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Resumen

En esta tesis expositiva, exploraremos las Bases de Groebner y su aplicacion a un sistema
de ecuaciones polinémicas, particularmente en lo referente a la Conjetura Jacobiana.
Esto se hara introduciendo algunos conceptos relacionados con el algebra conmutativa

y algunos conceptos relacionados con la geometria algebraica computacional.

Esta disertacion esta organizada de la siguiente manera. En el Capitulo 1, intro-
duciremos los conceptos basicos relacionados con el algebra conmutativa y la geometria
algebraica basica. En el Capitulo 2, definiremoslasb asesd e G roebner, y algunas
propiedades relacionadas con ellas, discutiremos en detalle algunas propiedades rela-
cionadas con ellas y discutiremos el algoritmo que esta relacionado con ellas. En el
Capitulo 3, discutiremos el Algoritmo de Buchberger y algunos refinamientos relaciona-
dos con el algoritmo. En el Capitulo 4, discutiremos la aplicacion de los conceptos
aprendidos a un sistema de ecuaciones polinomicas relacionadas con la Conjetura Ja-
cobiana. Esta parte de la tesina tiene como base el trabajo de Valqui y Solorzano (2014)
[VS14] que calculo el sistema de ecuaciones polinomicas y la base de Groebner del sis-
tema para n = 2. Para ello se utiliz6 una formula recursiva para los nameros catalanes.
En esta tesis, calcularemos el sistema de ecuaciones polinomicas, sus respectivas bases
de Groebner y el conjunto de soluciones para n = 3. En el Capitulo 5, creamos una
interfaz en Mathematica 13 que calcula el sistema de ecuaciones polinomicas, la base de

Groebner, y clasifica los conjuntos de soluciones.
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Abstract

In this expository thesis, we will explore the Groebner Bases and their application to a
system of polynomial equations, particularly concerning the Jacobian Conjecture. This
will be done by introducing some concepts related to commutative algebra and some

concepts related to computational algebraic geometry.

This dissertation is organized as follows. In Chapter 1, we will introduce the basic
concepts related to commutative algebra and basic algebraic geometry. In Chapter 2, we
will define the Groebner b asis, and some properties related tothem, we will discuss in
detail some properties related to them and discuss the algorithm that is related to it. In
Chapter 3, we will discuss the Buchberger Algorithm and some refinements related to
the algorithm. In Chapter 4, we will discuss applying the concepts learned to a system
of polynomial equations related to the Jacobian Conjecture. This part of the dissertation
has as its base the paper of Valqui and Solorzano (2014) [VS14] which computed the
system of polynomial equations and Groebner basis of the system for n = 2. This was
done by using a recursive formula for the Catalan numbers. In this dissertation, we will
compute the system of polynomial equations, their respective Groebner basis, and the
set of solutions for n = 3. In Chapter 5, we create an interface in Mathematica 13 that
calculates the system of polynomial equations, the Groebner basis, and classifies the

solution sets.
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Chapter 1

Preliminaries

We will start by introducing some basic concepts in commutative algebra and algebraic

geometry by introducing some well-known theorems and definitions.

1.1 Polynomial Rings and Ideals

We denote by R[zy,xs,...,z,] the ring of polynomials with coefficients in the ring R. A

subset I C R[zy, s, ..., z,] is an ideal if it satisfies,
i) 0el,
ii) If f,ge I, then f+gec 1,
iii) If f € I and h € R[xy, 2o, ..., z,] then hf € I.

We define (fi, fo, ...fs)to be the ideal generated by fi, fo, ..., fs as follows.

<f1,f2, f5> = {zs: hzfz . hl,hg, ...,hs - R[Il,l’g, ,xn]}

Lemma 1.1.1. If f1, fo, ..., fs € k[x1, 29, ..., x,] then (fi, fo, ..., fn) is anideal of k|xy, za, ..., x,)].
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Proof. First, 0 € (fi, f2,..., fn) since 0 = >°7_ 0f;. Next suppose that f = > 7, r;f; and

g = Zle nifi, then

f+g=> (ri+mn)f; and

=1

h(x)f = (hr)fi, h€klxy, ...z,
=1

Let k be a field, and let f1, fs, ..., fs be polynomials in k[xy, 2o, ..., z,,]. We define V ({f1, f, ...

to be the affine variety defined by (fi, f5, ..., fs) as follows:

V((fl,fg, 7fs>) = {(al,ag, ...,ak) ek”: fi(al,ag, ...,ak) =0, Vi<i< S}.

We define the variety associated with [ as

V(I)={a=(a1,a9,...,ar) € k" : f(a1,a9,...,ar) =0, Vf eI}

Let V € k" be an affine variety, we define the ideal of the variety 1 as follows:

IV)=A{f € klz1,...,z,) : fla1,a9,...;a,) =0 V(ay,aq,...,a,) € V}.

The radical of an ideal 7, rad(I) = V1, is defined as follows:

VI = {f € k[z1,29,...,2,),3Ir >0, f" € I}

Definition 1.1.2. A ring is Noetherian if its ideals are finitely generated.

]

, fs))

Theorem 1.1.3. A ring R is Noetherian if and only if every ascending sequence of ideals

{I;}2, of R, is stationary.



Proof. Assume R is Noetherian and consider an ascending sequence of ideals {I,,} such
that |J~, I, = I < R.. Clearly I is an ideal, since if z,y € |J,_, I, there are indices i, k£ such
that 2 € A y € I;. Then, if we denote the maz{i, k} = n, we have that a4y € I,, C |, I,.
Futhermore, if a € A, such that z; € I;, then ax; € I, C |J,_, I,. Therefore, |J,_, I, is an
ideal. We have that I is finitely generated, i.e I = (z1, ..., 7). If 7; € I,;, and n = max(n;),
then (zi,...,2,) C I,. Then I, =1, Vk >n.

For the converse, we use induction on the finite number of generators of an ideal /. Let
fi1 be a polynomial € I. If I = I, = (f;), then [ is finitely generated. Else there exists a
polynomial f,, such that f, € I — I,. If I = I, = (fi, f») then the proof is done. Else there
is a polynomial f3;, such that f; € I — I, If I = I3 = (f1, f2, f3), then the proof is done, else
we continue inductively with the same construction. Since the ascending chain of ideals
L G, & I3 & ... &Iy & ... is stationary at some point, we must have I = I, and so [ is
finitely generated, otherwise we end up with a sequence of ideals that ascend infinitely,

L ¢ I, & I3 & ..., which contradicts that R is Noetherian. ]

Theorem 1.1.4 (Hilbert Basis Theorem). If a ring R is Noetherian then R|X]|, the ring of

polynomials with coefficients in the ring, is Noetherian.

Proof. By contradiction, assume that [ < R[X] is not finitely generated. We can
construct inductively an infinite sequence {f;}3°, of polynomials such that f, €
I\ (fi1,...fn—1) is of minimal degree. It is obvious that gr(f;) > gr(f;) Vj such that
j < k. The ideals generated by the leading coefficients (LC) of the polynomials de-
fine an ascending chain of ideals J; = (ay,...,a;) < R. Since R is Noetherian, the
sequence (a;) C (aj,as) C (ai,as,a3)... is stationary, so there is an k£ > 1, such that

Js == Jk,VS Z k

For j=1,...k+ 1, we have



k
fj = ajxg’”(fj) + ---. Note that Ap4+1 € JkJrl = Jk, and so Qg1 = Z )\jaj.
j=1
We define g € (f1, ..., f,,) then

k n
9= Z A fix9r e =or(fs) = Z Aja;zd e 4
j=1

j=1

Then we have that, f,. 1 —g €1\ (f1,..., fr) and gr(frr1 — 9) < gr(frx+1), which contra-
dicts the minimality of gr(fii1)-

Then every ideal I € R[X], has to be finitely generated, I = (fy, fi, ..., fr). This proves
that R[X] is Noetherian. [J



Chapter 2

Hilbert’'s Nullstellensatz

In this section, we will discuss a fundamental theorem in algebraic geometry known as
Hilbert's Nullstellensatz, which illustrates the connection between algebra and geometry.
The explanation of this theorem is divided into two parts: the weak Hilbert Nullstellensatz
and the strong Hilbert Nullstellensatz. Our main reference for this chapter is Allcock

(2005) [ALIO5].

2.1 Weak Nullstellensatz

In this subsection, we will prove the weak Hilbert Nullstellensatz, which says that an
ideal J in k[z4,...,z,] contains the unity 1 (which means that it is the whole ring), if and
only if V(J) = 0.

We will prove it in three steps. First, we will introduce Zorn’s Lemma, which guaran-
tees the existence of a maximal ideal in any partially ordered set. This is crucial because
it helps us show that all ideals are contained within a maximal ideal.

Next, we will prove the main technical result, Theorem 2.1.4 (see Proposition 7.9 of

9



[AM69]), which shows that if k is a field (not necessarily algebraically closed) and K is a
field extension such that K = k[ay,...,a,], then K is algebraic over the field k. Finally,
putting together these results, we obtain that all maximal ideals in k[z,...,z,] are of the
form

J={(x1—ay,...,x, — ay),

and, using this, we prove the Weak Nullstellensatz.

Lemma 2.1.1 (Zorn’s Lemma:). If (S, <) is a partially ordered set, such that every chain

has an upperbound, which is in S, then there exists M € S such that M is maximal.

