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Resumen

La ecografía cuantitativa tiene potential para mejorar la precisión diagnóstica. La diferen-
cia logarítmica espectral regularizada puede generar mapas de atenuación local precisos.
Sin embargo, el rendimiento del método se degrada cuando se producen cambios significa-
tivos en la amplitud de retrodispersión. Se han introducido variaciones de la técnica que
implican un enfoque ponderado de la regularización de la retrodispersión; sin embargo,
no es eficaz cuando se producen cambios tanto en la atenuación como en la retrodis-
persión. Este estudio introduce un nuevo enfoque que incorpora una norma L1 para la
regularización de la retrodispersión y ponderaciones que varían espacialmente para los
términos de fidelidad y regularización. Los pesos se calculan a partir de una estimación
inicial de los cambios de retrodispersión. Se realizaron análisis comparativos con datos
simulados, de maniquíes y clínicos. Cuando se producen cambios en la retrodispersión
y la atenuación, el enfoque propuesto redujo el error cuadrático medio más bajo hasta
en un 73%. También mejoró la relación contraste-ruido en un factor de 4,4 de media
en comparación con los métodos disponibles anteriormente, teniendo en cuenta los datos
simulados y de maniquí. Los resultados in vivo obtenidos en hígados sanos, nódulos
tiroideos y un tumor de mama confirman su eficacia. En el hígado, se muestra eficaz
para reducir los artefactos de las imágenes de atenuación. En los tumores de tiroides y
mama, el método demostró una mejor relación contraste-ruido y una mayor coherencia
de las mediciones de atenuación con el realce acústico posterior. En general, este método
es prometedor para mejorar las imágenes de atenuación por ultrasonidos, ya que ayuda
a diferenciar las características de los tejidos que pueden indicar patología.

Palabras clave—ultrasonido cuantitativo, pendiente del coeficiente de atenuación,
diferencia espectral logarítmica, imágenes de atenuación ultrasónica, regularización adap-
tiva.



Abstract

Quantitative ultrasound holds promise in enhancing diagnostic accuracy. For attenuation
imaging, the regularized spectral log difference can generate accurate local attenuation
maps. However, the performance of the method degrades when significant changes in
backscatter amplitude occur. Variations of the technique were introduced involving a
weighted approach to backscatter regularization; however, it is not effective when changes
in both attenuation and backscatter occur. This study introduces a novel approach that
incorporates an L1-norm for backscatter regularization and spatially varying weights
for both fidelity and regularization terms. The weights are calculated from an initial
estimation of backscatter changes. Comparative analyses with simulated, phantom, and
clinical data were performed. When changes in backscatter and attenuation occur, the
proposed approach reduced the lowest root mean square error by up to 73%. It also
improved the contrast-to-noise ratio by a factor of 4.4 on average compared to previously
available methods, considering the simulated and phantom data. In vivo results from
healthy livers, thyroid nodules, and a breast tumor further confirm its effectiveness. In the
liver, it is shown to be effective at reducing artifacts of attenuation images. In thyroid and
breast tumors, the method demonstrated an enhanced contrast-to-noise ratio and better
consistency of the attenuation measurements with the posterior acoustic enhancement.
Overall, this approach offers promise for enhancing ultrasound attenuation imaging by
helping differentiate tissue characteristics that may indicate pathology.

Keywords—quantitative ultrasound, attenuation coefficient slope, spectral log dif-
ference, ultrasound attenuation imaging, weighted regularization.
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Chapter 1

Introduction

1.1 Quantitative ultrasound
Quantitative characterization of biological tissues using ultrasound is increasingly rel-

evant in clinical and research settings. Unlike conventional B-mode imaging, which pro-
vides qualitative, operator-dependent visual information, quantitative ultrasound tech-
niques aim to extract physical tissue properties from the radiofrequency data [1]. Two of
these properties are the acoustic attenuation and backscatter coefficients.

Attenuation coefficient

Ultrasound attenuation has been widely explored for tissue characterization and its
potential diagnostic value. Generally speaking, attenuation refers to the loss of mechani-
cal energy as an acoustic wave propagates in soft tissue. The effective attenuation along
the propagation path from the source through the intervening tissues is known as total
attenuation, and the term used to quantify the tissue properties at each region is local
attenuation [2]. The frequency dependence of attenuation is modeled by a power law,
which is commonly approximated as a linear relationship [3]. Its slope is known as the
local attenuation coefficient slope (ACS).

There are various clinical applications of tissue characterization using the attenuation
coefficient. The ACS has been extensively studied for staging liver steatosis [4], leading to
its integration into certain ultrasound scanners for clinical use [5]. Other studies include
attenuation measurements in thyroid [6], breast [7], uterine cervix [8], and placental
tissues [9].

Backscatter coefficient

The backscatter coefficient (BSC) characterizes the time-averaged backscattered in-
tensity per unit solid angle and unit volume, normalized by the time-averaged incident
wave intensity [10]. It is inherently frequency-dependent, reflecting the intricate inter-
action of ultrasonic waves with the structural characteristics of the scattering medium.
The BSC enables the evaluation of key parameters such as scatterer size [11] and acoustic
concentration [12].

The applications of the backscatter coefficient span diverse areas in medical diagnos-
tics and tissue characterization. The BSC has been extensively employed to differentiate
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fatty versus healthy livers [13], and for characterizing thyroid tissue [14]. However, to
estimate the backscatter coefficient, the total attenuation along the propagation path
must be estimated [1].

1.2 Attenuation coefficient slope estimation
There are several techniques available for estimating ACS, which involve analyzing the

frequency spectrum of the backscattered echoes [10]. These may be broadly classified into
two categories: spectral shift [15, 16] and spectral difference [17] methods. The spectral
shift methods analyze the downshift of the center frequency of the spectrum with depth,
whereas spectral difference methods analyze the reduction in signal power with depth for
all frequencies in the band of interest. Compensation of diffraction effects is typically
accomplished using measurements from a calibrated phantom [18].

The spectral log difference (SLD) method analyzes the changes in the spectra in
two continuous windows along the axial direction. Directly solving this inverse problem
exhibits a significant trade-off between estimation accuracy and spatial resolution [19].
For this reason, Coila et. al proposed a regularization scheme based on total variation
to generate denoised attenuation images [20]. However, it is well known that spectral
methods for attenuation estimation exhibit a severely degraded performance at locations
with moderate to large backscatter coefficient (BSC) discontinuities [21], resulting in
significant artifacts that compromise the performance of regularized spectral methods.

