considered. Classic linear techniques are regularly used
as controllers in both loops. Researchers have focused on and applied this control architecture.
In [53] authors used the structure of the MFC to regularize the speed of a permanent magnet
synchronous motor (PMSM). For the MCL a proportional controller is designed and for the
PCL a PD-I fuzzy controller with adjusting parameters. The simulations and experimental
tests of the control system showed robustness and stability when they changed the load
torque and modify the moment of inertia. For the the boost-pressure reference-tracking
of an exhaust-gas turbo-charger the authors in [74] designed a MFC. They elaborated a
state feedback gain in the MCL based on a local model network (LMN) and for the PCL
they developed a PI controller. For the simulations they compared the whole system with
an inverse feedforward strategy with H,, for the PCL. It showed that the MFC with PI
controller had good performance. A study where nonlinear techniques were applied in the
MFC structure is found in [76]. Authors designed a target value control strategy for the



MCL then consider a high-gain state feedback with bounded uncertainty for the robustness
in the PCL in order to reduce control action. In both loops partial feedback linearization
was utilized.

1.4. Thesis objectives

1.4.1. General objective

The general objective is to design a model following controller for a nonlinear MIMO (Multi-
Input Multi-Output) system. The structured is based on two control subsystems: model
control loop (MCL) and a process control loop (PCL). Feedback linearization control law is
used for both subsystems based on error dynamics. In this work it is considered the special
case of dynamic extension for MIMO systems to obtain the decoupling matrix nonsingular
and achieve full relative degree. For robustness performance, uncertainty analysis is developed
for the complete system.

1.4.2. Specific objectives

The subsequent topics are addressed to accomplish the main objective:

» State of the art regarding model following control techniques applied to nonlinear
systems.

= Analysis of quadrotor MIMO nonlinear mathematical model.
= MIMO feedback linearization via dynamic extension for the nominal dynamics.

= Design a nominal control law for set-point tracking and trajectory tracking. This
controller shall be implemented in the model control loop.

» Robust control design (e.g. high-gain control). This robust controller shall be used in
the process control loop and diminish the influence of model uncertainties.

= Evaluation of the model following control stability considering the model uncertainty.
= Simulation of the model and process control loop designs.

= Comparison with a single-loop feedback design.



1.5. Overview of present work

The structured of the present work is outlined in the following manner:

In chapter two the quadrotor’s mathematical model is derived. It starts with the description
of the system explaining how the quadrotor works as six degrees of freedom (6DOF) in the
physical world. The mathematical foundations is explained. The kinematics of the quadrotor
as rigid body is analyzed. Then, the nonlinear dynamics is deployed explaining the physical
forces of the rotational and translational movements. The inputs and the outputs of the
MIMO (Multi-Input Multi-Output) system are indicated. Finally, the quadrotor model is
described by state space vector differential equations.

The control design is elaborated in chapter three. The control strategy is the model following
control. It is composed of a two-loop control configuration: the model control loop (MCL) and
the process control Loop (PCL). Feedback linearization and high gain feedback techniques are
applied for stability problem. Finally, the analysis of disturbance is considered for robustness
performance.

In chapter four, the simulations and results are presented bye software for validation purpose
of the two loop structures mentioned before. A trajectory reference is presented to exhibit
the controller’s performance under flight condition with and without wind disturbance.

In chapter five, the conclusions and future work of the thesis are presented.



Chapter 2

Mathematical model of the quadrotor

In this chapter the quadrotor’s mathematical model is developed. First, the quadrotor is
described as a six degrees of freedom dynamic system; assumptions are considered for the
model, so that the Newton-Euler rigid body analysis can be applied by the equations of
kinematics and dynamics. Finally, the nonlinear mathematical model of the quadrotor is
obtained.

2.1. Quadrotor: System description

The quadrotor is an specific type of aerial robot which consists of a fixed frame, four motors
which are the actuators, with four propellers fixed to each motor’s shaft, an electronic board
where there are the control and communication system; sensors and any other electronic
device according to the application.

There are two kind of frame-configurations so the quadrotor can have an indicator of the front
when it is flying: the plus (+) where one motor is the head of the quadrotor and the cross
(x) configuration where two motors are the head of the aircraft [60] [50]. A representation of
these frames is shown in Figure 2.1. For the present work, the plus (4) configuration was
chosen because a coordinate reference had to be aligned with the head of the quadrotor.

According to Newton’s third law of motion for every action, there is an identical and opposite
reaction. For the quadrotor case when the propellers rotate they generate force pushing the
air downwards. The reaction will generate an opposite force making the quadrotor elevate
[60]. This is made when the four motors have the same speed.

As shown in the image below numbers were assigned to each motor so they can be identified for
the modeling. Two opposite propellers of the quadrotor spin clockwise and on the contrary the
other two spin counterclockwise [22]. For this case the propellers in the first and third motors
spin in clockwise and the propellers in the second and fourth motors spin in counterclockwise.
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(a) + configuration (b) X configuration

Figure 2.1: Quadrotor configuration

It is the same spinning way for the cross configuration.

when a motor spin it generates a torque and it influences the movement of the quadrotor.
According of the configurations in Figure 2.2 when the four motors have the same speed there
will be a torque distribution, so the quadrotor will be in hover position and when the speed
of the motors increase or decrease the aircraft will go up or down in vertical way [60] [22].
This is the throttle movement. So when the motors change their velocities the quadrotor
will tilt and move front side to side. These are other movements are called roll, pitch and
yaw [37]. This types of motions are shown in Figure 2.2 and this means that the quadrotor
has movements along the x, y and z coordinates and also it rotates with respect of those

coordinates. Due to those statements the quadrotor is said to have six degrees of freedom
(6DOF) [39].

When the quadrotor change the speed of its motors the roll, pitch and yaw angular movements
are made. Follow the configuration of Figure 2.2. The roll movement is created by increasing
the speed of the first motor and decreasing the speed of the third motor by the same amount
while the other motors keep the same speed. On the other hand, for the pitch movement the
motor 2 has to increase the speed and motor 4 has to decrease the speed while other motors
keep the same speed. For the yaw movement motors 1 and 3 have to increase their speed and

the motors 2 and 4 have to decrease their speed generating a rotation torque with respect
the z axis [31] [71] [60].



.
.

O

(a) Roll movement (b) Pitch movement

q+w1

)+

V 5

+ wy

O

!

(c) yaw movement (d) Throttle movement

Figure 2.2: Quadrotor flight movements
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2.2. Kinematics

The analysis of kinematics of a rigid body describes the movement of the quadrotor without
accounting the external forces that affect itself [69]. For the description of a six degrees of
freedom rigid body it is common to designate two reference frames [11] [60]: the inertial
frame and the body frame. The inertial frame denoted by {I} is a reference coordinate which
is fixed or it moves with uniform velocity; therefore, Newton’s laws can be applied [6] [69].
On the other hand, the body frame denoted by {B} is a reference frame which is moving and
its coordinates located in the center of gravity of the quadrotor [4].

In the figure below both reference frames can be seen how they are located. The inertial
frame also called earth frame is fixed in some point on earth and is described by the X;, Y
and Z; coordinates; therefore, a rigid body can be described by its position [4] [16].

Zp

Xr

Figure 2.3: Quadrotor’s frames setup
The position is defined by the vector:

I' =

To Yo Zo] (2.1)

11



Xp . . y
‘\ {]i X ’” -\ f[;

(a) Rotation about Z axis (b) Rotation about Y axis (c) Rotation about X axis

Figure 2.4: Sequence of rotations of the Z-Y-X Euler angles. Based on [15].

The orientation of the quadrotor is defined by three rotations relative to the inertial frame.
The rotation angles are the Euler angles: roll, pitch and yaw [69] and they are denoted by
the attitude vector.