Proposition 2.1.2. Let A be aring. For every ideal [<A, such that I # A, there is a maximal

ideal m such that I C m.

Proof. Suppose that A # {0}. If there is an ideal / < A, we define A = {J<A,I C J,J # A}
and let C be a chain of ideals C = {J;< A : J; C Ji11,I C J;,Vi € A}. We will show that if C is
a chain in A, then it has an upper bound.

Let,

y=_

J;eC

We will prove that ) is an ideal,

e Ifz,y € Y = if there exists i,k, such that z€ ;A ye€ J,=maz{i,k}=n=a+yc
J,CY

b IfaGA,xiGJiéaxieJiCy
Y is an ideal.

It is straightforward that J # A since if 1 € Y = 1 € J; for a particular i, then J; = A,

which is a contradiction.

10



Therefore, by Zorn’s Lemma, there exists m € A maximal in A, such that  C m.

Ifmc.J#A= Je A Since m is maximal in A = m = J, proving that m is maximal in

the whole ring A. [J

We will use the following definitions and results: Let F' and K be fields. If F C K then
K is a field extension of F. We say that a € K is algebraic over F, if 3f(z) € F[z], such
that f(a) = 0. If « is not algebraic over F[z], then « is said to be transcendental over
Flz]. If dimp(K) < oo then K is a finite extension of F. The field £ is a closed algebraic
field if for any algebraic extension K we have k = K. Let K be a field extension of F and let
ap, as, ...,a, € K . Then F(ay,as,...,a,) = {% : g € Flxy, 29, ..., 2], 9(a1, ag, ..., a,) # 0},

so F(ay,ay,...,a,) is the quotient field of Flay, as, ..., ay).

Theorem 2.1.3. Ifn = dimp(K) < oo then K is algebraic over F.

Proof. If a € K, then {1,a,a?, ...,a"} is linearly dependent over F. Then Ja; € F  a; # 0
such that ag + a1 + a20® + ... + a,a™ = 0. Set f(z) = > ,a;z'. Thus, « is algebraic over F.

Therefore, K is algebraic over F. O

Theorem 2.1.4. Ifk C K are both fields, such that K = k[oy, as, ..., ay,], then K is algebraic

over k.

This proof is based on Daniel Allcock’s notes [All05].

We first prove a special case: # k = oo, § € k is transcendental over k and k(3) = K =
ko, ..., ay)

We will show that, K = k[ay, ..., o] € k(3). Note that,

—

(8
(

~—

aiek(ﬁ)Z{ ,f,gek[f],g(ﬁ)#()}.

©
=
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Furthermore, all the elements of K, can be expressed as an algebraic combination of.

L _hB) )
YT a8 ga(B)

So, any polynomial j € K = k[a, ..., a,] can be expressed as, j = HI;(%

We choose an element ¢ € k such that g;(c) # 0, g2(c) # 0, ..., gn(c) # 0.
We define n(8) = L2 = _L ¢ k(8). But n(8) ¢ k[z1, ..., z,,], since 3 — ¢ is not a factor in none

9(B) — B—c
of the ¢;, which proves K = kfay,...,a,] C k(8). This contradiction proves that K cannot

be generated by only one trascendental element /.

Now we prove the general case. Assume first that the degree of transcendence (degtrasc)
of K over k,degtrasc(K) = 1, or equivalently, that there exists 3 € K (not algebraic), such
that k C k() C K, and K is an algebraic extension of k(). Consider the following chain

of extensions:

k(B) C k(B)(ar) C k(B)(a1, az) C ... C k(B) (a1, ooy an) = K

Since each extension is algebraic, hence finite dimensional,this proves that | = dim;g) K <
Q.

Let {1, e,, ..., ¢} be the basis of K over k(). As before we will arrive at the contradiction:
K = klay, ag, ..., o] C k(5).

All the elements of K, can be expressed as polynomials in the /s, with coefficients in k,

Cij (5)

ay(3) € FO)

!
=1 o= E Aijej, i =
j=1
Moreover,

12



eie; = Xl: y - aijr(P) 1
iCj YVijk€ks  Vijk bmk(ﬁ) < (ﬁ)

k=1

£B)
9(8)’

d;;1(f) and the b;;(8). There exists an irreducible polynomial ¢(5), which does not divide
any of the d;;(8), bi;;x(5). Then ﬁ ¢ K = klay, ..., o], which contradicts k(8) ¢ K. This

t

Hence every element o of K is a rational function a = and ¢(f) is a product of the

proves the case when degtras(k) = 1.

Assume that the degree of transcendence (degtrasc) of K over k, degtrasc(K) > 1. Con-
sider the extension

k C k(o) C k(ag,az) C ... C klag,qe,...,0n-1) C k(aq,...,a,) = klag, ..., q,] = K. Since K is

trascendental over k, there exists

J = max{i, k(ay, a9, ...,a;_1) C k(ay,...,q;) 1is trascendental}

Set k' = k(a, ...,;_;) and then ¥’ C K has degtrasc(k’) = 1, and klay, ..., a,] C k[ay, ..., ) =
K, so K is finitely generated as a k'—algebra. This is impossible by the previous case,
which concludes the proof.

]

Theorem 2.1.5. If J = (x; — ay,22 — ag,...,x, — a,) is an ideal in A = k[xq,...,x,] then J is

maximal.
Proof. Suppose there is a polynomial p € K = kx4, ..., z,] such that p is not an element of

J and define the ideal G = (p, /) such that,

J C G Cklxy,xa,...,2y).

13



We will show that G = k[xy, 29, ..., z,]. For certain c,, we have

p(x1 + a1, xa + ag, ..., xy + ay) = an(:c)a

But then p(z1, 2, ..., 2,) = Y, ¢a(z — a)*, and so, we obtain p(ay, as, ..., a,) = ¢y # 0.
This affirmation is valid, since p ¢ J and c¢,(z —a)* € J if a # (0,0, ...,0).

The same argument shows that p(z1, ..., z,) — p(ai, as, ..., a,) € J, which implies

Co :p(alv "'7an> € <p7 J>

Since ¢; € k and k is a field there exists c¢; ' such that, 1 = (¢y)(cy?).

Consequently 1 € (p, J), and so

G = (p,J) = klzx1,z9, ..., x,].
This shows that J = (x; — ay, ..., z, — a,,) is maximal.

O

Proposition 2.1.6. Let k be algebraically closed and m an ideal in k[zy, ...,x,]. Then m is

of the form (z1 — ay, ..., x, — a,) if and only if m is maximal.

Proof. Consider the projection

E[zy, ..., 20 = ko, o] =K.
m

Set a; = n(z;) = z; + m € K. Then K = k[ay, ..., a,] is a finitely generated k-algebra. By
Theorem 2.1.4, K is an algebraic extension of k. Since k is algebraically closed, k = K.
So kzew2al ~ L and consider a; = 7(x;) € k. Then © = ev,, where a = (ay,...,a,) and
m = ker(w) = (x; — a1, ...,x, — a,). In fact, clearly (x; — a4, ...,z, — a,) C ker(ev,), and since

(x1 —ay,...,x, — a,) is maximal, we have m = (z; — ay, ..., x, — a,). O

14



Theorem 2.1.7 (Weak Nullstellensatz:). An ideal J € k[zy, ..., z,| contains 1 if and only if
V(J)=0.

Proof. Clearly, if 1 € J, then V(J) = (). On the other hand, if J is a proper ideal, by Propo-

sition 2.1.2 it is contained in a maximal ideal m, which by Proposition 2.1.6 is of the form:

m = (T1 — a1, Ty — Aoy ..., Ty, — Q)

But then a = (a4, ...,a,) € V(m) C V(J) and so V(J) # (), which concludes the proof.

2.2 Strong Nullstellensatz

Theorem 2.2.1. Let k be an algebraically closed field and let J< k[zy,...,x,] be an ideal.
Then

I(V(J)) = Rad(J).

Proof. By Theorem 1.1.4 k[xy,...,z,] is Noetherian, and so J = (fi, f2,...,fs). Let g €
k[xy, xg,...,x,] such that ¢ € Rad(J). Then, there exists m > 0 s.t. ¢™ € J,ie.,g" =

Y oi_ hi(z) fi(z),for some h; € k[zy, za, ..., 2,

Let a = (ay,a2,...,a,) € V(J), (g(a))™ = g™ (a1,a2,...,a,) = Y i, hifi(a1,as,...,a,) = 0. Then,
g(a) = 0. Since a € V(J) is arbitrary, this implies that g € I(V(J)). This proves that
Rad(J) C I(V(J)).

For the other inclusion, let g € I(V(J)).

15



We define the ideal J = (fy, fo, ..., frs Tpi1g — 1) < k[x1, 2o, ..., 2p1]. We want to prove that
V(J) = 0. Assume by contradiction that exists ¢ = (1, ..., ¢c,1) € V(J). Then fi(cy, ...,c,) = 0,
for i = 1,...,r, hence (cy,...,c,) € V(J) and so, since g € I(V(J)), we have g(ci,...,c,) = 0.

Hence,

(@419 — 1)(€) = cnaglcr,scn) =1 =—=1#£0.