Other approaches have also been developed for attenuation imaging. An algorithm
was introduced to characterize attenuation as a power law [22], however, it exhibited
higher variation compared to the spectral log difference technique [23]. Efforts to si-
multaneously characterize attenuation and backscatter have also been explored, using
dynamic programming [24] and regularization [25, 26]. These approaches jointly esti-
mate ACS and BSC using a power-law model for the latter. Nonetheless, these can
exhibit higher variability due to the higher number of unknowns [27]. In addition, a
reference-free approach for attenuation estimation was introduced, based on the assump-
tion that diffraction effects vary negligibly between adjacent frequency components in
imaging regions with slowly changing beam patterns, such as in plane wave imaging [28].
Subsequently, a regularized version of this method was proposed, incorporating adap-
tive frequency range selection and automatic regularization parameter tuning [29]. A
drawback of these approaches is that they require a larger computing window, which
compromises spatial resolution.

Weighted regularization approaches that produce spatially variant regularization co-
efficients have also been developed to improve results from spectral-based attenuation
imaging techniques. In [30], weights are proposed to eliminate artifacts and variability
in the ACS map generated by SLD. They are shown to be effective in heterogeneous
media, but only when changes in either the backscatter or the attenuation coefficient
occur. Similarly, a weighted regularized approach has also been employed to obtain a
1D estimate of ACS, which only maps axial variations [31]. However, it has not been
generalized for attenuation imaging as it does not incorporate information from adjacent
lateral windows and has only been tested in layered media. In addition, weighting the
fidelity term has been shown to improve the estimation of the backscatter coefficient
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using the reference phantom method [32]. The weights are based on the backscattered
power spectra and vary by depth and frequency. Nonetheless, this has only been tested
in media with uniform ACS. Media where both ACS and BSC vary simultaneously still
represent a challenge in quantitative ultrasound.

1.3 Objectives
This study aims to present a new inverse formulation for SLD that can be applied to

media that exhibit changes in both backscatter and attenuation. The specific objectives
of this work are:

• To develop a robust inverse formulation that includes spatially varying weights for
the fidelity and regularization.

• To implement and test the reconstruction technique with data obtained from sim-
ulations, experimental phantoms, and in vivo tissue data.

• To compare the performance of the implemented method with other state-of-the-art
methods in terms of estimation error, variability, and contrast-to-noise ratio.

1.4 Overview of the document
Chapter 2, Theory describes the theoretical framework of the SLD technique and

the regularization functions found in the literature, and describes the proposed approach.
Chapter 3, Methods describes the details regarding the datasets, implementation,

and the metrics used to evaluate the performance of the proposed approach compared to
other approaches.

Chapter 4, Testing and validation summarizes the results in each dataset and
discusses them.

This thesis expands upon research originally presented at the 2024 IEEE International
Symposium on Biomedical Imaging [33] and later published in IEEE Transactions on
Ultrasonics, Ferroelectrics and Frequency Control [34].
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Chapter 2

Theory

2.1 Spectral Log Difference (SLD)
The power spectrum of the echo signals S(x, z, f), considering a window located at

coordinates (x, z), can be modeled as

S(x, z, f) = P (f)D(x, z, f)σ(x, z, f)AT (x, z, f), (2.1)

where f is the frequency, P (f) is the scanner transfer function, D(x, z, f) represents the
diffraction and beamforming effects, σ(x, z, f) is the backscatter term, and AT (x, z, f) is
the total ultrasound attenuation [20].

To cancel the parameters that depend on the transducer, the spectral log difference,
centered at depth z, calculates the log ratio of two adjacent sub-blocks, located at depths
z+∆z/2 and z−∆z/2. In this case, assuming that AT (x, z+∆z, f) = AT (x, z, f)e−4βf∆z,
where β is the ACS, the spectral log difference can be defined as

Y (x, z, f) ≜ log
[

S(x, z + ∆z
2 , f)

S(x, z − ∆z
2 , f)

]
−Dr(x, z, f),

= 4f∆z · β(x, z, f) + c(x, z, f),
(2.2)

where Dr(x, z, f) accounts for diffraction effects and the term c(x, z, f) is the log ratio of
the backscatter term. This ratio is assumed to be independent of frequency. The diffrac-
tion can be estimated using the reference phantom method [18]. Given a reference with
known frequency-dependent attenuation αr(f), the diffraction ratio can be calculated
with:

Dr(x, z, f) = log
[

Sr(x, z + ∆z
2 , f)

Sr(x, z − ∆z
2 , f)

]
− 4∆z · α(f), (2.3)

where Sr is the estimated power spectrum of the reference phantom.

2.2 Regularized Spectral Log Difference (RSLD)
Equation (2.2) is linear, so it can be written in a matrix form. Considering m, n and p

as the number of points in the lateral, axial and frequency dimensions, the measurements
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from the SLD can be vectorized in y ∈ Rmnp and the unknowns (β and c) into a variable
x ∈ R2mn:

y =



Y1,1,1
Y2,1,1

...
Ym,n,1

...
Y1,1,p

Y2,1,p
...

Ym,n,p



, x =
[
b
c

]
=



β1,1
β1,2

...
βm,n

c1,1
c1,2
...

cm,n


. (2.4)

The variables b and c represent the values of β and � at each point of the image,
respectively. Then, the following model is considered

y = Ax + η, (2.5)
where the matrix A ∈ Rmnp×2mn is

A =



4∆zf1 0 . . . 0 1 0 . . . 0
0 4∆zf1 . . . 0 0 1 . . .

...
... ... . . . ... ... ... . . . 0
0 0 . . . 4∆zf1 0 0 . . . 1
... ... ... ... ... ... ... ...

4∆zfp 0 . . . 0 1 0 . . . 0
0 4∆zfp . . . 0 0 1 . . .

...
... ... . . . ... ... ... . . . 0
0 0 . . . 4∆zfp 0 0 . . . 1



, (2.6)

and η represents white Gaussian noise. This assumption holds provided that the im-
pulse responses of tissue reflectors at varying locations are uncorrelated, resulting in a
probability density function that approximates a zero-mean Gaussian distribution [35].

