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Resumen

En el estudio de la teoria de deformaciones se observa que hay por lo menos tres tipos distintos,
estos tipos aparecen en andlisis, algebra y geometria algebraica. La teoria de deformaciones es
una idea que proviene desde Riemann con el estudio de las deformaciones de estructuras com-
plejas de variedades Riemannianas. Por otro lado, las deformaciones en el drea de la geometria
algebraica datan casi desde la aparicion de esta drea, ya que los objetos algebro-geométricos
pueden ser “deformados” con una variacién de los coeficientes de sus ecuaciones de definicion.

En el estudio de la teoria de deformaciones formales de algebras aparecen algunas preguntas
que aun se encuentran abiertas. Es en el caso particular de algebras asociativas donde aparece
un problema, no resuelto en general. Para explicar de que trata este problema debemos partir de
la definicién de deformacidn de un algebra asociativa. Es a partir de la condicién de asociativi-
dad, donde se observa que el “infinitesimal” de una deformacién es un cociclo de Hochschild.
Se plantea entonces la pregunta “;Dado un cociclo de Hochschild, resulta ser este cociclo el
“infinitesimal” de una deformacién?”.

Desglosaremos el problema en una construccion recursiva de deformaciones truncadas. La
obstruccidn a extender una deformacion truncada de grado n a una de grado n+1 es un cociclo
de Hochschild. Este resultado que es uno de los resultados principales en la teoria de deforma-
ciones, se probara en la Proposicion 10. 2. Para ello empleamos la teoria de algebras graduadas
y conceptos como anillos de Lie y pre-Lie graduados asi como sistemas pre-Lie. En el de-
sarrollo de este trabajo se mostrard, ademds del resultado, la manera de trabajar con distintos
conceptos y como trabajar con operadores que aparecerdn a lo largo del desarrollo.
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Abstract

In the study of the theory of deformations it is observed that there are at least three different
types, these types appear in analysis, algebra and algebraic geometry. The theory of deforma-
tions is an idea that comes from Riemann with the study of deformations of complex structures
of Riemannian varieties. On the other hand, deformations in the area of algebraic geometry date
almost from the appearance of this area since algebro-geometric objects can be "deformed" with
a variation of the coefficients of their defining equations.

In the study of the theory of formal deformations of algebras, some questions remain open.
In the particular case of associative algebras a problem appears that is not solved in general.
To explain what this problem is about, we must start from the definition of deformation of an
associative algebra. Considering the condition of associativity, where it is observed that the "in-
finitesimal" of a deformation is a Hochschild cocycle, the question arises "Given a Hochschild
cocycle, does this cocycle happens to be the "infinitesimal" of a deformation?".

One can decompose the problem into a recursive construction of truncated deformations.
The obstruction to extending a truncated deformation of degree n to a truncated deformation
of degree n+1, is a Hochschild cocyle. This result, wich is one of the most important results
in deformation theory, is proven in Prop.10.2. For this purpose, the theory of graded algebras
and concepts such as graded Lie and pre-Lie rings, pre-Lie systems will be used used. In the
development of this work we will also show, the ways of working with these different concepts
and how to work with operators that will appear throughout the development.
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Introduction

Throughout this thesis K is going to be a commutative ring with 1. The objects will be K —
modules and the tensor product will always be over K. Other objects that we will use are the
K —algebras. A K —algebra A is a K — module together with a map us : A@QxA — A called
multiplication, which is associative. This means that the diagram

ARARA N AsA

| |

ARA — 2 oA

is commutative, where u means u4 and we write A for the map Id4, in other words u® A means
ua ®Idy. On elementary tensors we have

UuRA) (a@b®c)=puAu)(a®b®c)

that is (ab)c = a(bc).

A complex is a family of K — modules C = {C"},cx and a family of K — linear maps
p": C" — C"™*! such that p" o p™*t! = 0.

p? p! p?
C:0—C" 5o S5l

The condition p> = 0 implies that Im(p”_l) C Ker(p"). The qotient obtained from these mod-
ules,

K n
H'(C) = — P

Imp"

is called the cohomology of the complex. The Hochschild co-complex of A (with coefficient
in A) is defined in the following way.

c®A) = {f:K—AK—linear} ~A
Cc'(A) = {f:A— AK—linear}

C2(A) = {f:AQA— A K—linear}
C3A) = {f:AQARA — A,K — linear}



C"(A) = {f:A®" — A K —linear}
Now we are able to define the differential maps.