This is a contradiction, and hence,

V<<f17f27 "'afrvanrlg T 1>) —= (Z)

Then, by the Weak Nullstellensatz, J is all the ring k[z;, ©, 23, ..., #,41] and so 1 € J. Then,

there exists a; € k[z1,...,x,11],0 =1, ...,r and B € k[z1, ..., z,41], such that

Iy Zai(xl, ooy Tnt1) fi + B(x1, T2, ooy Tng1) (Tng19 — 1).

We define y := 1/z,,1. Let m = max;(gr(a;)), and d = gr(B). If we fix r = maz(m,d + 1), then
ai(z1,...,y) = a;(zy, ..., i)y’" € klxy, xo, ..., x,, y| and

B(xy, .., xn,y) = y" B(w1, ..., Ty, i) € klzy,..,z,,y|. It follows that
1 1

Sl Y 8o )2 1)
y y

v = ai(xy, .. y) fi(@r, . 2a) + Bl 2, y) (9 — v).

If we replace y by g(z1, ..., z,), we obtain

g = Z&i(xl, oy Ty (X1, oy ) fiT1,y oy ), With @, € klxg, @, ..y Tpga]-

16



Since a;(x1, ..., Tn, (1,22, ..., x,)) € k[x1,...,2,] We have, ¢" € (f1, fo,...,fr) = J, for some
r > 0. Hence, g € Rad(J), as desired. This proves I(V(J)) C Rad(J), which concludes the

proof.
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Chapter 3

Groebner bases

The application of Grobner bases allows one to transform a given system of polynomial
equations into an equivalent but much simpler form: the canonical Grobner basis rep-
resentation. This is done in such a way that the solution set is not changed but the
equations are greatly simplified. This greatly aids in both solvability and more efficient
calculations, as the structure of the equations may contain information about the num-
ber of solutions or other properties of interest. For example, this is useful in areas like
algebraic geometry, computer-aided geometric design, and economics, where solving poly-

nomial systems is a typical task.

3.1 Monomial Ordering

Before applying the division algorithm, it is crucial to classify all the monomials involved.
Since we are working within a multivariate polynomial ring, we need to assign a weight
to each monomial to determine their relative ordering. In this dissertation, we will not

only work with monomials but also consider all types of polynomials.

18



Definition 3.1.1 (Monomial Ordering). > on k[ri, 7,3, ...,7,] is a relation > on Z%, or

equivalently, a relation on the set of monomials z%, a € Z%,, satysfying:

* > is atotal (orlinear) ordering: this means that every pair of monomials must be classified

in at least one of the following ways: z® > 2, 2% < 2° or z* = 27,
* If > e such that y € Z%, then 6 + vy > € + 1,

* > is a well-ordering on Z%,. If A C Z%, is non-empty, then there is a € A such that g > a,

forall 5 # ain A

3.2 Division Algorithm in £[z4, ..., x,)]
Definition 3.2.1. Let f € k[zy, ..., z,], such that we can express f = )" a,z®

a) The multidegree of f:

multideg(f) = max{a € Z>y,such that a, # 0}

b) The leading coefficient (LC):

LC(f) :={a,, such that,a = multideg(f)}

¢) The leading monomial (LM):

LM(f):={z*, such that,a = multideg(f)}

d) The leading term (LT):

LT(f) = LC(f).LM(f)

19



Proposition 3.2.2. Let F = (fi, fs, ..., fs) be an s-tuple of polynomials such that f, fs, ..., fs €

klxy,...,x,). Thenany f € F can be expressed as follows,

f=afi+ - +aqfs+r, Yi g,r€klry, .. x,l
such that, r = 0 or r is a linear combination, with coefficients in k, of monomials, none

of which is divisible by any of LT(f), ..., LT(fs). Moreover, for each i either ¢;f; = 0 or

multideg(q; f;) < multideg(f). (3.1)

Proof. We have an algorithm that modifies ¢;, r, p and such that the equality

f=afit+ - +qgfs+pt+r (3.2)

holds at each step. We begin with »r = 0,¢;, = 0,p = f and we end with p = 0. Moreover, at
each step either ¢;f; = 0 or

multideg(q; f;) < multideg(f).

The algorithm summarizes in the two principal steps:

(Division step) : If some LT(f;) divides LT (p) then the algorithm proceeds as the division

algorithm of one variable. i.e

LT (p)
Qi — qi + T/,
LT (p)
p—=Dp— LT—(fi)fi

20



(Remainder Step) : If no L7T(f;) divides LT (p) then LT(p) is added to the remainder. i.e
r—r+ LT (p)
p—p—LT(p)

To prove that the algorithm works, we will show that the equality (4.2) holds in every
stage.

If the step is the division step at f;, then

LT(p) LT (p) )
Q1fl+ +szz+Qst +p+r_>Q1f1+ + <Q1+LT(f2)>fz+ +Qst+ (p_ LT(fl)fZ +r
G+ t+afitafstp+tr—=ah+qfot+--+aqfs+tp+r

So (4.7) still holds after the division step.
At the remainder step, we have:

QIf1+"'+Qst+p+r _>q1f1++Qst+Qst+(p_LT(p))_’_T—'—LT(p) :q1f1+"'+Qst+p+r

p+r=(p—LT(p)+(r+LT(p))
So (4.2) still hold after the remainder step.

Additionally, we need to show that the algorithm finishes. We need to prove that in each

step of the algorithm p drops in multidegree or it becomes O. Note that in

LT(p)
LT(f:)

P=p— fi

The leading term of p cancels out, since

T(Mﬁ) )

LT(f3) LT(f:)
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This implies that: LT(p) < LT(p), which proves that the multidegree of p drops in the

division step.

On the other hand, if it’'s the remainder step then it's obvious that the inequality holds
since p = p — LT(p) which implies LT'(p) < LT (p).

The algorithm finishes, since otherwise we will get a decreasing sequence of multidegrees,
.. < multideg(p"') < multideg(p”) < multideg(p') but this contradicts that every decreasing

sequence of monomials should end. Therefore, the algorithm ends.

Finally, we need to prove that the inequality (4.6) holds,

Since multideg(p) is decreasing and at the beginning we have multideg(p) = multideg(f) we
always have multideg(p) < multideg(f). At the remainder step ¢;f; is not changed, and at
the beginning ¢, = 0, so (4.6) hold after this step. After a division step, LT(¢;f;) < LT(f)

or g;f; = 0 and LT(q; + 77%) fi < max{LT(¢: f:), LT (p)}

So either LT(¢;f;) remains the same, or LT(q;f;) < LT(p) < LT(f) as desired.

3.3 Monomial Ideals and Dickson Lemma

Definition 3.3.1 (Monomial Ideal). An ideal J C k[xy,...,x,] is a monomial ideal if it is
generated by a set (z* : a € A), where A C Z%,. Thus the elements of I are finite sums

(even if A is infinite) of the form }_ __, hox®, with h, € k[z,..., 2,].

Theorem 3.3.2 (Dickson Lemma). Let J = (z*|a € A) C k[z1, ...,x,]. Then J can be written

in the form J = (z*,...,x%) such that o, ...,as € A. Therefore J is finitely generated.

Proof. If n = 1,it is trivial,taking a; = min A C Z>o and so J = (z{*) .We use induction when
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n>1. Let I aklzy,..,x,-1,y]. We write I = (z°y°, (a,3) € A CZ%). Let J <k[zy,...,x,-1] be
such that, J = (z% 3Im > 0,2%y™ € I).

Because of the induction hypothesis J is finitely generated, and so J = (z**, ..., 2%).Then
Im; >0, 20ym ¢ [ forall 1 < i < s. Let m = max(m;). We define the ideals J; €
k[z1,...,7,_1], such that J; = (z”, 2y’ € I) for all 0 < | < m — 1. By inductive hypothesis we
have J, = (2. z>()), We want to prove that I = (Jy™, Jo,yJ1...,y™ " Jpm_1). First, we will
prove that, I C (Jy™, Jo,yJ1....,y™ ' Jn_1). Let 2%y? € I. Then x%y™|x*y? and assume that
p > m which implies that z*y? € (z*y™) C Jy™.If p <m —1, then 2* € J, and so z*y? € y*J,,.
This proves that I C (Jy™, Jo,yJi...,y™ ' J,,_1).To prove the converse, let z%y™ € Jy™. Then
Ji, x%|z*. But then z%y™|z*y™ and so z%y™ € I. If 2%y’ € J;y', then by definition of J; we
have 2%y’ € I.Therefore I = (Jy™, Jo,yJ1...,y"™ " Jp_1). O

3.4 Hilbert Basis Theorem

Using Monomial ideals, we can give another proof of Theorem 1.1.4.

Theorem 3.4.1. Every ideal I € kx4, ...,x,] has a finite generating set. In other words,

I ={g1,..,9:) Jor some gy, - ,g¢ € I.