Using least squares to recover x may result in solutions with high standard deviation
due to the noise component. To mitigate this effect, regularization is introduced as R(x),
turning the ACS estimation into the minimization of the cost function

x̂ = arg min
x

1
2
||Ax− y||22 +R(x), (2.7)

where µ is the regularization parameter. In existing literature [20], the isotropic total
variation (TV) was selected as the regularization term,

R(x) = µ(TV(b) + TV(c)),

TV(v) =
mn∑
i=1

√
(Dxv)2

i + (Dyv)2
i ,

(2.8)

where µ is the regularization parameter, v is a vector representing an arbitrary flattened
image of size m × n, and Dx and Dy are the horizontal and vertical discrete derivative
operators in matrix form, respectively. The solution that minimizes (2.7) with two terms
of TV is calculated using the Alternating Direction Method of Multipliers [20].
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2.3 Spatially Weighted Total Variation (SWTV-ACE)
Alternatively, the anisotropic version of the total variation has been tested with a

spatially weighted version on the BSC term [30],

R(x) = µbTVan(b) + µcSWTVan(c),

SWTVan(v) =
mn∑
i=1
|(WeSNRDxv)i|+ |(WeSNRDyv)i|.

(2.9)

The regularization parameters are µb and µc. The weight matrix WeSNR ∈ Rmn×mn is a
diagonal matrix that contains weights for each window, which are stacked on a vector
weSNR, i.e., WeSNR = Diag(weSNR). These weights are computed from the difference
between the envelope signal-to-noise ratio (eSNR) of the backscattered echoes and the
expected eSNR of a Rayleigh distribution (eSNRideal ≈ 1.913). The eSNR deviation is
calculated with

∆eSNR = eSNR − eSNRideal

eSNRideal

× 100%, (2.10)

and the weights are defined as

weSNR = aw

1 + exp[bw(∆eSNR −∆eSNRmin)]
, (2.11)

where aw and bw are hyperparameters that control the shape of the curve and ∆eSNRmin
is a cut-off value. These are fixed to aw = 5, bw = 0.09, and ∆eSNRmin = 15, as originally
proposed in [30]. These values were selected based on their performance on a heteroge-
neous phantom. In this paper, the optimization problem with the new regularization
weights is also solved with ADMM.

2.4 Proposed approach
This thesis presents a new inverse formulation for SLD that can be applied to me-

dia that exhibit changes in both backscatter and attenuation, termed Spatially-Weighted
Image Fidelity and regularization Terms (SWIFT). In addition, it includes L1-norm reg-
ularization for changes in BSC instead of total variation, which further enhances the
performance of the algorithm

2.4.1 L1-norm for BSC log difference
A new regularization function is proposed, which considers total variation for the

attenuation term and L1-norm regularization for the backscatter term, i.e.,

R(x) = µbTV(b) + µc||c||1. (2.12)

This new prior is designed to yield results consistent with a piecewise homogeneous
medium, where variations occur mainly at the boundaries between tissues. In this sce-
nario, the term c, which represents the changes in backscatter, vanishes everywhere except
at these boundaries. This is illustrated in Fig. 2.1, which shows the distribution of c from
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Figure 2.1: B-mode image, c0 map (∆BSC), and spatial weights for a simulated phantom
with an inclusion. The ∆BSC was obtained by solving the regularized inverse problem
with no weights.

a hyperechoic simulated phantom. In this simulation, scattering was generated from a
Gaussian distribution of density and different standard deviations for each region. The
resulting image is sparse, which confirms that utilizing the L1 norm would be a more
effective option for regularization than employing total variation. This decision aligns
more closely with the underlying assumptions of the SLD model and facilitates a more
effective reconstruction of the generated image.

2.4.2 Weighted fidelity and regularization
Spatially-varying weights can be computed from a first estimation of x, denoted x0 =

[bT
0 cT

0 ]T , which is obtained by setting the weights to 1. Specifically, the term c0 is used
because it indicates the location of tissue interfaces where the assumption of a uniform
speckle pattern breaks down. Therefore, the weights are defined as

w =

1, if |c0| < cth,

w0, otherwise.
(2.13)

The constant w0 represents the weights at tissue interfaces (close to 0), and cth is the cut-
off value for changes in BSC (measured in dB/cm). This relationship assigns a weight
of 1 to homogeneous regions and a weight of w0 to tissue boundaries. For the rest of
the article, these hyperparameters are set to w0 = 0.1 and cth = 10 dB/cm. These
hyperparameters were selected based on the performance in simulated media, measured
by the root mean square error. An example of the weight map from a simulated phantom
is displayed in Fig. 2.1.

The regularization weights can be extended to cover both attenuation and backscatter
terms, rather than exclusively applying them to the backscatter term. This choice was
made because a change of medium can come with changes in attenuation, so these regions
should also be less regularized. Following (2.12), the new weighted regularization would
be

R(x) = µbSWTV(b) + µc||Wc||1,

SWTV(u) =
∑

i

√
(WDxu)2

i + (WDyu)2
i ,

(2.14)

where the matrix W is computed with W = Diag(w), where w is calculated from (2.13).
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Furthermore, to reduce artifacts at tissue interfaces, a weighting scheme in the data
fidelity term F(x) is proposed, in which the norm of the squared differences is replaced
with

F(x) = (y − Ax)T WT W(y − Ax), (2.15)
where W ∈ Rmnp×mnp is a diagonal matrix that carries the weight for each equation.
These weights are assumed to be the same for each frequency but vary in the axial and
lateral dimensions. They are obtained by applying axial min pooling to w from (2.13),
using a kernel of 3 grid points to ensure information from windows that contain tissue
boundaries is weighted accordingly. The new weight map w̃ is then utilized to compute
the matrix W = Ip ⊗Diag(w̃), where Ip is the identity matrix of size p× p and ⊗ is the
Kronecker product. By some manipulation, one can define ỹ := Wy and Ã := WA and
describe the new optimization goal

x̂ = arg min
x

{1
2
||ỹ − Ãx||2 +R(x)

}
, (2.16)

which can be solved using the same optimization method as the previous approaches.

2.4.3 Optimization algorithm
To optimize the cost function, the matrix multiplication Ãx needs to be written in

terms of b and c, so the new optimization goal would be

min
b,c

{1
2
||ỹ − A1b− A2c||22 +R(x)

}
, (2.17)

where Ã = [A1 A2]. Then, the optimization goal can be rewritten in the following form
so it can be solved with ADMM by using an auxiliary variable d:

min
b,c,d

{1
2
||d||22 + µbSWTV(b) + µc||Wc||1

}
subject to A1b + A2c + d = ỹ.