2=lo 0 vl (22)

For describing the aircraft attitude the Z-Y-X Euler rotation is used so information from the
body frame to the inertial frame can be obtained. This method consists in rotate about Zg
axis an angle 1 positive, then rotate about the new Y’'p axis an angle 6 positive and finally
rotate with respect to the new X"p axis an angle ¢ positive [69] [15].

The rotations with respect to the three axis are represented by the following matrices:

Rotation with respect to Z axis:

costp —sinyy 0
Rz(¥) = |siny  cosyp 0 (2.3)
0 0 1

Rotation with respect to Y axis:

cos 0 sinb
Ry (0) = 0 1 0 (2.4)

—sind 0 cosf

12



Rotation with respect to X axis:

1 0 0
Rxn(¢) = |0 cosp —sing (2.5)
0 sing coso

The body frame is changing its position and orientation; therefore, the measurements have to
be considered relative to the inertial coordinate system so the mathematical model can be
obtained by Newton’s laws [6]. By the multiplication of the three rotation matrices:

costp —sinyy O | cos# 0 smmf| |1 0O 0
sR=|siny cosyy 0 0 1 0 | |0 cosp —sing (2.6)
0 0 1| [—sinf 0 cosf| |0 sing coso

The relationship between both reference frames is obtained:

cosblcosy)p cospsinfsing — cospsinyg  cospcossing + singsiny

5R(¢.0,9) = coslsiny  sinfsingsiniy + cospcosy) cospsinfsiny — cospsing|  (2.7)

—sinf cossing cosbcoso
whereas: —g < @< g, —g <6< g, —3 <Y < g to prevent singularities like gim-

bal lock [4].

LR(¢,0, ¢) is the transformation matrix from the body frame to the inertial coordinate system
or inertial frame where ¢, 6 and v are the Euler angles roll, pitch and yaw, respectively. The
inverse matrix 5 R™! is equal to the transposed L RT and this matrix is the transformation
matrix from the fixed coordinate system to the body reference frame ZR(1, 0, ¢) [4].

The Euler angular rates © are defined in the inertial coordinate system and the angular
velocity vector € is considered in the body reference frame.

o=[6 06 o=lp ¢ 2.3

The relationship between those two vectors is the equation below which the transformation

13



matrix mapping the inertial frame to the body reference frame is denoted [4] [69]:

P 1 0 —sind ¢
gl =10 cos¢p sindcosh| |0 (2.9)
r 0 —sing cosbeosg| |

On the other hand, the inverse transformation which is from the body frame to the inertial
frame can be obtained:

10) 1 singtanf cosgtand| |p
0| =10  coso —sing | |q (2.10)
(G

0 singsecd cospsectd| |r

2.3. Dynamics

For this work the quadrotor is considered a system which has a rigid body so it is assumed that
the frame of the aircraft is symmetrical, the propellers are identical and also the four motors
which are distributed on the frame symmetrically [32] [58] [15]; therefore, the dynamics for a
six degrees of freedom rigid body can be described by the Newton-Euler formalism [4] [60]
which expresses the rigid body by translation and rotational or attitude dynamical equations

[1].

For the translation dynamics the Newton’s second law is used in which the external forces
are acting on the quadrotor; that is, in the body frame [30].

F=mVZ+QxmV? (2.11)

where I is the vector that represents the external forces applied to the aircraft, m is the mass
of the rigid body, V is the translation velocity vector in the body frame, V' is the acceleration
vector in the body frame and (2 is the rotational velocity.

F=7RF,+ Fy (2.12)

where PR is the transformation matrix from the inertial reference system to the body
coordinate frame, F} is the gravitational vector and F}, is the vector that is composed of the
sum of the forces that are generated by the four motors.

14



F,=10 Fay=| 0 (2.13)
mg Z kwiz
1=1

where m is the mass of the quadrotor, ¢ is considered the gravity, k is the thrust coefficient,
w; is the angular velocity generated by each propeller [3]. Since the equation 2.11 is described
in the body reference system, it has to be transformed to the inertial coordinate system
multiplying the equation by the transformation matrix L R. The centrifugal force Q x mV?
is nullified because of the inertial transformation [44]

F,+LRFy = ml (2.14)
x 0 cosblcosyy cospsinfsing — cospsiny  cospcosipsing + singsiny 0
m || = | 0 |+]|costsiny sinfsingsiny + cospcosy cospsinfsiny — cosysing
Z mg —sinf coslsing cosbcoso Z kw?
i=1
(2.15)

The vector differential equations for the translation dynamics are

T 0 cospcossinf + singsiny

—~

T
g| = |0] + |cospsinfsinyg — cosysing o 2.16)

Z g cosfcosp

Where:

The rotation motion can be expressed by Euler’s equations for rigid body:

T=I0+ QX IQ+ Ty (2.17)

where 7 is the external torque vector applied to quadrotor, €2 is the angular velocity vector,
2 is the angular acceleration vector, 74, is considered as the gyroscopic effects and I is
called the inertia tensor and is noted as a 3x3 matrix [17]:

15



I=\1, I, I, (2.18)
[zx Izy [z

The quadrotor is modeled under symmetry assumption about its body frame axis, so the
matrix can be simplified as taking the non-diagonal elements by zero values [58]:

I, 0 0
I'=10 1, 0 (2.19)
0 0 I

z

Replacing the vectors and matrices in equation 2.17

Té I, 0 0| |p P I, 0 O |p P 0
| =10 I, O] |q|+|g|*x|0 I, O |q| T |q|>x|0]w (2.20)
Ty 0 0 L] |7 r 0 0 L] |r r 1

where I, is the total moment of inertia of the propellers and w, = w; — w3 + wy — wy is the
summation of the angular velocities of the motors, 74, 7y and 7, are the components of 7
corresponding to the torques which produce the roll, pitch and yaw rotations, respectively.
In vector form:

To k(w? —w3)
To| = lk(w? — w?) (2.21)
7o) |dwi - wi 4wl - wi)

where [ indicates the distance from the quadrotor’s the center of mass to the center of the
propeller, k is the thrust coefficient, d stands for the drag coefficient [4] [30]. Multiplying
the matrices and vectors the differential attitude dynamic equations of the quadrotor are
obtained.

p T¢/]:L’ (Iy - ]z>qT/I:v Q/Ix
q| = |m/Iy| + |, — L)pr/L,| — L |—p/1,| wr (2.22)
r /1 (I, — L)pq/I, 0
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2.4. State space system modelling

The full non linear translational and rotational dynamic equations are represented by equations
2.16 and 2.22. For the state space modeling it is considered without the gyroscopic effects 7;y,,.
That parameter will be added for the uncertainty analysis. The quadrotor is a multivariable

nonlinear system and can be described by the general affine state space form:

m

T = f(x)+ Zgz(x)uz

i=1

n = hl(l’)

Ym = hm<x>

where z(t) € R™, f(x), g1, - . . gm are vector functions. The vector u = [u; ug . .

(2.23)

.U’ and

the outputs y = [hy(z) ho(z) ... hn(2)]T are smooth nonlinear functions [33] [62]. For
the present work, the quadrotor system can be written as:

I

Y

L.