Proof. If I = (0), it is finitely generated. Else, by Lemma 3.3.2 3¢y, -+ ,¢; € I ,such that
LT(I) = (LT(q1), LT(g2), -+ ,LT(g;)). We claim that I = (g;,---,¢;). On one hand, clearly
{(g91,..,9¢) C 1. On the other hand, let f € I. By the division algorithm, f = g1q; + - +
q:9: + r. We claim that r = 0. Otherwise r = f — ¢ f1... — q.f; € I. Then, LT (r) € LT(I) =
(LT(¢1),...,LT(g;)). But this can’t be possible since this would mean that LT(g;)|LT(r),
which is impossible by Proposition 3.2.2. Thus we just proved that f = ¢191 + - + q9: €

<917'" >gt>- SO, I C <gla"' 7gt>' [
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Definition 3.4.2. Fixing the monomial ordering in k[zy, ..., z,,] we call a finite susbet G =

{91, ..xqt} C I, I <k[xq,...,x,] @ Groebner basis, if

(LT(I)) = (LT (1), -, LT (gr))-

3.5 Properties of Groebner Basis

Proposition 3.5.1. Let I C k[zy,...,z,] and let G = {¢, ..., g:} be a Groebner basis for I. Let
f € klxy,....,z,), then there exists a unique r € k[zy, ..., z,|, such that

i) No term of r is divisible by LT (g1), ..., LT (g:),

i) Exists ag € I, suchthat f =g+ r

Proof. By Proposition 3.2.2, f = ¢191 + ¢292 + ... + ¢:9: + r, and no LT(g;) divides any term
of . Clearly g = 191 + ... + qu9; is in I, so it remains to prove that the residual r is
unique. For that, suppose that f = ¢ +r = ¢ + ' Since G is a Groebner basis, we
have that r — ' = ¢ —g € I. If r # +' then LT(r — ') € (LT(I)). Since G is a Groebner
basis, (LT(I)) = (LT(¢1),...,LT(g:)). Then, LT (g;)|LT(r — ') a contradiction since r,r’ are

residuals. Then, we have that »r =+'. O

Definition 3.5.2. We define fI as the remainder on the division of the polynomial f €
k[x1,...,x,] by the ordered s-tuple F = (fi, ..., fs) . If F' is a Groebner basis for (f1, fa, ..., fs),

then we can regard F as a set (without any particular order).

Corollary 3.5.3. Let G = {g¢i, ..., 9:} be a Groebner basis for an ideal I C k[z1, ..., z,|. Then
f el ifand only if f¢ = 0.

Definition 3.5.4 (Reduced Groebner basis). A reduced Groebner Basis for a polynomial

ideal I is a Groebner basis G for I such that:
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i)LC(p) =1 for all p € G.
it) For all p € G, no monomial of p lies in (LT(G) — {p}).

Proposition 3.5.5. Let I # {0} be a polynomial ideal. Then, I has a unique reduced

Groebner basis for a given monomial ordering.

Proof. Let J be a minimal Groebner basis for /. We say that g € J is reduced for G, if , no
monomial of g lies in (LT(J) — {¢g}). Then, we define ¢ = /19 and J = (J — {g}) U {g'}.
One checks that J' is a minimal Groebner basis, since LT (g) = LT(g'), which shows that
(LT(J)) = (LT(J")). Apply this process to all the elements of J until they are all reduced,
and so we get J. Note that once a term is reduced, it remains reduced, since we are not

changing the leading terms of them.

To prove uniqueness, let’s suppose we have two reduced basis G, G'.We will prove that
G C G'. So take g € G. Since LT (g) is in LT(I) = (LT(G")), there exists ¢’ € G’ such that
LT(¢") divides LT (g). Since LT(¢') is in LT(I) = (LT(G)), there exists ¢” in G such that
LT(¢") divides LT'(¢'), since both have leading coefficient equal to 1.

Since G is a Groebner basis WG = 0, and LT(g9) = LT(¢') implies that this term
cancel out. After that, all the remaining terms can’t be divisible by the LT(G) = LT(G'),
since G and G’ are reduced. Then, g — ¢ = HG = 0, which proves that ¢ = ¢’. This
proves G C G'. The same argument shows that G’ C G, and so we obtain G = ', which

shows that the reduced Groebner basis is unique. O
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3.6 Buchberger’s Algorithm
Definition 3.6.1. Let f, g € k[xq, ..., x,].

If multideg(f) = o and multideg(g) = . Let v = (7, ...,7). such that ~; = maz(«;, B;)Vi. We
call 7 the least common multiple of LM (f) and LM ((g) and write

& = LOM(LM(f), LM(g)).

An S-polynomial of two polynomials f, g € klxy, ..., z,| is the combination

9= ! T g

To be able to introduce Buchberger’s Criterion we first need to introduce the following lemma.

Lemma 3.6.2. Suppose we have a sum 3y’ , ¢ fi where multideg(f;) =6 € Z%, . If

S S

multz’deg(Z )ctft <0 then thft

i=1 i=1

is a linear combination of S(p;,pi), 1< j,1 < s. Moreover, multideg(S(p;,pi)) < 9.

Proof. Let d; = LC(f,;) then we have that ¢;d; = LC(c,f;). Given that the multideg(c,f;) = 0
and multideg(d;_, c.f;) < 0. Then

thdt =0. (3-4)
t=1

We define p; = j;—: with leading coefficient equal to 1. Consider the telescopic sum:
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Scifi =Y, cidip; =
cidi(pr — p2) + (crdy + cada)(p2 — p3) + ... + (crdy + .. + co1di—1) (Pe—1 — pe) + (crdy + ... + cdy)pr.

Since LT(f,) = d;2°, for any j,k € {1,2,...,t}, we get the S-polynomials of f; and f;:

20 ° ° °

LT(fj)fj - LT(fk:)fk ~ dja? Ii = dp? Jo=pi =P

S(fi fr) =
Using the equation (4.8)
t

Zcifi = c1d1S(f1, f2) + (erdy + c2da) S(f2, f3) + ... + (c1dy + cady + .. + 1dy) S(fi1, fi),

=1
which is a sum of the desired form. Since multideg(p;) = é with LC(p;) = 1 and multideg(py) =
d with LC(p;) = 1, then multideg(p; — pr) < 6. Then multideg(S(f;, fr)) < d Vjik € {1,....t}

proving the result. ]

Lemma 3.6.3. Suppose that g; and g; are monic polynomials and that 2°%) g; and x” g; have

multidegree 9, then

where a7 = LCM(LM(g;), LM(g;), and multideg(S(z%%, 2% g,)) < 6.

Proof. On one hand we have

Big. 2B T s z’ 8 a z
Sz, 2% g) = ———abig — ———Pig. = ;
(z%gi, 2 9;) LT(xPog) " 97 ITlig)” %~ IT(g)" ~ LT(g)"
On the other hand we have,
xii Vi

5(9i, 95) = i -
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Then,

20 20

IT(g)” ~ IT(g;)

‘,Eé—sz(gi’ gj) = gj = S({L’ﬁigi’ xﬁjgj)

and we get the result as desired. Since z”g; and 2" g; have the same multideg = 9,

we obtain:

multideg(S(z" g;, 2% g;)) < 6.

O]

Theorem 3.6.4. Buchberger’s Criterion Let an ideal I < k[zy,...z,]. Then a basis G =

(91,---,9¢) of I is a Groebner basis of I if and only if for all pairs i # j, the remainder of

G
S(gi,9;) =0.

Proof. (=)IfG = (¢, ..., g:) is a Groebner basis of, then S(g;, g;) € I and so by Corollary
353, S(gi,gj)G =0.

(<) For the other implication, we have to prove that if f € I, then
LT(f) € (LT(q1), LT (g2), ..., LT(g¢)). Let f € I, then, we can write

t
= higi  hi € k[zy, .m0, (3.5)
i=1

We define 0 = max;{multideg(h;g;)}. For each representation as in (3.5) we have a
certain ¢ associated with it. Since the monomial ordering is a well-ordering, we can

choose among all representations as in (3.5) a representation such that § is minimal.
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We claim that for such a representation multideg(f) = 6. If the claim is true, then
there is an ¢ and an h; such that multideg(f) = multideg(h;g;). But then LT(g;) divides
LT(f) and so LT(f) € (LT(¢1), LT (g2), ..., LT (g:)), as desired.

In order to prove the claim, note that the multideg(f) < J; hence it suffices to prove
that multideg(f) < §, is impossible. So assume that multideg(f) < 6. Write f as

follows:

t t

f= Z hig; + Z hig;.

mutlideg(h;g;)<d multideg(h;g;)=9

t t

f= > hg+ >, LT(h)gi+ Y. (hi—LT(h))g. (3.6)

mutlideg(h;g;)<0 multideg(h;g;)=0 multideg(hig;)=9
It is straightforward that the first and third summand have multideg < §. Since we
assume that multideg(f) < 6, we know that the second summand also has multideg <

o:

multideg(h;g;)=9
Let p;, = LT(h;)g;, by Lemma 3.6.2 we have that, since multideg(Zi pi> < 6, we can

express this sum as a linear combination of S(p;, p;).

Let LT (h;) = ¢;z*®. Then the second sum, can be expressed as follows:

Z LT (h;)g; = Z c;z®Wg, (3.7)

multideg(h;g;)=0 multideg(h;g;)=0

By Lemma 3.6.3, we can express this as a combination of the S-polynomials S(z%g;, 2% g,).