(2.18)

Each term can be computed using Algorithm 1, where k is the iteration number. The
initial values b̂0 and ĉ0 are obtained by solving (2.16) with no regularization, meaning[

b̂0

ĉ0

]
= (ÃT Ã)−1ÃT x. (2.19)

The algorithm stops when the difference in the attenuation map between consecutive
iterations is smaller than a threshold, i.e., ||bk+1−bk||2 < 10−3. The sub-problem for b is
solved using the iterative re-weighted least squares algorithm [36]. As for the sub-problem
for c, it is solved using a generalized iterative algorithm for Tikhonov regularization [37].
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Algorithm 1 ADMM, scaled dual form
ρ← 1
b0 ← b̂0

c0 ← ĉ0

d0, v0 ← 0
k ← 0
repeat

bk+1 ← arg min
b
{µbSWTV(b) + ρ

2 ||A1b + A2c
k + dk − ỹ + vk||22}

ck+1 ← arg min
c
{µc||Wc||1 + ρ

2 ||A1b
k+1 + A2c + dk − ỹ + vk||22}

dk+1 ← arg min
d
{1

2 ||d||
2
2 + ρ

2 ||A1b
k+1 + A2c

k+1 + d− ỹ + vk||22}

vk+1 ← A1b
k+1 + A2c

k+1 + dk+1 − ỹ + vk

k ← k + 1
until the stopping criterion is reached.
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Chapter 3

Methods

3.1 Datasets
3.1.1 Simulations

Layered media and media with inclusions were simulated using the k-Wave toolbox
[38] in MATLAB. A linear transducer with 0.3 mm pitch and a center frequency of 6.66
MHz was simulated. In transmission, fixed focusing was used, with a focal depth of 2 cm
and a focal number of 2. Likewise, dynamic focusing was used on reception with a focal
number of 2. In all simulations, scattering was generated from a Gaussian distribution
of density, centered at 1000 kg/m3, and different standard deviations for each region
to achieve the desired echogenicity. The speed of sound was fixed at 1540 m/s. For
diffraction compensation, 6 samples from a homogeneous reference phantom with ACS
of 0.7 dB/cm/MHz were simulated.

Two-layered media were simulated with an interface located at 2 mm depth. Four
distinct samples were created, denoted S1, S2, S3, and S4. For S1, only a change in
attenuation was introduced; for S2, a 12 dB increase in backscatter was simulated when
transitioning from the top to the bottom layer; and for S3, a 12 dB decrease was applied.
The selected ACS values were 0.5 and 1 dB/cm/MHz for the top and bottom layers,
respectively. Lastly, S4 shows a uniform attenuation map of 0.75 dB/cm/MHz and a 12
dB increase in backscatter. The B-mode images and the ideal ACS maps are shown in
Figure 4.1.

Three samples of media with a 7mm-radius inclusion were simulated, denoted S5,
S6, and S7. The selected attenuation was 0.5 dB/cm/MHz on the background and 1
dB/cm/MHz in the inclusion. As in layered media, the backscatter of the inclusion with
respect to the background varied. Specifically, S5 featured equal backscatter, while S6
demonstrated a 12 dB increase in the inclusion, and S7 showed a 12 dB decrease. In
addition, a sample with three different-sized inclusions (6, 5, and 4 mm) and varying
echogenicities was also simulated. In this sample, denoted S8, the background ACS was
1 dB/cm/MHz, whereas two inclusions had an ideal ACS of 0.5 dB/cm/MHz. The B-
mode images and the ideal ACS maps are shown in Figure 4.1 for S5-S7, and in Figure
4.3 for S8.
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3.1.2 Multi-target phantom
Experiments were also performed using a physical phantom (CIRS, Norfolk, VA) with

spherical inclusions. Three targets with varying backscatter compared to the background
were selected for comparison. Acoustic properties of each region are given in Table 3.1.
Diffraction effects of the transducer were compensated with data from another calibrated
phantom, which had an ACS value of 0.53 dB/cm/MHz (CIRS, Norfolk, VA). Data was
acquired with a SonixTouch (Analogic Ultrasound, Peabody, MA) scanner using a L14-5
linear transducer.

Target Speed of
sound [m/s]

ACS
[dB/cm/MHz]

∆BSC
[dB]

BG 1542 0.55 0
P1 1538 0.97 -0.9
P2 1539 0.95 +10.1
P3 1539 0.95 -9.0

Table 3.1: Tissue properties for Background (BG) and targets (P1, P2 and P3) from the
CIRS phantom. BSC was measured relative to the background at 3 MHz.

3.1.3 Clinical cases
The algorithm was tested using data from healthy livers and tumors from the thyroid

and breast. In the liver, although only small changes in attenuation may occur, there are
inhomogeneities due to the presence of vessels or other tissue structures. In the images
of tumors, there are simultaneous changes in both backscatter and attenuation. The
acquisitions were approved by the ethics committee of the participating institutions, and
all volunteers were required to sign an informed consent.

Liver examinations from two healthy volunteers were performed using a Verasonics
Vantage NXT scanner (Redmond, WA, USA) with a C5-2v curved probe. The regions
for ACS imaging were located at least 2 cm below the liver capsule, to avoid possible
reverberation artifacts [39].

Ultrasound scans of the thyroid were performed using the same scanner described
for the phantom acquisitions. The scan was conducted as part of an ultrasound-guided
fine needle aspiration biopsy. Three nodules showing posterior acoustic enhancement
were selected for testing. These nodules were classified in the Bethesda II category and
categorized as benign colloid nodules. Additionally, four acquisitions from a calibrated
reference phantom were employed for diffraction compensation. This phantom contained
embedded spherical glass beads of 18.2 ± 1µm diameter, randomly distributed in an
agar-based matrix at a concentration of 78.12 spheres per mm3. Attenuation within the
frequency band of the reference phantom was determined by fitting a second-order poly-
nomial to the attenuation measured by the planar reflection method for each frequency,
as described in [40]. Rectangular imaging regions that encompassed both parenchymal
thyroid tissue and a nodule were selected for attenuation imaging.

An ultrasound examination of a breast tumor was conducted with the same scanner
referenced in the preceding subsection as part of a core needle biopsy procedure. The
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biopsy results classified the tumor as a benign complex fibroepithelial lesion (adenosis and
usual hyperplasia). Diffraction compensation was performed using the same reference
phantom as in the thyroid acquisitions.