17

I, —
—5  Pq

Uog
Vo

Wo

0
0

g
— L

xT

_ ]x
]y

]Z/
I.

gsin(¢)sec(d) + rcos(¢)sec(d)
qcos(¢) — rsin(¢)
p + gsin(p)tan(0) + rcos(¢)tan(6)

qr

pr

(2.24)



i 0 0 0 0]
0 0O 0 O
0 0O 0 O
0 0O 0 O
0 0O 0 0
0 0O 0 O
1
o) = —E(cos(gb)cos(w)sm(ﬁ) + sin(¢p)sin(y)) 0 0 0 (2.25)
1
——(cos(@)sin(0)sin(y) — cos(y)sin(¢)) 0 0 0
m
1
- 0 0O 0 O
m(cos( Yeos(¢)
1
0 I i) 0
0 0O — 0
I,
1
0 0o 0 —
L I, ]
The state vector is as follows:
T
T=1x9 Yo 20 ¥ O ¢ ug vo wy p q v (2.26)
The control law is a 4x1 vector:
T
u= [ul Uy Uz Uy (2.27)

where u; is the combined thrust produced by the four motors, us, us and uy represent the
roll, pitch and yaw torques, respectively.

For the output vector it is proposed to control the position and the yaw angle variables:

Zo

y= " (2.28)

20

¥
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Then the vector is represented by twelve state space variables:

T

(2.29)

T= |21 Ty T3 Xy T Tg T7 Tg T9 Tip T11 T12

Replacing the state space variables in f(x) and g(x):

X7

s

L9

x1181n(z6)sec(xs) + x1acos(xg)sec(ws)
x11008(x6) — T125in(T6)

x10 + x118in(ze)tan(xs) + xi9cos(ze)tan(xs)
fl@) = 0 (2.30)
0

g
I,— 1,

T11712

Iz_[x

10212

Yy
I — 1,

Z10T11
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0 0 0 O
0 0 0 0
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 0
1 . ) .
o) = _E<COS(.I6)COS($4>SZ”(I5> + sin(zg)sin(zy)) 0 0 0 (2.31)
1
—%(cos(x(;)sin(:cg))sm(m) — cos(zq)sin(zg)) 0 0 O
1
—%(cos(ag)cos(xe) 0 0 0
0 1 0 0
I,
1
0 0 — 0
I
1
i 0 0 O i

In this subsection the mathematical description of the quadrotor system was presented. The
system is composed by six differential dynamical equations that indicate translational and
rotational movements. This refers to the concept of six degrees of freedom (6 DOF) of a rigid
body. Therefore, in the sense of the quadrotor movements it means that the aircraft can move
forward /backward, left /right, up/down along the z, y, z position axes, respectively and rotate
around the roll, pitch and yaw axes, respectively. Then, affine state space representation
expressed the dynamics of the system, twelve state variables, four inputs (thrust, roll, pitch
and yaw torques) and four outputs (position and yaw rotation angle) were selected for the
MIMO (Multi-Input Multi-Output) analysis and control design.
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Chapter 3

Control Design

3.1. Model Following Control

In this Chapter a model following controller for a nonlinear six degrees of freedom Multi-Input
Multi-Output (MIMO) quadrotor system is proposed for the design. This strategy is a
two-degree-of-freedom control structure consisting in two loops: first, a nominal controller
is designed which is based on the process model in a Model Control Loop(MCL). Then, a
second controller acting on the physical process is designed. This is called a Process Control
Loop (PCL) which relies on the error dynamics between the model and the actual process
states. The architecture of the control strategy is the one used in [75] and the block diagram
is presented in Figure 3.1.

Model Control Loop Process Control Loop

y
Yr —f Model Model Process a lu -,
Controller u* Process z* Controller Process T

[ ]

Figure 3.1: Block diagram of the model following control scheme. Based on [75].

where y, is the reference signal. u* and y* are the control input and the output signal,
respectively and x* represents the states of the ideal process. In the process control loop, the
reference is the considered states x* of the model, z and y are the states and the output of
the process and u = u* + @ is the control law. The task is to track the reference signal y,
asymptotically.
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The nonlinear system is considered as multivariable Byrnes-Isidori-form.

n= fo(n,&) (3.1)
§=6
fifl = ffnl
o= ai(&,n) + D b (& m)uy + Ti(€)
=1
Yi = ﬁ

where 77 € R™7" and £ € R” represent the internal and external dynamics, respectively.
y; € R™ and u; € R™ are the output and the input of the system, respectively; with the
unknown model uncertainty W;(§).

bij<€7 77) = ngL:‘iilhi(q)_l(g7 T’))

Fori<:<m,1<57<m

®(&, ) is alocal coordinate vector transformation in a neighborhood of x5 where L, Lgf_lhz-(x(;) #
0 [33]. The expression L¢hy(x) is the Lie derivative that means the rate of change of h(x)
along the smooth vector field f(z) = [fi(x), f2(z)... fo(x)]T at the point z which is define as
[42] [57] [54]:

" Oh;
Lghi(z) =) %fj(l’)

=1

In a recursive expression
n 8Lk_1hi (I)
LEhi(z) = if@ fi(z)
Lj

i=1

A vector relative degree is defined for the system r = {ry, 79,73, ...,7;} where r; is the relative
degree with respect to the ith output and it is defined as how many times the ith output has
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to be differentiated so that at least one of the m inputs of the system appears in the output
equation ith [61].

For the control law design exact feedback linearization is applied for the model control
loop (MCL) and the process control loop (PCL) based on the nonlinear model. Feedback
linearization technique is used in this work due to its principle of canceling the nonlinearity
of the process [51]. In this work it is considered the special case of dynamic extension for
MIMO systems to get the decoupling matrix nonsingular and achieve full relative degree [33].
Furthermore, high gain control technique is developed in the process control loop (PCL) to
enhance the robustness in the feedback system so the model uncertainties can be compensated
[76]. Additional investigation on linear and nonlinear systems with high-gain state feedback
controllers are obtained in [13] [23]. For robustness performance, uncertainty analysis is
developed for the complete system.

3.1.1. Feedback Linearization

Feedback linearization is a nonlinear control strategy that converts a nonlinear dynamics into
a corresponding linear one by canceling the nonlinearities of the system so the designer can
apply linear control techniques [73] [63]. In this section a feedback control law is designed
with feedback linearization technique for a Multi-Input Multi-Output (MIMO) quadrotor
system applying a coordinate transformation in state-space to obtain a linear model. This is
called exact linearization and the goal is to solve the input-output decoupling problem in
order to obtain the system decomposed into single-input single-output subsystems. [33]

Considering the MIMO system in equation 2.23 it is defined the vector relative degree
r = {ry,ro,r3,...,7;} where r; is the relative degree with respect to the ith output. The
relative degree of the system is defined at the point « = z if it fulfills the conditions[33]:

i) For all x values in a open neighborhood of

Ly, Lhi(z) =0

Foralll1<i<m ,foralll1<j<m,forall k <r;,—1

ii) The decoupling matrix m x m

Ly LY 'ha(z) ... Ly, L} hi(z)
b(x) = : : :
Ly, L7 Yhy(x) . Lo, L han ()

is invertible or nonsingular in the point x = xs.
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Consequently, the following relation is derived:

Y1
= a(z) + b(x)u
yy
where:
L;l hl ([E)
a(z) =
L by ()

Based on the definition of relative degree vector and the matrix b(z) invertible, therefore the
state feedback control law is defined:

u=ax)+ p(z)v (3.2)

where:
a(r) = —b(z) ta(x)
Bla) = b(a)™

v=[v] vy ... Up]T

In Figure 3.2 it is shown a block diagram of the feedback linearization algorithm implemented
for a nonlinear system. The state feedback control law transform the nonlinear system into
an input-output decoupling relationship that results in the closed-loop system:

yz(er ) Um

Forall 1 <i<mand v =[v; vg ... vm]T is the linear control vector.
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U

v

Figure 3.2: Feedback linearization block diagram applied to nonlinear system.