By Lemma 3.6.2, we have
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S(xa(j)gj, ﬂfa(k)gk) = xé_Vj’kS(gja ),
where z%* = LCM (LT (g;, LT(g;))). Then we can express (4.12) as follows:
Z LT (h;)g; = Z Cik (x‘;*%?’“S(gj, gk)> ) (3.8)
multideg(h;g;)=90 i,J

By assumption each S(g;, gk)G = 0, and so we can write each S-polynomial as
t

5(9]7 gk) = Z A5k Gis

=1

where a;;;, € k[zy, ..., z,]. By the division algorithm, we have that:

multideg(aijrg;) < multideg(S(g;, gx))-

Then,

6 %kS g gk sz]kgz (39)

where b;j;, = 2° "*a;;;,. Moreover, by Lemma 3.6.3 we have multideg(x°~"45(g;, g;)) =

multideg(S(z%9 25 g;)) < 6, and so
multideg(bijrg:) < multideg(x®~ %S (g;, gr)) < &
If we replace (3.9) in (3.8): we obtain

Z LT(h ZC L5 *S(g;, 9k Z <Zb”kgl> = z:ﬁlgZ (3.10)

multideg(hig;)=9
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with multideg(h;g;) < 9.

If we replace (3.10) in (4.10), we get an expression for f with multideg < §, but this
contradicts the minimality of §, therefore is an absurd. Thus we have proved that
multideg(f) = ¢, therefore there is an i and h;, such that multideg(f;) = multideg(h;g;).
Then, LT(f) € (LT(¢1), ..., LT(g:)), as desired.
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Chapter 4

Equation related to the Jacobian

conjecture

In this chapter, we will discuss a system of polynomial equations related to the Jaco-
bian Conjecture. Following the paper of Guccione and Solorzano (2014) [VS14], we will
compute the system of polynomial equations for n = 3 withm = 3r +1 and m = 3r + 2.
In the first section, we will explore the system of polynomial equations associated
with these cases and develop a general form by providing a general formula. In the
second section, we will delve deeper to reduce this system of equations to a simpler
Jorm. Additionally, we will compute a Groebner basis for a partial system of polyno-
mials. Finally, in the third section, we will examine the system of solutions for these
polynomials. We will catalog all possible cases and discuss whether or not a solution

exists.
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4.1 Previous results

Let K be a characteristic zero field and let K[y]((x')) be the algebra of Laurent series in z~*
with coefficients in K[y|. We will start from the following theorem, proved in Theorem 1.9 of

Guccione and Valqui (2024) [GGV24]

Theorem 4.1.1. The Jacobian conjecture in dimension two is false if and only if there exist
- P.Q € Klz,y) and C, F € K[y)((x™")).
- n,m € N such thatn{m and m {n,

-y, €K, i=0,...,m+n-—2uwithy, =1,

such that

C' has the following form:

C=x4+C 1zt +Cox 2+
with each C_; € Ky]
- gr(C) =1 and gr(F) = 2 — n, where gr is the total degree,
- F, = 217"y, where F, is the term of maximal degree in x of F,

"= Pand Q=Y uCm 4+ F

Furthermore, under these conditions (P, () is a counterexample to the Jacobian con-

Jecture.
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In Guccione and Valqui (2024) [GGV24], the authors consider the following slightly more
general situation. Let D be a K-algebra (for example, in Theorem 4.1.1 we have D = Kly|),
n, m positive integers such thatntm and ntm, (V;)i1<i<n+m—2 a family of elements in K with

v =1and F,_, € D (in Theorem 4.1.1 we take F,_,, = y. A Laurent series in z~! of the form
C=x+ C,lel + C,2x72 + - with C,Z' eD,

is a solution of the system S(n,m, (v;), F1_,), if there exist P,Q € D[z] and F € D|[[z™]], such
that

F= Fl—nxl_n + F_na’}_n —+ F_l_nx_l_n + ..
m+n—2

1=0

, withF_,,F_,, ... inD

For example, if n = 3, then

PX)=C*=x%x*+3C_1 x+3C 5+ (3C%, +3C_3) x ' 4 (6C_10_y +4C_4) x 2
+ (C3, +3C?%, +6c_3C_3 +3C_5) x7°
+(3C2,C_5+6C_5C 3+ 6C_1C_4+6C ) x*
+(3C_1C?%, +3C?,C_3+3C?;+ 6C_5C_4 +6C_1C_5+6C_7) x°

+.%

and the condition C® € D|x] translates into the following conditions on C_:

= (C*_, =30C%, +30C_3,

= (C%)_y = 6C_1C_y +4C_y,

= (C?)_3=C? +30%, +6C_,C_3+3C_s,

= (C?)_4 =302 ,C_5+6C_2C_5+6C_C_4+6C_g,

= (C?)_5 =30_,0?,+3C*,C_3+3C*, + 6C_2C_4 +6C_1C_5+6C_7,
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In general, the condition P(x) = C™ € Dlz] yields equations (C")_, = 0, whereas the con-

dition Q(z) = Y /"t"? 1,0~ + F € D[] gives us the equations (370" 2 v,C™ " + F)

(2

r =0

where we note that F_, =0 fork=1,...,n— 2.

It is easy to see (e.g. Remark 1.13 of Guccione and Valqui (2024) [GGV24]) that the first
m + n — 2 coefficients determine the others, i.e., the coefficients C_,,...,C_,,_,.o determine
univocally the coefficients C_; for k > m + n — 2. Moreover, the F_;, for k > n — 1 depend

only on F_,, and C. Consequently, having a solution C to the system S(n,m, (v;), F1_,) is

the same as having a solution (C_4,...,C_,,_,.2) to the system
Ek.::(C'"),k: , forkzl,...,m—l,
m+n—2
Eriqk = . =0, ork=1,...,n—2,
( > ) | 5 " a

m+n—2
Epin—2 = ( Z Vicm_’) + Fi, =0,
1-n

=0

with m + n — 2 equations E; and m + n — 2 unknowns C_.

In order to understand the solution set of this system, it would be very helpful to find a
Groebner basis for the ideal generated by the polynomials Ejy, in D[C_y,...,Cp,1,_2]. In this
paper we compute such a Groebner basis of (4.1) in a very particular case: we assume
n =3, m=3r+1orm = 3r+ 2 _for some integer r > 0, and v; = 0 for i > 0. Moreover we

consider D = Cly] and F_,, = y.

4.2 Computation of Groebner Basis for /,,_;

Assumen =3,31m >3 andvy; =0 fori > 0. Set also D = Cly] and F,_,, = y. Then the

system (4.1) reads
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(C?) 4, i=1,...,m—1
Ei=4 (C™)_y, i =m, 4.1)
(C™) 9 + vy, 1=m+1,
where (C?)_; denotes the coefficient of =" in the Laurent series C*. Explicitly, the polyno-

mials E; are given by:

E, = 3C?, +3C_3,

Ey, = 6C_1C_y+4C_4,

Ey = C%,43C%, +6C_1C_5+3C_s,

E, = 3C%*,0_3+6C_5C_3+6C_1C_y+6C_,

Es = 3C_10?,+43C?,C_3+3C?; +6C_2C_4+6C_1C_5+ 6C_1, (4.2)

Em—l = (03)1—ma
Em = (Cm)fb
Em+1 = (Cm)—2 + Y,
Each E; is a polynomial in the ring C[C_1,C_,,...,Cy,11,y], and the m + 1 polynomials yield
the ideal

I = <E17 s 7Em7 Em+1>-

Our goal is to find a Groebner basis for the ideal I, but we find it nearly explicit only for
Iy = (Ey, Es, ..., E, 9, E, ). For this we note that the equations are homogeneous, for

the weight obtained by setting

w(C)=1i+1, and w(y)=m+n—1=m+2.
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We consider y as a variable, so the equations remain homogeneous. Then
w(Ey)=k+3, fork=1,....m—1, wE,) =m+1 and w(E,41)=m+2.

Note that fork=1...,m — 1 we have

[5541]
Boi=3( Y 20 goay) +6( Y CLCy)+6( Y CLC0L) +e(C) 4.3)
i=—1 0<i<y o<i<y<l
itk i+j=k+1 i+j+i=k
1, 3|k
where ¢ = . Note that C;, =1 and C, = 0, and so
0, 31k

(=) (ES)

3 )  C%C (12 =3Cia+3 Y C%LC_a (4.4)

i=—1 =1

In order to compute a Groebner basis we will consider the degree reverse lexicographic
monomial order, but for the degree given by the above mentioned weight. This means that

the monomial order is given by the matrix

m+2 m+1 m 4 3 2 m-+2
0 0 0 0 0 0 -1
0 0 0 0 0 -1 0
wmat = 0 0 0 0 -1 0 0 )
0 0 -1 ... 0 0 0 0
0 -1 0O ... 0 0 0 0
onthe variables C_ 11y, C_, C_ (-1, . - ., C_3,C_5,C_1,y. We first compute a Groebner basis

(El, EQ, . ,Em_l)for the ideal Im—l = <E1, EQ, R ,Em_g, Em—1>-
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Proposition 4.2.1. The set {F, ..., E,, 1} is a Groebner basis of I,,_,. The reduced Groeb-

ner basis of I,,_1 is given by polynomials E; for k =1,...,m — 1, each of the form
By, = C_(r12) + Ri(C_1,C),

where R,(C_1,C_5) € Q[C_1,C 5] is an homogeneous polynomial in the variables C_; and