3.2 Implementation details
The performance of the proposed approach (SWIFT), is compared with the regular-

ization by isotropic total variation (RSLD) and the spatially weighted regularization on
the BSC (SWTV-ACE). Power spectra estimation was performed using data blocks of 8
wavelengths laterally and 12 wavelengths axially, with an overlap of 80%. In the case of
the liver acquisition, estimation was performed in the polar domain, considering 8 scan
lines and a window of 12 wavelengths axially. These window sizes were empirically set
to the smallest values that allowed for accurate image reconstruction and remained fixed
throughout the study. These sizes also closely align with the optimal axial and lateral
resolutions for estimating the backscatter coefficient [41].

The usable frequency range for ACS estimation was determined by identifying the -20
dB cutoff points within the frequency spectrum of each imaging region. The overlapping
band across all imaging regions in each dataset was selected. This was from 3.5 to 8.5
MHz for the simulated data, from 2.5 to 7.5 MHz for the physical phantom, from 1.5
to 4 MHz in the liver acquisitions, and from 3.5 to 8 MHz for the thyroid and breast
acquisitions.

In simulated media and the phantom acquisitions, the regularization parameters of
each method were selected on a case-by-case basis, such that the root mean square error
compared to the ground truth ACS in the whole image was minimized. Fixed regulariza-
tion parameters were chosen for the clinical data. These were equal to the optimal values
in the heterogeneous phantoms, reduced by a third (≈ 10−0.5) to avoid over-regularization.
These were µ = 102.5 for RSLD, µb = 102.5 and µc = 10−0.5 for SWTV-ACE, and µb = 103

and µc = 100.5 for SWIFT.

3.3 Evaluation metrics
To assess the performance of each algorithm, the normalized bias (NBias), normalized

root mean square error (NRMSE), and contrast-to-noise ratio (CNR) were calculated for
each simulation sample and each phantom acquisition. The NBias and NRMSE are
defined as

NBias = 1
βGT

1
N

N∑
i=1

(β̂i − βGT ), (3.1)

NRMSE = 1
βGT

√√√√ 1
N

N∑
i=1

(β̂i − βGT )2, (3.2)

where β̂i corresponds to the estimated ACS at a certain point in the image, βGT corre-
sponds to the ground truth, and N is the total number of points. Lastly, the CNR is
defined as:

CNR = |β̄1 − β̄2|√
Var(β1) + Var(β2)

(3.3)
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where β̄i and Var(βi) denote the mean and variance of the estimated ACS within a region.
These metrics were calculated considering a 1 mm distance from the interface of both
regions.

For the clinical data, only the mean and standard deviation of ACS were computed
for each region. In addition, to verify the accuracy of the proposed methods in thyroid
and breast tumors, the acoustic enhancement at the maximum frequency in the usable
frequency range was calculated. The highest frequency was selected as it provided the best
spatial resolution. To do this, the radiofrequency data was filtered around fc = 8 MHz
using a 2nd-order Butterworth digital filter with time reversal for phase compensation.
The cut-off frequencies of the filter were 0.5 MHz below and above the central frequency
(-6dB). Afterwards, the enhancement was defined as the difference in dB between the
average signal envelope in a region below the tumor and the average from an adjacent
region at the same depth, but passing through unaffected tissue. This value can be related
to the difference in ACS between the two regions, ∆β, by

AE = 2D∆βfc, (3.4)

where D is the tumor thickness along the wave propagation path and AE is the predicted
enhancement from the attenuation maps. Specifically, the difference between this value
and the measured enhancement from the B-mode image AEBm was calculated.

∆AE = AE − AEBm (3.5)

This process was repeated in the physical phantom acquisitions for validation at 7.5 MHz,
the highest frequency in the usable frequency range for the phantom data.
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Chapter 4

Testing and validation

4.1 Results
4.1.1 Simulations

Fig. 4.1 shows the estimated attenuation maps for each method in simulated layered
media and media with inclusions. Axial and lateral variations in attenuation can be
observed in Fig. 4.2. In layered media, all lines were averaged to produce the axial
profile. In data with inclusions, five vertical lines centered at x = 0 cm were averaged for
the axial profiles, and five horizontal lines centered at z = 2 cm were averaged for the
lateral profiles. In addition, metrics for the simulated data are displayed in Table 4.1.

In layered media, the performance of RSLD is severely degraded in the presence of
BSC discontinuities, which can be observed by comparing the ACS map obtained from S1
with the ones obtained from S2, S3, or S4. An artifact is observed at the interface, where
an axial increase in backscatter causes an underestimation of ACS, and a decrease causes
an overestimation of ACS. The incorporation of weights by the SWTV-ACE method
demonstrates notable improvement, resulting in a reduction of the NRMSE by over 10%.
However, the overall performance still does not match that of sample S1. In contrast,
SWIFT achieves an improved attenuation estimation, with a lower NRMSE than SWTV-
ACE in most cases. This is more evident in the axial profiles for simulations S2 and S3,
displayed in Fig. 4.2, where the mean ACS follows the ground truth very closely outside
the tissue interface. In addition, these cases exhibit more than a 4-fold increase in CNR
compared to SWTV-ACE.

In the simulated phantoms with inclusions, when no backscatter changes occur (S5),
similar performance is observed among the three methods, just as in layered media.
However, in cases where the backscatter varies, the proposed approach generates a map
that closely resembles the ideal ACS in terms of shape and accuracy. In addition, from
Fig. 4.2, an increase in resolution can be observed axially, as well as a reduction of
variability within each homogeneous region, which is reflected in the NRMSE. The lowest
NRMSE and the highest CNR in the heterogeneous samples are achieved by SWIFT.

Results from a sample with multiple inclusions in the field of view are shown in Figure
4.3, and the evaluation metrics for each inclusion and the background are displayed in
Table 4.2. The image generated by SWIFT has two clearly visible attenuation inclusions,
resembling the ground truth. Although the NRMSE is higher than in the other simula-
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Figure 4.1: Ground-truth ACS and ACS reconstructions for each method in simulated
data with layers (S1 to S4) and an inclusion (S5 to S7). The last column is the proposed
approach.

tions, the resulting image still has a lower bias and NRMSE in all regions compared to the
other two algorithms. This last metric is reduced by 43.6% on average when compared
to RSLD and by 25.5% compared to SWTV-ACE.