Consider the total relative degree for the MIMO system of equation 2.23 in the following
statement [26]:

r=ri+nro+..+r,<n
Therefore, the nonlinear process can be transformed by a change of variables z = ®(z) where
z, the new state, is composed by a vector £ with dimension m and a vector 1 with dimension

n — r that depends on the variables £ and 7 and which fulfills a differential equation [36] [33].
This statement is shown in the next case:
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If r < n , transformation state variables stays:

()

The terms ¢, ,1(x), ... , ¢n(x) which are continuous differential functions are chosen in a
manner that
~ 0¢i()

ng ¢’L (33) - ax

gj(z) =0 (3.3)

Forr+1<i<n,for1l<j<mandV z near the neighborhood of x5

To ensure the expression above in 3.3 the generated spanned distribution of the vector fields
g1(z) , ... , gm(z) should be involutive and that implies solving partial differential equations

for ¢p41 (), .., dn(x) [41].

Therefore, the change of variables is divided into the set:

_gi_ _¢%1(x)_
o §2 _ cbé.(x)
&) o)
=8 & . ¢m
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T gbr—i—l
Up) ¢r+2
=1 . 1= .
_nn—r_ _¢n—r_

Then the dynamic equations obtained are found in 3.1 .

If r = n , that means the sum of the elements for the vector relative degree correspond to the
number of states and the variable 1 is not considered in the transformation of coordinates
states, then the transformation variables is obtained as:

o lél (@] | e ]
yp .. .

i & %@ | Lehi(@)
(rm)
el |ew] B

Forl1<i:<m

Then, the relative degree of the output h; of the nonlinear system is r;. For the first output
of the system that corresponds the position in x axis:

hl(ZL‘) = 29
The first Lie derivative is obtained:
Ohy(x)
Litn(z) = S (1) + (o))
g uo

which is the velocity in x axis.

Then, the second Lie derivative is obtained:

N ox

— _%(sm(m)sm(%) + cos(x4)cos(xg)sin(zs))ug

L2hy(x) (f(z) + g(zx)u)
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So the control law u; affects the system through the second derivative of h;(z) which indicates
that the relative degree related to the first output is r; = 2. The same procedure is applied
to the other output components vy, 2o and .

For ho(z) = yo, the input uy appears in the second Lie derivative:

 OLsha(x)

Liha(e) = L2 (1 (@) + g(a)u)

= —;(cos(xﬁ)sin(%)sin(m) — cos(w4)sin(zg))ug

For hs(x) = 2y, the input u; also appears in the second Lie derivative:

Biata) = PO (1) 4 gayu)

=g-— ;(COS(QTg,)COS(Z’G))Ul

and the first and second Lie derivative for the output hy(z) = -

ath4(.T)

Lihy(z) = T(f@) + g(x)u)

= x1351n(z6)sec(xs) + x14c0s(v6)sec(ws)

Bu() = 200 (0) 4 g

— aLJgL;(I)(f(:E)) + ;sin(:cﬁ)sec(xg,)ug + Ilcos(x6)sec(x5)U4

The term 61:#;(3:)( f(z)) was indicated as mathematical expression due to the inputs appeared

multiplying just the term g(z). Therefore, for the nonlinear system in 2.23 the elements of
the vector relative degree are:

rL=T9 =T33 =74 =2

And the total relative degree of the system

T1+T2+T3+T4:8

is less than the number of states n = 12. Then, new coordinates n and & could be found;
nevertheless, the decoupling matrix must be analyzed:
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__ sin(zq)sin(xe)+cos(xa)cos(ze)sin(xs) 0 0 0 ]
m
cos(x4)sin(xe)—cos(xe)sin(za)sin(xs) 0 0 0
b(x) = K
__cos(xs),cos(x6) 0 0 0
sin(ze) cos(x6)
L 0 0 Iy,cos(xzs)  Iz,cos(xs) |

For the values of x; the matrix b(x) is singular or non-invertible. This is proven by obtaining
the determinant:

det(b(x)) =0

Therefore, the problem of input-output for the nonlinear system 2.23 can not be solved and a
state feedback control law can not be designed. It is shown that the control law u; influences
the second Lie derivative of hy(x), ho(z) and hs(x). In the next subsection it is presented the
concept of dynamic extension that demonstrate the achievement of the total relative degree
by adding more states variables to the system, then a dynamic feedback control law can be
designed.

Feedback linearization is a technique for linearizing nonlinear systems. It was applied to
the quadrotor system to obtain an independent single input single output subsystems. It
was shown that it could not be done since the matrix b(z) was singular; hence, the concept
of dynamic extension is applied in the next section. This notion will allow to achieve the
relative degree and obtain the inverse of the decoupling matrix. Therefore, the input-output
decoupling problem is solved.

3.2. Feedback linearization with dynamic extension

In the last section input u; appeared in the second Lie derivative with respect to the outputs
hi(z), ha(x) and hs(x). This caused to have a singular matrix; therefore, the input-output
decoupling problem could not be solved. The next procedure will cause the input u; delay
its appearance in the Lie derivative expression for higher order derivatives. So in this section
additional states are considered in the system. The technique called dynamic state feedback
is applied in order to achieve the total relative degree of the MIMO nonlinear system [33].
This type of feedback can be mathematically described using the equations of the form:

where the control input u becomes a new state for dynamical system and ¢ is a new dynamic
feedback, v is an external reference input and y stays the same output of the system. In this
procedure the input u; will be equal to a dynamics system in order to delay its appearance in
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Figure 3.3: Configuration of the augmented system. Based on [33].

the Lie derivative with respect to the three first outputs. The technique applied for this work
in considered according to [33]. First the output u; is taken as the output of an integrator.
This is shown in the new equation

S
Il
o~

I
=

where u; is the new state as ( and w; is considered as a virtual input that then have to be
integrated to obtain the real control input for the dynamical system. The new system is
composed by thirteen state variables and can be shown in the new state space vector

T
T=\xg Yo 20 Y 0 ¢ w vo wy ¢ p q v (3.4)

The function component f(x) of the nonlinear system has increased its components and stays
as
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T

I

T9
x13008(x6)sec(xs) + x125in(zs)sec(xs)

T19 COS (176) — 213 sin (I(;)
T11 + T13008(x6)tan(vs) + rresin(zre)tan(xs)

—@(sm(m)sin(%) + cos(xy)cos(xg)sin(xs))

fl)=| ™ (3-5)

%(cos(m)sm(%) — cos(zg)sin(zy)sin(zs))

g — w10 cos (x5) cos (xg)

X12713
I

L1,
T11T
Iy 11413
LI,
I,

L11T12

The components of the vector relative degree of the nonlinear system with one state variable
integrated:

7”1:7’2:7”3:3

T4:2

And the total relative degree is

T1+T2+T3+7”4:11

and the calculation of the decoupling matrix b(zx):
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__sin(wg) sin(z4)+sin(zs) cos(x4) cos(ze)

w19 (sin(x4) cos(xe)—cos(x4) sin(xs) sin(ze))

@10 cos(ws) cos(z4)

m

cos(x4) sin(xe)—cos(x6) sin(zs) sin(z4)

Ixm

z10 (cos(x4) cos(ze)+sin(x4) sin(zs) sin(ze))

Iym

__x10 cos(ws) sin(z4)

__cos(zg) cos(xs)

0

Ixm

210 cos(xs) sin(ze)

Ixm

0

The determinant of the decoupling matrix is calculated

det(b(z)) =0

Iym

z10 sin(xs)
Iym

sin(xg)
Iy cos(zs)

This means that the matrix is singular or non-invertible because the value is zero so the
problem of input-output decoupling can not be solved again. Therefore, a second integrator

is added to the system

In this case the addition of two virtual state variables are considered to the nonlinear
dynamical system. The input u; now is the output of a double integrator in chain form:

The state space vector now has fourteen variables:

Tr =

[y

[
Mmooy

gl

M. Y.

T
xoyozo@/)eﬁbuovowoCﬁpqr]

(3.6)

T
xz[xl Xo X3 T4 Ty Tg L7 X8 X9 T10 L11 Ti2 T13 $14}

and the augmented state space differential equation has the following form

cos(x6)
Iz cos(zs) |




X7
Tg
Zg

x1381n(26)sec(xs) + x14cos(xg)sec(ws)
x13c08(1¢) — w1451 (T6)

T19 + x135in(z6)tan(rs) + x14cos(xg)tan(xs)

—%(sin(m)sin(%) + cos(w4)cos(xg)sin(zs))

%(cos(m)sin(%) — cos(wg)sin(zy)sin(xs))

g — x19 cos (x5) cos (xg)
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0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
0 0 0 O
g(z) = 00 0 0 (3.8)
0 0 0 O
0 0 0 O
1 0 0 O
0 le 0 0
0 0 B 0
I, )
_O 0 0 |

The total relative degree fo the system is
N =79 =T3 = 4
T4 = 2
TN+ 7Te+T3+1rs= 14

For the outputs hy(z) = x¢ , he(x) = yo , hs(x) = zy the relative degree is four due to the
appearance of the control inputs in the fourth derivative and for the output hy(z) = 1) the
relative degree stays at two. And the decoupling matrix is shown:

__sin(x4) sin(xe)+cos(zq) cos(xg) sin(zs) @10 (cos(ze) sin(z4);cos(x4) sin(z5) sin(zg)) 10 Cos(Iz4) cos(xs)
m xm ym
cos(z4) sin(xzg)—cos(x6) sin(z4) sin(zs) x10 (cos(z4) cos(ze)+sin(z4) sin(zs) sin(ze)) 19 cos(zs) sin(xq)
m Ixm Iym
b(x) =
_ cos(zs) cos(ze) 210 cos(xs) sin(ze) z10 sin(xs)
m Ixm Iym
sin(xe)
L 0 0 Iy cos(6r5)

is non-singular or invertible since the determinant has nonzero value [70]:
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Iz cos(zs) |




T10% cos (zg)

det(b(x)) =

Ix Iy Izm3 cos (25)

Then, the problem of decoupling the input and output of the system in equation 2.23 can be
solved by applying the dynamic control law:

u= oz, &) + B, ¢, v (3.9)

The expression has a similar structure to the equation 3.2 considering the additional internal
state variables ¢ and (. The structure of the dynamic extension applied to the nonlinear
system is shown in Figure 3.4

cle
V] > iy R iy Zp

v 3 [25] o Yo

BN Dynamic = > Quadrotor >
i (15 .

SN control law } M Dynamics L, 2
i u

Vi —] iy 1 R ‘L.{’

Figure 3.4: The system with two additional states. Based on [47].

The original control inputs uy, us, ug and uy were substituted by @y, s, U3 and 74 respectively.
A delay of two integrators was applied to the control input u; obtaining two internal state
variables while the other control inputs have no modifications.

The mapping of the local coordinate vector transformation is given by:
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) | T )
Lyhy(x) .
L?hl (l‘) _Ilo#‘gj
L?Chl (:E) __x1103 __ w10 (sin(wg) cos(we) —cos(z4) sin(ze) sin(zs)) 04 zigoion _ T10cos(xs) cos(zq) cos(we) o5
ha(x) .
Lha(z) v
2 g
Lihs(z)
- L3h ( ) | e + 2o (cos(wg) cos(zq)+sin(wg) sin(zs) sin(z4)) 04 w1001 03 _ 210 cos(zs) cos(ze) sin(zg) o5
Fl2\T m - B g
A
hs(x) \
Tg
Lf h3($)
Lihs(x) g — #a0cos(s) cos(ae)
s\ &
L?chg (Q}) T10 cos(x67)nsin(:c5)05 oz COS(x’rZ) cos(zg) 4+ T COS(xST)nsm(%) o4
e 5
Liha(z)| L o
(3.10)
where
_ migcos(ze) | wi3sin(ze)
01 = cos(xs) cos(xs)

09 = cos (x4) sin (zg) — cos (xg) sin (z4) sin (z5)

03 = sin (x4) sin (z6) + cos (x4) cos (xg) sin (z5)

04 = X19 + x14 COs (26) tan (x5) + x13sin (z6) tan (z5)
05 = 13 €Os (Tg) — T148in (x4)

Differentiating with respect to time the new coordinate system, exhibits the following state-
space representation.

z2=Az+ Bv

3.11
y=Cz (3.11)
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The states of the new coordinate linear system:

T
=21 Z2 23 24 Z5 Z¢ X7 28 Z9 210 211 212 213 14

where A denotes the system matrix, B represents the input matrix, and C' the output matrix.
The corresponding values for the linear system are

0100000000000 O
0010000000000 0O
0001000000000 0
000000000O0GO0GOOQO
0000010000000 0
0000001000000 0
,_|00000001000000 512)
0000000000000 QO
0000000001000 0
0000000000100 0
000000000O0O0TLOQO
0000000000000 QO
00000000000GO0O01
0000000000000 0
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The linear control inputs are :

U1
V2
U3

V4

o O B O O O O o o o o o o o

o o o o

o O O O O O o o o o o o o

o = O O

o o o O

o o o O

o o o O

- o O O

o o o O

(3.13)

(3.14)

The C' matrix shows that the outputs of the linear system are the same of the nonlinear

original one.

After the linearization of a nonlinear system, linear control techniques can be applied. For
this model; for instance, Proportional-Integral-Derivative (PID) Control, pole placement or
linear quadratic regulator (LQR) can be designed.
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3.3. Model Control Loop

In the Model Control Loop a feedback linearization controller is developed for the nominal
quadrotor’s mathematical model. The nominal model considers the mathematical equations
of the aircraft without uncertainty or disturbance so it can be used as reference model in the
control loop [79] [38].

The system is transformed into Byrnes-Isidori form as in equation 3.1; however, according to
the relative degree obtained which is the same number of states (r = n) the internal dynamics
7 is not considered in the structure. This is an assumption that is a requirement in order to
facilitate feedback linearization of multi-input multi-output (MIMO) nonlinear systems [42].

The aim is to track a reference signal asymptotically; therefore, the error states are considered
for the formulation:

§e =8 —& (3.15)

where:

&* is the model state variable
&4 is desired state variable

It should be considered that for this stage of the design the linear change of coordinates
in equation 3.11 are adapted to the variables of the Byrnes-Isidori form in equation 3.1.
In consequence, the new state variable is £ (external states Byrnes-Isidori form) which is
considered different as the state £ of the dynamic extension. Then the error dynamics in
open loop is expressed as

& = AL + Bla(§a+ &) +b(&a + )u) (3.16)

Where the matrices:
LY hy(§a+ &

(
Lha(€a+ €

et &) — |7
Liha(Es + €
(

)_
) (3.17)
)
_L}4h4 §a+ f:)_
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AL (Ea+68) Ll ha(€a+€) LggLP 'ha(€a+€) Lol 1h1(€d+5*)
L L ' ho(Ea+ &) Lol 'ho(€a+ &) LgsL'P 'ha(€a+ &) Ll 'ha(8a+ &)
Ll hg(€a+ &) LgpLP 'ha(€a+ &) LgsLP ha(€a+ &) LoaLl? 'hs(€a+ &)

( ) ( ) ( ) ( )

91U4 tha(€a+ € Ly Yha(&a+ & Ly "hy(Ca+ & Loy Ly~ tha(€a + €

b(atE)) =

(3.18)
The design for the control law:
u' = b(a+ &) [—al&a+ &) + ] (3.19)
Then the nominal system input v can be designed as
v=K"¢ (3.20)

The selection of K € R™*" is made to ensure the closed loop system A + BK* is Hurwitz:

& = (A+ BKY)E; (3.21)

For the present work a it is enough to apply pole placement technique to ensure stability of
the system.