C_, of weight w(E),) = w(Ey) = k + 3.
Proof. By (4.3) and (4.4) we know that F}, is of the form
EkZSC,]C,Q—*—T(C,M...,C,]C), forkzl,...,m—l,

where 7 is a polynomial in the variables C_;,...,C_;. Then by Proposition 2.9.4 of
[CLO13], since

LOM(LT(E;) /3, LT(E;)/3) = LCM(C-i_3, C-;_3) = C—i_sC-_s = (LT(E:)/3)(LT(E})/3),

we have S(E;, E;) —¢ 0, and so, by Theorem 2.9.3 of [CLO13], theset G = {E,/3, ..., E,,_1/3}
is a Groebner basis of [,,_;. One verifies directly that it is a minimal Groebner basis,
according to Definition 2.7.4 of [CLO13]. If we apply the process described in the

proof Proposition 2.7.6 of [CLO13] to the Groebner basis G = {E,/3,...,E,_1/3} we
obtain that

G\E1/3

E, = Ey/3 = FE;/3 and E, = E2/3G\E2/3 = E,/3. Moreover, for £ = 3,...,m — 1, we
—=Gr\Es

define G, = {El, o 7Ek+1, Ek,...,E,_1} and then E, = Ej ,

Clearly the remainder can have only the variables C'; and C'_,, hence Ek is of the form

Ek = C_(r+2) + Ri(C_1,C_,), as desired. O

Although we have no explicit formula for R, (C_,,C_5), we can compute it for small k.
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E1 =C_3+ 031,

E2 =C_4+20_,C_,,
By =C.5+C%, 303,
E, =C_g—5C%C_s,

E5 = 0_7 + %Cil - 50—10327

(4.5)

Dividing the polynomials E,, and E,,., by the polynomials {Em,l, ooy B, El} with re-

spect to the given order, we obtain

G \{Em) N Gl \{ 21y ~
ETm 3 — Em = Rm(cfh C,Q) and % ] = Lmpm1 =Y o Rm+1 (0*17 C*Q)

where R,,(C_1,C_3), Rpni1(C-1,C_2) € Q[C_,,C_,] are homogeneous polynomials such
that w(E,,) = w(E,,) =m + 1 and w(Epi1 = w(Epi1) = m + 2.

Although we don’t give an explicit description of the Groebner Basis of the whole sys-
tem, in the next section we show how to determine the solution of the set of polynomial

system, using that

I = <E17E2a "'7Em7Em+l> = <EI7E2a "'>Em7Em+l>

4.3 The solution of the system of polynomial equations

In this section we analyze the solutions of the system of equations. Note that the

partial system I,,_; shows that the values of C_; and C_, determine univocally the
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values of C'_y, for k > 2. Moreover, C_; and C'_, can be computed using the following

two equations:

Em = Rm(Cfl, C,Q). (46)

and

Eni1=y+ Ry (C_1,C_9). 4.7)

where R,,(C_1,C_3), Rpi1(C_1,C ) € Q[C_41,C_5] are homogeneous polynomials with

respect to the weight considered before, i.e w(C_y) = 2,w(C_,) = 3.Moreover w(E,,) =

m+4+n—2=m+1and w(E,+1) =m-+n—1=m+2.. Then (4.6) and (4.7) read

Em= Y Xich,C, (4.8)
2i+3j=m+1
and
Enp=y+ Y X007, (4.9)
2i+3j=m~+2

for some constants X \? . ¢ K. By (4.9) the two variables cannot be zero at the

m ‘'m+41

same time. We compute the solutions in the cases where one of the variables is zero.

1. FIRST CASE: ForC'_ 1 =0, and C_5 # 0.

In this case the only term surviving in (4.8) is

0=FE, =",
with 35 = m + 1. So necessarily
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0,{m

A5 0 if 3mot 1 (4.10)
Similarly, the only term surviving in the sum has i =0, and so we obtain
0=FEpn=y -+ 07, with 3j=m+2
Since y # 0, necessarily ~\., # 0 for 3j = m + 2, and so 3|m + 2, i.e. m = 1(mod3).
This shows that the condition 4.10 is trivially satisfied.

Lemma 4.3.1. If3|/m + 2 and C_; =0, then )\707{“ #0for3j=m+2

Proof. 1t is easy to check that P = z* + 3C"_,, and then, by Newton binomial theorem

we have

om = pm/3 = i (m/ 3) (3C_o)* (233 (4.11)

k
k=0

Thus )\, ,C’, = (C™)_, is the coefficient of 22 = (%)% 7, since m = 3j — 2. Then
. 3\ -
)\(r]erJrl — (m/ )SJ # 0
J
as desired. O]

Thus we have proved the following proposition.

Proposition 4.3.2. If(C_;,C_,, ...,C_(;,41)) is a solution of the system 4.1, withC_; = 0
and C_y # 0, then

- m = 1lmod3

= A1 # 0 for j = 72
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- There are j solutions of the system 4.1 in K|y'/’] given by

1

0_1 = O, C_g = <)‘0_j:j»1>7 and C,(k) = —Rk_g(o_l, 0_2) for 3<k<m+1

2. SECOND CASE: ForC_;#0and C_5 =0.

In this case the only term surviving in 4.8 is

0=FE, =\°C",

with 2i = m + 1. So necessarily

AmAD/20 — g if 2jm 41 (4.12)

Similarly, the only term surviving in the sum 4.8 has j = 0, and so we obtain

0=FEpn=y+2,,C", with 2i=m+2

Since y # 0, necessarily A%, # 0 for 2i = m + 2, and so 2|m + 2, i.e. m is even. This

shows that the condition 4.12 is trivially satisfied.

Lemma 4.3.3. If2jm and C_, =0, then A%, | # 0 for 2i = m + 2

Proof. It is easy to check that P = 2+ 3xC_;, and then, by Newtons binomial theorem

we have

cm = pmid = i (m]j 3) (32C_y) (%)

k=0

Thus A9, ,C?, = (C™)_, is the coefficient of 272 = (2)'(23)% ¢, since m = 2i — 2. Then
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X0, = (m/ 3) 3 £0

?

as desired O

Thus we have proved the following proposition.

Proposition 4.3.4. If (C_1,C_,,...,C_(,11)) is a solution of the system , with C_; # 0
and C_y =0, then

- m = 1lmod3
- A9 #0 fori="42

- There are i solutions of the system in K[y'/"], given by

1

O, = (A;O—y)?,o_2 —0 and C_y=—Rps(C1,Cy) for 3<k<m+1
m—+1

. THIRD CASE: ForC_; #0 and C_,#0 andm even.

In this case we introduce a new auxiliary variable t satisfying C?, = tC?,. The equality

4.8 now reads

Bn= Y XNiCLCL= 35 NFHCLOHT= 3 ANTOmTCL

2i+3j=m+1 21+6r+3=m+1 214-6r4+2=m

since m even implies that the weight 2i + 3j = m + 1 is odd, so j is odd and can be
written as 2r + 1. Moreover, for the terms in the sum we have i + 3r = mT‘2 and so we

arrive at
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m—
T ij4r
0=C7 Co > Nt
2i+6r=m—2
Jj=2r+1

Thus t is a root of the polynomial

m2

m— 2 61 s
Z at’, wherea, = \n > . (4.13)

Let {t,...,t;} be the roots of the polynomial f(t). Note that in the equality 4.9 the
power j has to be even, since m is even and 2i + 3j = m + 2. Hence, if we replace C?,

by t,C?, in 4.9, we obtain

Emp=y+ D, MaCLCL=y+ »  NILCHY.

21+33 m+2 2i+6r=m-+2
Jj=2r
Note that for each of the terms in the last sum we have i + 3r = , and so
% )

m+2
0=y+C_} g(t;), whereg(t)= Z b,t",

with b, = )\m I mEEE gy Jollows that
_ (Y \me
i <9(tl)> .

Thus we have arrived at the following result.

Proposition 4.3.5. If (C_,C_,,...,C_,41)) is a solution of the system 4.1, with C_; #
0, C_s # 0 and m even, then the system has at most s - (m + 2) solutions, where s is the
number of roots of f(t) defined in 4.13. Moreover, for every choice of a root t, of f, the

solutions are given by

2
—Y \ mi2 2 .
c_ = (_y) +2, mtz choices,
g(tr) 2
1
C_p = (L,C%))2, 2 choices,

C_p = —Rk_g(c_l, 0_2) for 3<k<m+1.