In addition, the effect of each term of the proposed approach was explored. Three
variations of the method were assessed with simulations S5 and S6, and the results are
displayed in Figure 4.4. In the first (SWIFT-v1), the L1 norm was replaced with a
Total Variation prior. This approach has a higher bias, especially in the inclusion. In
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Figure 4.2: Axial and lateral variations in ACS. Each row represents a simulation. Ground
truth is delineated with dashed black lines.
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Figure 4.3: Attenuation maps from heterogeneous simulation with multiple inclusions
(S8).
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Figure 4.4: Attenuation maps from heterogeneous simulations with each variation of
SWIFT. (v1) L1 norm replaced with TV. (v2) Regularization term without weights. (v3)
Fidelity term without weights.
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Sample Method NBias [%] NRMSE [%] CNR
R1 R2 R1 R2 -

S1
RSLD 4.3 -14.1 8.8 15.6 4.4

SWTV-ACE 0.3 -11.6 12.3 16.3 3.0
SWIFT 10.3 -6.0 14.3 11.4 3.6

S2
RSLD 20.3 -6.6 47.6 32.5 0.9

SWTV-ACE 25.7 -20.1 29.3 21.4 1.7
SWIFT 5.8 -5.9 7.1 6.8 10.6

S3
RSLD -0.8 -2.0 47.7 28.1 1.3

SWTV-ACE 35.1 -9.7 40.2 12.4 1.8
SWIFT 7.6 0.4 9.7 4.0 9.4

S4
RSLD 29.9 -19.8 44.8 29.5 -

SWTV-ACE -21.7 -3.2 24.4 6.0 -
SWIFT -15.0 -7.8 21.6 9.9 -

S5
RSLD 5.7 -11.8 15.9 13.8 3.4

SWTV-ACE 5.0 -10.5 16.5 12.7 3.5
SWIFT 6.5 -12.1 14.3 13.6 3.9

S6
RSLD -3.5 -6.1 85.1 32.3 0.9

SWTV-ACE 5.8 -25.9 26.6 27.8 1.3
SWIFT 2.9 -8.3 9.8 10.1 5.4

S7
RSLD 4.1 -8.6 43.4 71.5 0.5

SWTV-ACE 8.6 -20.3 27.6 21.6 1.7
SWIFT 4.9 -10.2 11.7 12.4 4.2

Table 4.1: Evaluation metrics for each simulated sample. The first four samples (S1
to S4) correspond to layered media, in which region R1 corresponds to the top layer
and region R2 to the bottom layer. The remaining samples (S5 to S8) represent media
with inclusions, in which regions R1 and R2 represent the background and inclusion,
respectively.

the second variation (SWIFT-v2), the spatially varying weights in the regularization
term were removed. The resulting image has an over-smoothed attenuation map with
no artifacts. Lastly, the third variation (SWIFT-v3) removes the weights in the fidelity
term. In this image, there are artifacts at the top and bottom of the inclusion.

The number of iterations and execution times of each algorithm for the simulated
data are displayed in Table 4.3. The algorithms were implemented in MATLAB 2024a
and executed on a 12th-generation Intel Core i7 with a base clock speed of 2.1 GHz. The
computation of the weight maps for SWTV-ACE and SWIFT (initial estimation) is not
considered. SWTV-ACE requires the highest number of iterations and execution time,
which indicates slower convergence.
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Method NBias [%] NRMSE[%]
Bgnd. I1 I2 I3 Bgnd. I1 I2 I3

RSLD -11.0 36.9 35.3 -12.4 32.6 77.0 99.8 39.4
SWTV-ACE -12.8 65.5 66.3 -26.6 16.3 65.8 67.0 27.2

SWIFT -5.9 15.6 33.6 -9.1 8.7 18.5 35.8 11.3

Table 4.2: Evaluation metrics for S8. Regions I1, I2, and I3 correspond to the top, middle,
and bottom inclusions, respectively, and Bgnd. is the background.

Method Iterations Execution Time [s]
Min Median Max Min Median Max

RSLD 6 7.5 27 0.68 1.46 2.18
SWTV-ACE 18 31.5 100 4.23 11.40 36.78

SWIFT 7 14.5 28 0.40 1.23 2.11

Table 4.3: Number of iterations and execution time of each algorithm for the simulated
data. The image size was 49x89 in the lateral and axial dimensions, respectively, and the
spectral ratios had 77 frequency points.

4.1.2 Multi-target phantom
Results for the calibrated phantom data are shown in Fig. 4.5. The isoechoic target

has similar results for all methods, which is consistent with results from simulated data.
In the targets with varying backscatter, artifacts are visible at the top and bottom of
the inclusion when using RSLD with TV regularization. Introducing weights in the BSC
term alleviates this issue at the cost of over-smoothing the attenuation map. Nonetheless,
when using SWIFT, both the hyperechoic and hypoechoic targets have better-outlined
shapes than in any other method.

Table 4.4 shows metrics for the three acquisitions. In the isoechoic target (P1), all
approaches show similar performance. The ACS map from both the hyperechoic target
(P2) and the hypoechoic target (P3) shows a significant reduction in NRMSE when using
SWTV-ACE. However, there is poor contrast, which is reflected in the bias of both the
background and inclusion. The lowest NRMSE in these cases was achieved by SWIFT,
and the CNR was improved in all cases. Particularly, for the second and third targets,
there is a 3.6-fold and a 2.6-fold increase in CNR compared to SWTV-ACE, respectively.
As for the acoustic enhancement, the method that had the lowest difference between the
B-mode image and the attenuation map was the one obtained by RSLD, followed by
SWIFT.

4.1.3 Clinical data
Attenuation images were generated for each acquisition. Fig. 4.6 displays the atten-

uation maps produced from each imaging region in the liver. There are artifacts caused
by heterogeneities in backscatter, pointed by white arrows, which are reduced by both
SWTV-ACE and SWIFT. Table 4.5 compares the mean ACS of each liver sample, along
with the standard deviation within the region of interest. Both methods reduce the stan-
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Figure 4.5: B-mode image from physical phantom data and reconstructions for each
method. The left, middle, and right columns represent targets P1, P2, and P3, respec-
tively.

Case Method NBias [%] NRMSE [%] CNR ∆AE
Bgnd. Inc. Bgnd. Inc. [dB]

P1
RSLD 6.3 -6.3 20.5 11.7 2.3 1.9

SWTV-ACE 5.9 -6.2 21.9 12.2 2.1 2.3
SWIFT 2.2 -9.8 17.0 12.6 2.6 2.2

P2
RSLD -2.1 1.7 60.9 43.7 0.8 0.9

SWTV-ACE 10.4 -15.5 27.7 19.5 1.1 7.3
SWIFT 0.4 2.8 12.5 8.2 4.2 0.9

P3
RSLD -4.2 -9.2 50.4 81.8 0.4 0.0

SWTV-ACE 4.5 -24.3 20.3 24.7 1.2 5.3
SWIFT -2.8 -12.7 11.5 14.1 3.5 1.2

Table 4.4: Performance metrics for each regularization approach in a physical phantom.
An isoechoic (P1), hyperechoic (P2) and hypoechoic (P3) targets were selected.

dard deviations in each scan compared to RSLD, by a factor of 2.2 for SWTV-ACE and
2.3 for SWIFT on average.