In the next section the process controller is designed. The control input of the model will be
implemented as feedforward control to the real system.

3.4. Process Control Loop

The process control loop (PCL) accounts for system disturbances and uncertainties. In
this stage the design is developed by the error dynamics resulting from difference between
the states of the process and the nominal model states. A controller based on feedback
linearization with high-gain state feedback is employed to stabilize the system as commented
in the objectives for the process control loop.

The error of states is defined for the process as in [76]:

E=¢-¢

3.22
={—8a— & (3:22)
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where:

¢ is the process state variable
& is the model state variable

Hence, the error dynamics in open loop for the process is expressed as

€= AE+ B(a(€a+ €. Eu') + b(Ea+ € +ET+ V(& + & +8)) (3.23)

where:

V(& + & +€)

represents the uncertainty of the process.

Then the feedback linearization control law is designed as

U=0bla+&+O[~aléa+&.&u") + ] (3.24)

and the linear input of the process v is designed in the following manner:

b= K¢
Another state space feedback gain K € R™ " is made to ensure the closed loop system

A+ BK is Hurwitz where according to [45]
K =KD 'e!

D is a diagonal matrix:

D = diag(e"*,e"72,...,1)

and ¢ is positive constant between 0 < e <1

The closed loop system for the process control is obtained as

E=(A+BK*D e+ BU(&+ & +€) (3.25)
Then, using the transformation variable £ = D¢ for time scaling in equation 3.25

D7 '€ = DY (A+ BK*D e )é + D'BU(&, + £ + DE)
(D'A+ D 'BK*D e " YDE+ DT'BY(&, + & + DY)

(D'AD + D'BK*s ")+ D 'BY(& + & + DE)

‘
¢
;
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multiplying both sides of the equation by ¢

€ =e(D'AD + D'BK*e )€ + D 'BU(&, + £ + DF)

with the simplification D™'B = B and eD"'AD = A used in [76] then it is obtained:

ef = (A+ BK*)E+eBVY (& + £ + DE)

In this section the design of a model following control were developed using feedback lineariza-
tion by implementing high-gain state feedback. The state space model was time scaled. In
the next section the analysis of uncertainty will take place. A Lyapunov function is proposed

for the analysis

3.5. Uncertainty Analysis

In this section it is considered the disturbances in the system. The gyroscopic effect 74,0
mentioned in the modeling in equation 2.22 is incorporated to the attitude equations. Then,
f(z) of the nonlinear system is as follows:

gsin(¢)sec(f) + rcos(¢p)sec(6)
qcos(¢) — rsin(¢)
p + gsin(p)tan(0) + rcos(¢)tan(6)

0
0
g
I, — I, L.qu,
T" —_—
L T
Iz - [x [rpwr
Lt
I, -1,
I 712 Pq

Consider the affine system with disturbance ¥;(z)

&= f(x) + g(z)u+ V)

42

(3.26)



and one output y; = hy(x). Consider the linear equation in 3.11 where the state variables
are in z change of coordinates. Obtaining the first Lie derivative:

D) = P15 50 4 gy + w)

= 2o + ‘1/11

Then, the second Lie derivative is obtained:

9 Loy = P (1) 1 gyt wia)
= Lihi(2) + LyLyhi(x)u+ LyLghy(z)
=23+ Vo
Then the full system is:
Z1 =2+ Yy
Zo =23+ Vo
23 =24+ Vi3

Zy =v5+ Wiy

25 = 26 + Yo
2 = 27 + Wy
27 = 23+ Va3

2:8 = V2 + \1124 (327)

29 = 210 + Va1
210 = 211 + Vs
211 = 212 + Vs
212 = U3 + Wiy
213 = 214 + Yy

214 = V4 + Vg9

where U;; = Lq,L?flhi(x) . Consider the system now in state space variables, the uncertainties
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are solved:

Lw,x10((1/1)x10c08(24)cOS(25) — (1/1)x11008(26)sin(24) + (1/1y)x11c05(24) 570 (25)SiNn(26))

Uy =—
Ty —  Lwwio((1/1y)x10cos(xs)sin(xa) + (1/ 1) wiicos(xa)cos(ws) + (1/L)znisin(wy)sin(ws)sin(ws))
Uy — Lw,z10((1/1,)x108in(x5) — (1/1;)x11c08(35)8in(x6))
~ Lwe(1/1y)x108in(76)
Vo = cos(xs)

(3.28)

These solutions were calculated via software using symbolic toolbox from Matlab. Then as
expected the other terms a equal to zero. It should be marked that due to the feedback
linearization, four linear subsystems were obtained. From the fourteen new coordinates, the
first three groups of four equations belongs to the position x, y and z; and the last two
equations correspond to the yaw attitude angle.

3.5.1. Analysis in the Model Control Loop

In the model control loop consider again the change of coordinates where z* denotes errors in

MCL

4 = (A+ BK)z* (3.29)

then the Lyapunov function is proposed as

V*=2TPs + 2T P2y + 2T P2*s + 2* L P2, (3.30)

There are four Lyapunov equations summed due to the four subsystems explained before. P
is the solution of the Lyapunov equation (theory found in [36]) for the three axis positions
(the matrices A and B are equal). P is the solution of the Lyapunov equation for the yaw
rotation.

From [36] the next relationships are obtained:

: 1
Vr<——— V¥
o Amax(P)

where A\, (P) indicates the maximum eigenvalue of P. Then, the inequality:
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(t—to)

Amin(P)[|27]2 < & Amaa(P) 5 (P))12* (k)] I2

1
* /\ma:v P) ~ (t=to) x
It < | P2 Pl
Then ||z*|| has its maximum at t, with:
* )\max P *
Il < || 2 "ol 3:31)

Therefore, ||2*|| is bounded and hence all model error states z; are bounded.

3.5.2. Analysis in the Process Control loop

A lyapunov function in the process control loop (PCL) is proposed:

V =zl Pz, + 7L Pz, + 2 PZ3 + 7, PyZ4 (3.32)

where Z; = D7'Z is time scaled concerning the errors of the PCL Z. Then, from [76] the
inequality of the derivative of the Lyapunov function:

V< = (202 + 252 + 207 + 207) + 2(| BUP |2 (V) + Uy + Wy) + || BY Pyl 2 04)||Z])
(3.33)
Then, it can be simplified by the expression:

V < —e M (|IZll3 + 2maz{|| BT Plla, | By Pall2}[Woll|[Z]]>
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where [[Wollo = [[W1]l2 + [[Wall2 + [|Tsl2 + [[Val[2
The bound for the uncertainty:

112 < y(I[Zll2 + [1271]2)

W2 < 7(IIZll2) +~(l="]l2)

Using 3.31, then:

Mar (L))o

Ull, < ||z R
1]l < |[Zl2 + o (P)

This last expression can be replaced with § > 0

I¥ll2 < 7l[zll2+ 0 (3.34)

Multiplying by 2max{||BT P||5, | BT Py||»} to the left and by ||Z]|2 to the right the equation
3.34, it is obtained:

2maz{|| B* P, | By Pall2}1W]|2][2ll2 < 2maz{||BYPla, || By Pall2}lIz]] *
+2maz{|| B Pllz, | By Pil|2}6]/z|2

Adding the term —e !||z]|3 in both sides of the inequality, it is obtained the following
expression:

V < =€ zl3 + 2maz{|| BT Pllz, | By Pill2}H o2zl < =725 + 2maz{[| BT Pll2, | Bi Pall2} 12113
+2maz{|| B Pllz, | By Pill2}6] 2|2