44



4. FOURTH CASE: ForC_; #0, C_5 # 0 and m odd

In this case we introduce a new auxiliary variablet satisfying C?, = tC?,. The equality

4.8 now reads

En= ), MCLCL= ) XNFCLCH= ) Arentr

2i+3j=m+1 2i4+-6r=m+1 2i+6r=m+1

since m odd implies that the weight 2i + 3j = m + 1 is even, so j is even and can be

written as 2r. Moreover, for the terms in the sum we have i + 3r = mT“ and so we
arrive at
m+1 ..
0=C_Z > Nt
2i+6r=m+1
Jj=2r

Thus t is a root of the polynomial

LmTHJ m—+1—6r

f&)=>" at’, wherea, =y l (4.14)
r=0

Let {t,...,t;} be the roots of the polynomial f(t). Note that in the equality 4.9 the
power j has to be odd, since m is odd and 2i + 3j = m + 2. Hence, if we replace C*, by

#C?, in 4.9, we obtain

B =yt Y MaChCh—yt Y AL,
2i+3j=m+2 2i4-6r+3=m-+2
j=2r+1
Note that for each of the terms in the last sum we have i + 3r = m7*1 and so
|25t

]
0=y+C_7 C.o9(t), whereg(t)= Z bt
r=0
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m=1=67 or+1

with b, = A2 . We also replace C_, by (,C? 1)%. It follows that

and so

= (G

Thus we have arrived at the following result.

m+2

0=y+C} ()

N

Proposition 4.3.6. If (C_1,C_,,...,C_4,41)) is a solution of a system 4.1, with C_; #

0,C_y # 0 and m odd, then the system has at most 2s.(m + 2) solutions, where s is

the number of roots of f(t) defined in . Moreover, for every choice of a root t, of f, the

solutions are given by

3<k<m+1.
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2

3

4

Chapter 5

Application in Mathematica

The following is a Mathematica code used to determine the complete system of equa-
tions £y, Es, ..., Ey—1, B, By, the Groebner basis for the m—1 equations, { £y, Es, ...., E;, 1}

and the system of solutions of them.

Unfortunately, since the exercise of computing the Groebner basis is quite demanding,
we will only be able to calculate results up to the threshold of M = 12. It is left for future
worlk to generate a program that can calculate above that threshold. The following is

the code that generates the results mentioned before.

GroebnerProgram[k_] :=
Modulef{E, EM, EM1, cVars, equations, G, S},(*For k>12,
skip the solution calculation x)
If [k > 13, Return["<p> k-istoo-large , - calculation -skipped.</p>"]];
M = k;
CC =x;
For[i =1, i <=M+ 1, i++,
CC = CC + Symbol["c” <> ToString[iJJ¥x"(—i)];
E = Tablefo, {i, 1, M — 1}];

47



10

11

12

13

14

15

16

17

18

19

20

21

22

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

For[i =1, i <=M — 1, i++, E[fi]] = Coefficient [CC"3, x, —i]];

EM = Coefficient[CC"M, x, —1];
EM1 = Coefficient[CC"M + F, x, —=2];

cVars = Table[Symbol["c” <> ToString[i]], {i, M + 1, 1, —1}];

G = GroebnerBasis[E, cVars];

cVars = Table[Symbol[’c” <> ToStringfi]], {i, 3, M + 1}];

(* Calculate the solutions of the (E{1},E_{2},...,
E_{m—1}) equationsx)S = Solve[E == 0, cVars];

(*Format results as HTMLx)

StringJoin ["<html>< head><style>",

"body-{ -background—color:-#e6f2ff; - font—family:- Arial , -\
sans—serif;-}", "h1-{-color:-#004080;-}", " p-{-font—size:-16px;-}",

". result —name-{-font—weight:-bold;-font—size: -18px; - color : -\

#004080;-}", "< /style>< /head><body>",

"< h1>Program-of-Jacobian-Conjecture-for-n=3</h1>",

"< p-class="result —name "> System-of-Equations-for-M—1-=-",

ToString [k — 1], ":</p>",
StringJoin [

Table["<p-class="result —name'>E_" <> ToString[i] <> ":</p><p>" <>
ToString [E[[i ]|, InputForm] <> "< /p>", {i, 1, M — 1}]],
"< p-class="result —name">E_" <> ToString[k] <> ":</p><p>",

ToString [EM, InputForm], "< /p>",

"< p-class="result —name">E_" <> ToString[k + 1] <> ":</p><p>",

ToString[EM1 + F, InputForm], "< /p>",

"< p-class="result —name "> Groebner-Basis-of-E_{1},-E_{2},- ..., -\

E_{m—1}-for-M—1-=-", ToString[k — 1], ":</p><p>",

StringRiffle [ToString[#, InputForm] & /@ G, "<br>"], "< /p>",

"< p-class="result —name "> Solutions-of-the-system-of -M—1-=-",

ToString [k — 1], ":</p><p>",

StringRiffle [ToString[#, InputForm] & /@ S, "<br>"], "< /p>",

"< /body>< /html>"]];
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41

42

43

44

form = FormFunctionf{"k” —> "Integer"}, GroebnerProgram[#k] &,
"HTMLFragment”];

CloudDeploy[form, " GroebnerProgramWebApp”]

Finally, we are going to give the explicit results that are obtained from this program.

1. For m = 4, we get the following results:

Firstly, we get the whole system of equations for m — 1 = 3: {E}, Es, E3}

) —(C?)E) =302, 30 3

Ey,=(C%* _5=60_1C_5+3C_4

B = @B — @i 20N B HEP, mis

and the two remaining equations {E,,, Fy,+1}

E,=(CY_, =12C_10C_5+4C_4

Es = (CYH_g+y =402, +6C?%, +120_,C_3 +4C_5 +y

Next, we compute the Groebner basis, using the lexicographic order for the mono-

mial ordering:

G=(C? +C_3,2C_1C_y +C_y4, =50, +3C?, + 3C_5)
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And the results obtained for {C'_3,C_4,C_5} as variables of C_1,C _5:

C_g= _Czla

C_y=—-20_1C_4,

2. Form =5,

Firstly, we get the whole system of equations for m — 1 = 4: {E, Es, E3, E,}

E = (C%_, =3C%* +3C_3

By, =(C?*_3=60C_1C_y+3C_4

E3=(C?_3=C3% +3C%, +6C_1C_3+3C_s

E,=(C*_4=3C%C_5+6C_5C_3+6C_1C_4+3C_g

and the two remaining equations {E,,, Fy,+1}

Es = (C°)_1 = 10C?, + 1002, +20C_,C_3 + 5C_5

E(; = (05)_2 + Yy = 300310_2 + 200_20_3 + 200_10_4 + 50—6 -+ Yy
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Next, we compute the Groebner basis, using the lexicographic order for the mono-

mial ordering:

G == <C€1 + 073, 2071072 -+ 074, —5Ci1 -+ 3032 + 3075, —50310,2 + C,6>

And the results obtained for {C_3,C_4,C_5,C ¢} as variables of C_1,C_5:
C_g — _Czl,

GEE=o6 . C |,

503, — 3022>

0‘5:( 3

076 = 50310,2

3. Form=1,

Firstly, we get the whole system of equations for m — 1 = 6: {E, Es, E3, Ey, E5, Eg}

El — (CS>,1 = 30%1 §l 3073
Ey=(C*_5=60_1C_5+3C_4
B3 =(C*_3=C% +3C%,+60_1C_3+3C_5

E,=(C*_4=30%C_5+6C 50 35+6C_1C_4+3C_g
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Es = (C*)_5=30C_1C?, +3C%*,C_35+30?; +6C_,C_4 +6C_1C_5 +3C_,

E6 = (03>—6 == Cig + 60_10_20_3 + 30310_4 + 60_30_4 + 60_20_5 + 6C_1C_6 + 30—8

and the two remaining equations {E,,, Fy,+1}

E; = (C")_; =35C*, +105C_,C%, +105C? ,C_5+21C?; + 420 _»,C_4+42C_1C_5+7C_,

Eg = <C7),2 + y = 1400%1072 —+ 350%2 -+ 210071072073 + 105031074 -+ 42073074 -+
420_20_5 + 420—10—6 ol 70—8 = Y

Next, we compute the Groebner basis, using the lexicographic order for the mono-
mial ordering:

G =(C?*4+C_3,2C_1C_5+C_4, —5C? +3C?,+3C_5, —5C? ,C_o+C_4,10C* , —15C_,C? 1+
3C_7,40C3 ,C_y — 5C3, + 3C_g)

And the results obtained for {C_3,C_4,C _5,C_¢,C_7,C_g} as variables of C_1,C_:

0_3 — _031,

C = —20,C,,

503, — 3022>

0‘5:( 3

C_¢ = 5C2,C_,
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201, — 301022>

Cor = _5< 3

4. Form = 8§,

Firstly, we get the whole system of equations form—1 = 7: {Ey, Es, E3, Ey, E5, Eg, E7}

E @)Y 53CF £03¢ 5

Ey,=(C?) _3=6C_1C_5+3C_4

(GG | |- 3626 8 L 3CH;

E4 = <03)74 = 3031072 I 6072073 Sl 6071074 + 3076

Es = (C?)_5 =3C_1C?, +3C%*,C_3+3C?%; + 6C_,C_4+6C_,C_5+ 3C_¢

Es=(C?)_6=C%,+6C_1C_5C 3+ 3C?,C_4+6C_30_4 4+ 6C_5C_5+ 6C_1C_¢ + 3C g

E; = (C?)_7 = 3C?,C_3 + 3C_1C?; + 6C_1C_2C_4 + 3C?*, + 3C*,C_5 + 6C_3C_5 +
6C_oC_+6C_1C_7+43C_9

and the two remaining equations {E,,, E,,.1}
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By = (C®¥)_1 = 280C2,0C_3+560C3 ,+336C_C_5C_3+168C? ,C_4+56C_3C_4+56C_oC_5+
560_1C_¢ +8C g

Ey = (C®)_o +y = 56C°, + 420C2,C?, + 280C? ,C_3 + 168C2,C_3 + 168C_1C?; +
336C_1C_2C_4 + 28C2, + 168C2 ,C_5 + 56C_3C_5 + 56C_2C_¢ + 56C_1C_7 + 8C_g + y