Attenuation maps generated from the thyroid and breast samples for each approach
are depicted in Fig. 4.7. Maps from RSLD have artifacts resembling those discussed
in the previous subsection, around the interfaces between the nodule and the thyroid
parenchyma. These artifacts are diminished when using SWTV-ACE; however, sharper
changes in attenuation are obtained with SWIFT. The last case includes two ACS maps,
which were generated independently, one enclosing a heterogeneous region and the other
enclosing a homogeneous region. In the heterogeneous region, SWTV-ACE estimates
a lower attenuation in the parenchyma than the proposed approach. Nonetheless, when
selecting a homogeneous region, attenuation in the thyroid parenchyma is more consistent
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Figure 4.6: B-mode images and attenuation maps from liver acquisitions. The estimation
regions were placed at least 2 cm below the liver capsule.

Case ACS [dB/cm/MHz]
RSLD SWTV-ACE SWIFT

L1 0.61± 0.47 0.61± 0.17 0.58± 0.18
L2 0.64± 0.46 0.64± 0.25 0.61± 0.23

Table 4.5: Mean ACS and standard deviation of each liver acquisition.

with SWIFT.
The mean ACS values of each region are displayed along with their standard deviation

in Table 4.6. The artifacts produced by RSLD are reflected in a higher standard deviation.
The methods greatly differ in the attenuation measured on the thyroid nodules but are
more consistent in the measurements from the thyroid parenchyma in the first two cases.
The CNR and the difference between the AE from the attenuation maps and the B-mode
image are also displayed. For the last case, the acoustic enhancement was calculated
considering the mean attenuation of the homogeneous region. The proposed approach
demonstrates a comparable CNR to SWTV-ACE and a higher CNR than RSLD. Notably,
the predicted acoustic enhancement from the ACS maps aligns more closely with the
measured acoustic enhancement from the B-mode images compared to SWTV-ACE.

Figure 4.7 shows attenuation maps of a benign breast mass. The image produced
by RSLD is significantly affected by artifacts. Both SWTV-ACE and SWIFT produce
images with reduced ACS measurements in the nodule; however, SWIFT offers better
contrast. This is reflected in the CNR, shown in Table 4.6 along with the mean ACS in
each region. The proposed approach also has better agreement of the measurements with
the posterior acoustic enhancement.
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Figure 4.7: B-mode images and attenuation maps for benign thyroid nodules (T1-T3)
and a breast lump (B1). Each row represents a different case. In T3, an ACS map was
generated for a heterogeneous region (left) and a homogeneous region (right).

4.2 Discussion
In this work, a new regularization approach that increases estimation accuracy in het-

erogeneous media is proposed. Weights are applied in both the fidelity and regularization
terms to deal with regions where the spectrum is not homogeneous. In addition, a change
from Total Variation to an L1-norm on the backscatter term is proposed to account for
model consistency.

Previous regularization approaches for SLD have limited performance in heteroge-
neous media. When only using Total Variation, as in RSLD, artifacts at tissue interfaces
can arise because a change in BSC introduces a local offset in the frequency-attenuation
curve, expressed in (2.2). This implies a trade-off between accuracy and the occurrence
of artifacts: increasing regularization in BSC introduces artifacts, but decreasing it can
lead to poor accuracy. Weighting the backscatter regularization term (SWTV-ACE) can
reduce these artifacts; however, the approach is limited as it does not lead to an increase
in estimation accuracy in media where attenuation varies too. As observed in Table 4.1,
the NBias and NRMSE remain high, especially in layered media with varying BSC. In
addition, the resulting attenuation maps in most cases remain with diffuse interfaces
between media, as shown in Fig. 4.2, showcasing poor spatial resolution of the method.
Another drawback of SWTV-ACE is that it assumes the envelope has a Rayleigh dis-
tribution, whereas other envelope statistical distributions could be more adequate [42],
such as the general Nakagami distribution, used in [29]. The current approach does not
make any assumptions about the envelope statistics of the echoes.
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Case Method ACS [dB/cm/MHz] CNR ∆AE
Tumor Parenchyma [dB]

T1
RSLD 0.43± 2.13 1.96± 1.71 0.56 3.1

SWTV-ACE 0.8± 0.21 1.62± 0.29 2.24 -8.3
SWIFT 0.52± 0.24 1.78± 0.32 3.15 -1.1

T2
RSLD 1.09± 2.12 1.72± 1.33 0.26 -11.6

SWTV-ACE 0.86± 0.12 1.63± 0.28 2.52 -8.9
SWIFT 0.36± 0.41 1.71± 0.33 2.57 3.4

T3–R1
RSLD 1.14± 1.39 1.55± 0.91 0.25 -2.7

SWTV-ACE −0.08± 0.3 1.12± 0.22 3.25 13.9
SWIFT 0.86± 0.12 1.76± 0.18 4.12 -1.1

T3–R2
RSLD - 1.84± 0.31 - -

SWTV-ACE - 1.84± 0.14 - -
SWIFT - 1.68± 0.12 - -

B1
RSLD 1.02± 1.17 1.06± 1.72 0.02 -19.0

SWTV-ACE 1.22± 0.18 1.64± 0.14 1.84 -7.5
SWIFT 0.95± 0.23 1.62± 0.22 2.07 0.1

Table 4.6: ACS measurements and performance metrics of each method on the thyroid
(T1-T3) and breast (B1) acquisitions. For T3, R1 represents the heterogeneous imaging
region and R2 the homogeneous region.

Spatially varying weights in both fidelity and data terms tackle the artifacts effectively.
Firstly, weights in the fidelity term penalize the equations that come from regions with
changes in BSC. In these regions, not only might the estimation of spectra be flawed,
but also the assumption of a constant, frequency-independent BSC ratio. The effect of
the weights on both regularization terms is clear. By introducing little regularization
in regions where there is likely an interface, this new approach favors rapid changes in
attenuation during optimization, which can be observed in the lateral and axial profiles in
Fig. 4.2. Furthermore, it also allows the algorithm to focus on smoothing homogeneous
regions. This is also reflected in a reduction in NRMSE and an increase in CNR in both
the simulated and phantom data.