Therefore, the inequality associated with the Lyapunov function derivative:

V < —(e' = 2max{|| B P||-2,|| By Pall2}7)|IZlI3 + 2maz{[|B" Pl || By Pall2}o][Z])5 - (3.35)

Then, for the stability it is required that

et —2maz{||BT P||-2, || B] P4||2}y >0

The bound for the uncertainty:

1
2e(max{|| BT Pla, | B Pil2})

v <
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To carry the analysis in the expression in 3.34 it should be noted that ||¥]|s is in z coordinates
while the inequality should be taken in same coordinates as ||Z|]|s. In order to achieve
that procedure, the inverse of the coordinates transformation z = ®~'(z) must be done.
The expression was tried to do analytically and with computational tools; nevertheless the
computation was to large and the simulation could not run due to the solutions of sixteen
equations. Therefore, for the present work in a simulation and graphic sense were chosen to
fulfill the inequality. Taking 6* > 0 enough large and then changing its values. This will be
done in the simulation chapter.
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Chapter 4

Simulations and results

In this section the tests for the proposed model following control system technique are
performed through computer simulations using MATLAB® and Simulink software. Then,
the results are analyzed. First of all, the model control loop is evaluated. The ideal system
equations are implemented in function block. Then, the controller block is divided in static
controller which the state feedback gain can be found and its outputs are connected to the
feedback linearization dynamic controller with the dynamic extension which is represented by
the double integrator. Second of all, the process control loop is added to the full system. The
nonlinear dynamics with uncertainty model is considered as real process. This is developed in
a function block, then the design of the process controller is implemented taking the structure
of the model controller: the feedback linearization technique with dynamic extension, but
with the high gain state feedback for the error dynamics.

4.1. Model Control Loop Simulation

The simulation is made in Simulink. The model control loop consists in three blocks: First,
the "Nonlinear Quadrotor Model” where the dynamics of the quadrotor without disturbances
is modeled by differential equations. Second, the "Static Control MCL” which is a state
feedback gain that multiplies the nominal system error between the reference input and the
states of the model previously coordinates transformed. Finally, the "Dynamic Control MCL”
where the feedback linearization with dynamic extension is applied. The double integrators
are part of the system corresponding to the augmented states. The description can be seen
in Figure 4.1

According to transformed linear system obtained in equation 3.11 where the system matrix
A in 3.12 and the input matrix B in 3.13 are constructed, the feedback gain matrix K*
in equation 3.20 can be solved. Pole placement design method was chosen because of its
simplicity of the poles location in the Laplace plane.
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Reference Trajectory

xd——W

W dF———Pp

[xi_MCL]

xd

v_d

Xr

xi_MCL

zeta

A

Static Control MCL

.

[zeta_MCL]

MCL

zeta

.51_4‘

[zeta_MCL]

Dynamic Control MCL

¥ Controlinput

States

Nonlinear Quadrotor Model

Figure 4.1: Model Control Loop structure in simulation environment.

The parameters involved in the present work are described in tables 4.1 , 4.2 and 4.3.

Due to A is a full linear system it can be decoupled in four independent subsystem as
commented in the chapter before: three subsystems regarding the position coordinates z, y

and z; and one more for the yaw rotation angle . 14x14 matrix:

Then, for x position movement:

|
o o o o

o o O

0 0
A, 0
0 A,
0

0

oSO O = O
S = O O

.
0
0

Ay

o o O

(4.1)

(4.2)

The eigenvalues of A, are located in 0 in Laplace plane. A state feedback gain makes the
closed loop system stable. Then, placing the poles in —3, the feedback gain :

Kzz[—gl —108 —54 —12}

(4.3)

The feedback gain K is used also for the position y and z due to the same dynamics. For

the dynamics of the yaw rotation A, is a 2x2 matrix and the poles were also located in -6.

Then the feedback gain:

(4.4)




Parameter Comment

Unit

Zo

Yo

20

<

Q" e © o 8

<

translational position about x axis
translational position about y axis
translational position about z axis
translational velocity in x axis
translational velocity in y axis
translational velocity in z axis
roll angle
pitch angle
yaw angle
angular rate around x axis
angular rate around y axis
angular rate around z axis
Moment of inertia about x axis
Moment of inertia about y axis

Moment of inertia about z axis

Table 4.1: Parameters for the quadrotor.

Parameter Comment Unit

T Thrust force N

T4 Roll torque  Nm
Ty Pitch torque Nm
Ty Yaw torque Nm

Table 4.2: Control inputs of the quadrotor.
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Parameter Comment Value Unit

m Mass 0.4794 Kg
g Gravity 9.81 m/s?
l Frame length 0.225 m
I, Moment of inertia about x axis 0.0086 K gm?
I, Moment of inertia about y axis 0.0086 Kgm?
I, Moment of inertia about z axis 0.0172 Kgm?
L, Total moment of inertia of the propellers 3.7404 x 107° Kgm?
k Thrust coefficient 3.13 x 107° —
d Drag coefficient 9x 1077 —

Table 4.3: Parameters of quadrotor for simulations. The parameters used in this work are
based on [28] .

For the simulation a trajectory is chosen to be follow which are the desired states vectors:

Zoq = 1.5 sin(t)
Yoa = 1.5 cos(t)
20d — 1.4t

@bd:ﬂ'/6

The position output response is indicated by blue color and the red trajectory is the reference
input to be followed. In the Figure 4.2 it can be seen that the parth is followed by the output
response in all axis. Due to the trajectory is a spiral the results in each axis can be shown
as sine and cosine signals in coordinates x and y respectively and a ramp signal for the z
coordinate as the quadrotor is elevating.

The simulation also shows the three Euler angles. ¢ is the only angle to be controlled and it
follows the step reference input as shown in Figure 4.3. The values of the angles 6 and ¢ are
between —0.2 and 0.2 radians which are between the range indicated in the modeling. Then,
the four outputs were controlled and could follow the desired trajectories.

The control effort u; Thrust force and the roll, pitch and yaw torques are shown in Figure
4.4 for the model control loop. One can observe that the torques converge to zero due to the
equilibrium Torque during the flight.
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y [m]

t[s]

Figure 4.2: Position response in Model Control Loop
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t [s] tls)
(a) Thrust control input (b) Attitude torques

Figure 4.4: Quadrotor control signals

In Figure 4.5 it can be visualized the desired trajectory and the trajectory generated by the
MCL block.
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0 [rad]

¢ [rad]

t[s]

Figure 4.3: Euler angles response in Model Control Loop

4.2. Process Control Loop Simulation

In order to design the Process Control Loop, The nonlinear system with disturbances is
considered. For this work the gyroscopic effect was added. The implementation of the system
can be seen in Figure 4.6. It can be shown the MCL and the PCL working in whole system
where the dynamic extension by two integrators were applied for both blocks due to the
feedback linearization. As in equation 3.26 the term w, = w; +wsy+ws3+w;y is in the gyroscopic
effect. This was also implemented for the PCL by the following formulation taken from
equation 2.21 and the Thrust:

The four equations can be written in matrix form as:

Té 0 —lk 0 k| |w?
To —lk 0 Ik 0] |w}
= , (4.5)
Ty b —=b b —b| |w;
T |k ko k | _wz
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1 trajectory
ajectory

Figure 4.5: Trajectory followed using feedback linearization in the MCL. This indicates that
the quadrotor model follows the desired trajectory.