Next, we compute the Groebner basis, using the lexicographic order for the mono-

mial ordering:

G = (C2,4C_3,20_1C_s+C_y, —5C? | +3C?,+3C_5, —5C?,C_»+C_4,10C* | —15C_,C? ,+
3C_7,40C3,C_5 — 5C?, + 3C_g, —22C°; + 60C?,C?, + 3C_g)

And the results obtained for {C_3,C_4,C_5,C_4,C_7,C_g,C_o} as variables of C_y, C_:

C_3 - _Czl,

C_y=-20_1C_,,

3
C%%'= 50200
C. - _5<20f1 - ;C’_IC'EQ>
Oy = _5(80 1032 -C 2)

110°, — 30021022>

0‘9:2< 3
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5. For m = 10,

Firstly, we get the whole system of equations form — 1 =9:

{Eb E27 E3a E47 E57 Eﬁa E77 E87 EQ}

El = (03),1 - 3031 + 3073

Ey=(C*) 5 =60_1C_5+3C_4

By =(C%_3=C% +3C%+6C_1C_3+3C_;

Ey=(C?_4=3C%C_y +6C_30_3+6C_1C_4+3C_¢

E5 == (03>,5 — 3071032 -+ 30310,3 -+ 30%3 + 6072074 + 6C,1C,5 + 3077

E6 = (03)76 == CEQ e 6071072073 + 3031074 = 6073074 ol 6072075 + 6071076 + 3078

E; = (C3)_7; = 3C%,C 3+ 3C_1C?; + 60_1C _2C_4 + 3C%, + 3C*,C_5 + 6C_3C 5 +
6C_5C_¢ +6C_1C_7+3C_4

Eg = (C?)_§ =3C_19 +3C_2C%; 4+ 3C?,C_4 + 6C_1C_3C_4 4+ 6C_1C_2C_5+ 6C_,C_5 +
3C2%,C_¢ +6C_3C_6 + 6C_oC_7 4+ 6C_1C_g

Ey = (C% _g=3C_11+C3,+6C_2C 30 _4+3C_1C?,+3C?,C_5+6C_1C_3C_5+3C2,+
6C_1C_oC_g + 6C_4C_g + 302 ,C_7 + 6C_3C_7 4+ 6C_yC_g + 6C_1C_g

and the two remaining equations {E,,, E,,.1}
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Eio = (C™)_; = 10C_1¢ + 1260C* ,C_5 + 840C_,C3, + 2520C?,C_,C_3 + 360C _,C?; +
840C3 ,C_4 + 360C?,C_4 + 720C_1C_3C_4 + 720C_1C_5C_5 4+ 90C_4C_5 + 360C? ,C_¢ +
90C_3C ¢+ 90C _2C_7 +90C_1C ¢

En = (C) _g+y = 210C%,4+10C_1,4+2520C2 , C?,4-210C* ,+1260C* | C_3+2520C_; C%,C_3+
1260C%,C?%, + 120C3, + 252002 ,C_5C_4 + 720C_5C_3C_4 + 360C_;C?, 4+ 840C3 ,C 5 +
360C2,C_5+720C_1C_3C_5+45C?+720C_;C_5C_+90C_4C_§+360C?%,C_7+90C_3C_7+
90072078 + 90071079 +vy

Next, we compute the Groebner basis, using the lexicographic order for the mono-

mial ordering:

G =(C2, +C_35,20_1C_y+ C_y, —5C3, +3C2, + 3C_5, —5C%,C_y + C_g, 100", —
150102, + 3C_7,400%,C_y — 5C3, + 3C_g, —22C° | + 60C2,C2, + 3C_g,3C_10 —
110C%,C_y + 40C_1C3,, 154C, + 9C_1; — 660C3,C2, + 30CL,)

And the results obtained for {C_3,C_4,C_5,C_4,C_7,C_5,C_g,C_19,C_1;} as vari-
ables of C_1,C_5:

0—3 o _Czla

074 = —2071072,

c .- (5031 — 3022>

C_¢ = 5C2,C_,
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201, — 30_1032>

Cor= _5< 3

110°, — 30031032>

0*9:2< 3

110%10_2 ¥ 40_1032>

o), = 10( .

77C%, — 33003 ,C?%, + 15Ci2>

Con = _2< 9

6. Form =11,

Firstly, we get the whole system of equations for m — 1 = 10:

{Ela E27 E?n E47 E57 EG) E77 E87 E97 El(]}

E = (C?®_; =3C% +3C_;
Ey = (C?) 5 =6C_1C_5+3C_4
E3 = (03)_3 == Cil + 30%2 + 60_10_3 + 30_5

E,=(C*_4=30%,C_5+6C 50 35+6C_1C_4+30C_g
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Es = (C*)_5=30C_1C?, +3C%*,C_35+30?; +6C_,C_4 +6C_1C_5 +3C_,

Es = (C*) _6=C?,+6C_1C_5C_3+3C%*,C_4+60C_3C_4+6C_50_5+6C_1C_¢+3C_g

E; = (C*_¢ = 3C%,C 3+ 3C_1C%, + 60C_1C_5C_4 + 3C%, + 302,C_5 + 6C_3C_5 +
6C oC ¢+ 6C_1C_7+3C_9

Eg = (C®)_g=3C_10+3C _2C?*; +3C%*,C_4,+6C_1C_3C_4+6C_1C_5C 5+ 6C_4C_5 +
3C%,C_¢+6C _3C_6+6C oC_7+6C_1C g

Ey=(C% _g=3C_114+C%+6C_yC_3C_4+3C_C?,+3C%,C_5+6C_1C_3C_5+3C2,+
6C_1C _5C_+6C_4C ¢+ 3C?*,C_7+6C_3C_7+6C_oC g+ 6C_1C_4

Ei = (C?)_19 = 6C_1C_19+3C_13+3C%,C_4 +3C_yC? , +6C_yC_3C_5+6C_1C_4C_5+
3C%,C ¢+ 6C_1C_3C 5+ 6C_5C ¢+ 6C_1C_oC_7+ 6C_4C 7+ 3C*,C g+ 6C_3C_g +
6C _5C 4

and the two remaining equations {E,,, E,, .1}

By = (C1)_y = 462C8, + 11C_y; + 4620C3 ,C2,, + 330C*, + 2310C*,C_; +
3960C_1C2,C_3 + 1980C2 ,C2, + 165C% 4 + 396002, C_oC_y + 990C_5C_5C_4 +
495C_1C2,, 4+ 1320C3 ,C_5 + 495C2,C_5 + 990C_1C_3C_5 + 55C2, 4+ 990C_,C_»C_¢ +
110C_4C_g + 495C2,C_7 + 110C_3C_7 + 110C_5C_g + 110C_;C_q

By = (C)_y +y = 110C_1C_1g + 11C_5 + 277205 ,C_5 + 4620C%,C3, +
9240C3 ,C_5C_5 + 132003 ,C_3 + 3960C_1C_5C? 4 + 2310C* ,C_4 4 3960C_1C2,C_4 +
396002 ,C_3C_4 + 495C%,C_ 4 + 495C_»C?, 4 3960C?,C_2C_5 4+ 990C_5C_3C_5 +
990C_,C_4C_5 + 1320C3,C_¢ + 495C%,C_g + 990C_,C_5C_g + 110C_5C_g +
990C_1C_5C_7 + 110C_4,C_7 + 495C2,C_g + 110C_3C g + 110C_5C_o + y
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Next, we compute the Groebner basis, using the lexicographic order for the mono-

mial ordering:

G pr—
(C?,4+C3,2C 1C o+ C_y,—5C3 +3C?*,+3C_5,—5C* ,C_o+C_4,10C*, —15C_1C?%, +
3C_7,40C3,C_5 — 5C3, + 3C_5, —22C5 | + 60C?,C?, + 3C_g,3C_19 — 110C*,C_5 +
40C_1C3,,154C°, + 9C_1; — 660C°,C2%, + 30C*,, 3C_15 + 308C°,C_5 — 220C2,C3,)

And the results obtained for {C_3,C_4,C 5,C ¢,C_7,C g,C_9,C_19,C_11,C_12} as

variables of C_1,C_5:

Coe (5031 ;36’22>
Ol =@
Ce _5<2C41 — 301022>
Oy _5(8031032 — C3Q>

110°, — 30021022>

0‘9:2< 3
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110&10_2 — 40_1032>

C o= 10( .

77C5 | — 33003 ,C%, 4+ 1504
C oy = _2< 1 91 2 2>

C oy = —44< -
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Conclusions

In this dissertation, we calculate the system of equations related to the Jacobian
Conjecture, the corresponding Groebner Basis, and the corresponding system of
solutions. In the first four chapters, we discuss the main theoretical concepts re-
lated to computational algebra. For the practical application, our main source was

[GGV24] and [VS14].

The first one, explains with more technicality the origin of the system of poly-
normnials related to the Jacobian Conjecture, which are not explained in this dis-
sertation. The second one, explains the same calculations being made in this
dissertation for the case n = 2. In summary, in the present dissertation, we were
able to calculate the system of equations and also the reduced form of the sys-
tem of equations. Additionally, we implicitly calculated the Groebner basis for the
m — 1 equations and proved it was one. This was enough to find the system of

solutions related to them.
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