The new approach was implemented using ADMM. In all simulated samples from this
study, the algorithm consistently converged to the desired tolerance within a maximum of
28 iterations, showing low sensitivity to the choice of hyperparameters. This robust con-
vergence rate suggests that SWIFT performs reliably across various parameter settings.
In addition, although an analytical proof of solution uniqueness has not been derived,
empirical evidence supports a high degree of consistency in the results. No substantially
different solutions were obtained across trials, even when using different initializations,
such as random values or zeroes. These findings indicate that the solution may be unique
or, at the very least, does not exhibit significant divergence across different initializations
within the tested conditions. Additionally, the estimation time remains lower than that
of total variation, despite the increased number of iterations. This efficiency gain can be
attributed to the incorporation of the L1-norm, which modifies one of the sub-steps in the
ADMM framework (Algorithm 1). The resulting subproblem is solved using an efficient
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implementation of generalized Tikhonov regularization [37]. Moreover, while this study
does not explore further optimizations, this step could potentially be accelerated even
further by employing faster algorithms such as ISTA or FISTA [43].

Attenuation measurements were conducted on the livers of three healthy volunteers.
The average ACS remains within the range of normal attenuation values in non-steatotic
livers, which is between 0.56 to 0.63 dB/cm/MHz (interquartile range in [44]). The
methods have a percentual difference in mean value which is less than 5%, meaning they
are consistent with each other. An important remark is that the liver parenchyma may
have heterogeneous regions with different attenuation, so some variability in attenuation
measurements within the region of interest is expected. However, the techniques reduce
artifacts caused by small heterogeneities without over-smoothing the attenuation map.

The performance of the algorithms was also evaluated for the assessment of thyroid
nodules and a breast lump. In both weighted approaches (SWTV-ACE and SWIFT), a
clear distinction in the ACS between healthy thyroid tissue and nodules can be observed,
although SWIFT allows sharper changes in the ACS maps. In addition, measurements of
mean ACS in the thyroid parenchyma are consistent with the literature, with mean values
ranging from 1.5 dB/cm/MHz [6] to 1.76 dB/cm/MHz [14]. In the case of colloid nodules,
a lower attenuation is observed. It is important to note that previous reports did not
include attenuation measurements for this type of nodule. Still, studies from other thyroid
nodules report a low attenuation too [40][6]. In the case of the breast acquisition, the
estimated ACS in the tumor was similar to measurements taken from other benign masses,
such as fibroadenoma, which was from 0.51 to 1.29 dB/cm/MHz [7]. Attenuation in the
breast parenchyma was also inside the usual range, considering the central frequency of
the chosen bandwidth [45]. Furthermore, ACS measurements are consistent with the
acoustic enhancement measured from the B-mode image, as observed in Table 4.6. In
all cases, the predicted AE from the ACS maps is more consistent with what is observed
in the B-mode image, compared to SWTV-ACE. The observed improvement in accuracy
can be attributed to the weighting assigned to the fidelity term. This weighting grants
less significance to areas with heterogeneities, yielding a more precise attenuation map.
This may also explain the notable discrepancies observed between the attenuation maps
generated by different algorithms.

The proposed technique has some limitations. Selecting the right hyperparameters
to generate an accurate weight map is not trivial. Specifically, the cut-off value cth in
Eq. 2.13 varies when the window size is altered. Larger window sizes result in smoother
changes in BSC, so the cut-off value should be lower. Unfortunately, this study does not
delve into the comparative performance of different weight map configurations, leaving
open questions about their impact on reconstruction accuracy. Future work could explore
this aspect to further optimize the method.

Setting the regularization parameters can also be challenging. In this work, a fair
comparison was sought by optimizing them with calibrated data (both simulated and
experimental). The hyperparameters were fixed when analyzing the clinical data; how-
ever, better performance may be achieved with case-specific regularization weights. Their
automatic selection based on the data was not addressed in this study, although several
methods in the literature can tackle this issue, such as the L-curve method [46], the
general information criterion [47], or even deep learning [48]. This presents a promising
opportunity for future efforts. In addition, Figure 4.8 explores the effect of varying the
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Figure 4.8: Effect of varying the regularization parameters on NRMSE with (a) RSLD,
(b) SWTV-ACE, and (c) SWIFT. The NRMSE was averaged over four samples, with
contour lines at 0.3 (gray) and 0.2 (black). Regions in which NRMSE<0.3 for each
sample are shown in (d) and (e).

regularization parameters on the NRMSE. A simulated sample (S6) and all samples from
the physical phantom with inclusions (P1, P2, and P3) were selected for comparison.
Only the NRMSE in the inclusion was considered. Both RSLD and SWTV-ACE yield
an average NRMSE higher than 20% for any choice of regularization parameter, while
SWIFT can achieve a lower NRMSE. In addition, the regions where NRMSE<30% are
shown for each simulation. In SWIFT, the overlapped areas are at least two orders of
magnitude in length for µB and three orders of magnitude in length for µC . This sug-
gests that SWIFT remains fairly resilient to variations in the regularization parameter,
validating the use of fixed regularization weights for clinical data.

In addition, the current approach assumes the underlying medium to be piecewise
homogeneous. In a more practical scenario, where this may not hold, the approach
may not perform well. A more generalizable approach would be to include the second
derivatives in the regularization term, allowing the resulting map to be piece-wise linear
[49]. This has achieved better results in the field of ultrasound elastography [50, 51].
However, this would increase the number of hyperparameters involved.

Lastly, SWIFT utilizes a reference-based methodology, which may limit its advantage
relative to modern reference-free techniques [28, 29]. Nevertheless, its core weighted
inversion mechanism remains applicable within reference-free frameworks. Future work
could consequently integrate both methodologies to enhance performance.
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Conclusions

This study addresses the difficulties in attenuation imaging when changes in both
backscatter and attenuation exist. The proposed approach, which incorporates spatially
varying weights for both the fidelity and regularization terms and utilizes L1-norm regu-
larization for changes in the backscatter coefficient, enhances the accuracy of ACS esti-
mation in heterogeneous tissue. Simulated and experimental data acquired on calibrated
phantoms verify the accuracy of the proposed approach and its superior performance
when compared to other approaches used for benchmarking in this study. Preliminary
in vivo validation with thyroid cases and a breast acquisition further demonstrates the
robustness of the proposed method for reconstructing attenuation coefficient images from
tissues in the presence of backscatter variations.
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