Taking the inverse of the matrix, the vector for the velocities can be obtained:

o 0 LSS S O
i 20k 4b k| [,
1 1 1
2 - 0 - —
wy| |7 2k i 4k| |
2| Lo 1| o
° ok 4b 4k
wi] 1 0 1 1T
| 2k i 4k

wz—\/‘m‘w%

T T T
w;),:\/—e—i—w—i-

20k 40 4k
W4 = & — Ti z
20k 4b 4k

The first simulation was made so that the poles of the PCL are 5 times faster than the poles
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xd P xd
W_d P v_d
P xr v >y
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¢ > > C States ——
’—>_, IX_MCL] ¥i_McL _
[zeta_MCL] zeta
ta_MCL]
Static Control MCL zeta
Dynamic Control MCL

Nonlinear Quadrotor Model

[states_MCL] '

[u_McL]
us v u !
L—»m
fzeta MCL [zeta_MCL] zeta_s
= zeta_m
[xi_MCL] Xi_MCL u
x_MCL] i veL [imot > v 2
W W
lzeta_PCL] ot
[xi_PCL] ) # statesPCL.
ol w )
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statesPCL @_' we
zeta_p
Static Control PCL. -
atic Control g y Uy
xi_PCL Nonlinear Quadrotor process
[xi_PCL] Dynamic Control PCL u wr —P@
Wr velocity resultant

Figure 4.6: Model Following Control Simulation Diagram.

of the MCL. The theorem applied in [76] is used for the location of the poles:

Avcr
Apcr = ——

0 <e< 1. Soe=0.2in order to obtain the feedback gain of the PCL the eigenvalues have to
be faster than the poles in MCL. Then, in Figure 4.7 it can be seen that the PCL controller
made the system with disturbances follow the reference which were the outputs of the MCL.
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T
MCL trajectory N
PCL trajectory
1
10 15
T
1
10 15
T
1
10 15

t[s]

Figure 4.7: Position response in Process Control Loop. It can be noticed good tracking with

all PCL poles located in Apcy, = —15

The Euler angles were simulated as well. It is evident that the desired yaw angle is followed
in Figure 4.8. For the angles pitch and roll there were no controlled, but as shown they have
similar dynamic of the MCL and they are inside the range to avoid singularities.

0 [rad]

¢ [rad]

MCL trajectory
— — — - PCL trajectory | -

MCL trajectory |
PCL trajectory

10 15

ts]

Figure 4.8: Euler angles in MCL and PCL of the quadrotor. With this information the
attitude information of the aircraft can be obtained.

The simulation of the control inputs of PCL against MCL is shown in Figure 4.9. For the
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Thrust force u; in PCL it can be seen that it requires less effort than the control in MCL. In
the Torques graphics the signals behave similar.

4.85 — MCL
MCL trajectory ZE 0.02 Pet 1
PCL trajectory = \/\
4.8 1 < 0
N
-0.02 :
4.75 [ b 0 5 10
4.7 — 0
2 g
I 7. .0.05
4.65 e
-0.1
4.6 [ 0 5 10
0.1
4.55 - B E
7, 0.05
4.5 L L =
0 5 10 15 &
t[s] Y n T
0 5 10
(a) Comparison of control effort in MCL ¢l
y PCL. (b) Attitude torques in MCL and PCL

Figure 4.9: Quadrotor control inputs comparison in MCL and PCL

The next simulation the poles of the PCL were chosen faster and also changing the parameter
€. These simulations were contrasted with a single loop feedback linearization controller
applied to the same nonlinear system.

In Figure 4.10 the poles for the MFC are seven times faster Apc;, = TAycr. That means
€ = 0.1429 and in Figure 4.11 the Euler angles can be seen that the rotation movements are
quite similar.
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Figure 4.11: Euler angles in PCL and in feedback linearization loop has the same behavior in

the quadrotor.
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Figure 4.12: Quadrotor control inputs comparison PCL and one FB loop

Even the control law are very similar for the test. More simulations were made and the
tracking for the MFC and the one loop feedback linearization work the same behavior. Then,
it is proposed to add disturbance in other states such as wind behavior in each axis position
and make tests.

In Figure 4.13 the poles were taken as same condition for the MFC seven times faster
Apcr = TAyeorp with € = 0.1429. The tracking is much better for the PCL than the FB lopp;
nevertheless in Figure 4.14 it is clear that the control signal for the PCL is greater than FB
loop
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Figure 4.14: Quadrotor control inputs comparison PCL and FB Loop

The verification of the inequality in 3.34 is made via simulation and it is shown in Figure
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Figure 4.15: Comparison the uncertainty and states in z coordinates graphically where v = 3
and d = 60

It can be seen that the initial value of v||Z||s + ¢ is 60 then it can cover of the function |||,
through time. The value of § can be changed to have a better relationship but always greater
than the initial value of the norm of the states in z coordinates.

4.2.1. Lyapunov Function Implementation
The proposed Lyapunov Function like in [76] is :

V=k"Ps +2 Pz, (4.7)

where 27 and Z. represent the errors of change of coordinates in the MCL and PCL time
scaled, respectively. The time scaled vector is equivalent to z, = D~'Z,, then:

V =kz"Pz +:'D'PD 1z, (4.8)

In this work there are four subsystems: three of them related to the positions x, y and z;
and one for the angle v as indicated before, then four Lyapunov functions are proposed for
each subsystem which are summed:

V=Vi+Va+V3+V}
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where:
Vi =k P2 + LD PD T s,
Vo = kzjy P2y + 25D ' PD ™2y
Vi = kejy' Pl + 23, D' PD ™ 25

Vi = kzj, Paziy + 2, Dy ' PADy oy
Where P € R* and P, € R? are the solutions of Lyapunov equation. Then, the matrices D
and D, are such as:
D = diag(e™ "%, .., 1)
ry relative degree four and
Dy = diag(s™ !, e™7?)
ro relative degree two

These four Lyapunov functions are simulated via software. In Figure 4.16 it is shown the four
functions summed and it can be seen that is a positive definite function that was decreasing
and stays in positive value that prove stability of the system.

%10’

3.5

Lyapunov function

t s

Figure 4.16: Simulated Lyapunov function for € = 0.2 which means the PCL five times faster
than the MCL.
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Chapter 5

Conclusions and Future Work

This master thesis was focused on the design and simulation of a model following controller for
a quadrotor underactuated system as main object. A nonlinear model without simplifications
was consider in affine form using kinematics and Newton-Euler rigid body formulation. The
input signals were the attitude torques and the thrust, the output states to control were the
three axis position and yaw angle. To carry out the design in the model control loop the model
was considered nominal and a feedback linearization based on the error dynamics was designed.
Dynamic extension case was applied to obtain the decoupling matrix nonsingular and achieve
the relative degree. The simulations showed that the model control loop system could follow
the reference trajectory. This was shown also in the trajectories of each axis dimension and
the yaw angle individually. Then, a second controller, where the system was considered
with external disturbances, was designed for the process control loop: feedback linearization
with high-gain based on error dynamics. Due to this technique, uncertainty analysis was
made for robustness performance. The proposed model following control approach with
high-gain controller in the process control loop is capable to compensate model uncertainties
with the feedback linearization technique when the uncertainty model is changed. It had
better performance than the normal single-loop feedback linearization, but as shown in the
simulations the control effort is required more. for the analysis of the inequality uncertainty
the states were in z coordinates required; nevertheless, the analytical part was hard and large
due to extensive calculations. This process was taken to the symbolical calculation and the
simulation could not run since the equation solutions were too long. Then, the inequality
was made graphically in the simulation and it is fulfilled.

As future work it is considered other nonlinear control algorithms like sliding mode control
or backstepping and analyze the stability in the model following control structure. Make an
strong mathematical analysis for the uncertainty is also considered. Then simulations with
Gaussian noise is pretended to see how the system responds. After simulations and to prove
this work it is thought of make the implementation of the algorithm in a microcontroller to
make experimental flight tests on board.
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