Pt C'(A) — C(A)
M o= pf(a1®Rar®- - Qayir)

where

P fMa1Rar®- - Rapr1) = a1ff(2Qa3®...Qau 1)

(_l)ifn(al ®...0ai0i11®...Qap+1)

-

+
1

1

+(=1)" a1 ®ar @ ... @ ay)ans

We define Z"(A,A) = Kerp" and B"(A,A) = Imp"~!, forn > 1. and B’(A,A) = 0.
One verifies that p” o p"*! = 0, which means that B"(A,A) C Z"(A,A). We define.

_ Kerp" Z"(AA)
~ Impr! T B"(AA)

HH"(A)

We will now briefly mention some concepts that we will develop in the following chapters.
We are presenting them here in order to state the problem that we want to solve.

Consider the algebra of formal power series

K[[t]] = {ho+ Mt +Ar> + 2382 +... A €K}
This algebra shares several properties with the algebra of polynomials contained in it. However,

a formal power series does not generally determine a function because evaluating it at any value
implies an infinite series of summands that does not necessarily converge.

Definition 0.1 A deformation of an algebra is a family of K — bilineal applications { F;, : AxA —
A}z, satisfying

Z Fi(a,Fj(b,c)) = Z Fi(Fj(a,b),c) 0.1)
i+j=n i+j=n
and Fy(a,b) = ab.

Let the K —module A; = A[[t]] of the formal power series in A with elements of the form

ao—l—a1t+a2t2—|—...



Given a deformation {F, },cn we define a K[[t|] — bilinear application, F : A, ® A; — A; by
setting

F(a,b) = ab+Fi(a,b)t + F>(a,b)t* + F3(a,b)> + ...,

Then (A;, F) is an associative algebra as we will see in Proposition ( 1.1).

We call Fj the infinetisimal of the deformation. By the definition that we have just given,
we have F; € Ker(8'), which means that in the context of Hoschild cohomology, Fj is a cocycle
called the infinitesimal of the deformation. One of the main problems of the deformation the-
ory, not solved in general, is the question of when a cocycle of Hochschild is the infinitesimal
of a deformation. The following problem is more accessible and its solution answers partially
the first question. If F is a Hochschild cocycle, that satisfies the definition of deformation that
we gave for n = 1, under wich circunstances there exists an F;, such that the definition of defor-
mation is satisfied forn =27

The following theorem responds a more general question.

Theorem 0.1 Let Fy,...,F;_1:A®A — A be K — bilinear applications that satisfy the defini-
tion of deformation, forn=1,... .,k — 1. Defining G:ARQAXRXA — A by

G(a,b,c) = Z E'(avFj(b=C>) _E(Fj(a7b)’c)7

i+j=k
i,j>0

we obtain a cocycle of Hochschild, that is G € Ker(53). It defines a cohomology class |G| €
HH?3(A). Furthermore [G) = 0 if and only if there exists F, such that Fy,...,Fy satisfy the
definition of deformation for n = k.

Proof. The proof of the first part of this theorem is the main content of the present thesis.
A

From the expression Fj o F, = Z(—l)in 0; F, = F(Fy(a,b),c) — F(a,Fy(b,c)), we see that
deformations of associative ringls ?urn out to be pre-Lie rings associated with a pre-Lie system.
To arrive at this conclusion, we used Theorems 4.1 and 8.1, along with examples 4 and 5 from
Chapter 7. It’s important to note that Theorems 4.1 and 8.1 allow us to transition from a graded
pre-Lie ring to a graded Lie ring and from a pre-Lie system to a pre-Lie ring, respectively.
Following Theorem 9.1, we can observe how differentiation behaves on a pre-Lie ring. This
theorem, combined with the earlier equality, is used to prove Proposition 10.1. Essentially,
what we want to prove is that given a sequence of elements Fj,...,F, | in C?(A,A) satisfying
Z FpoF,=0F forv=1,...,m—1 the element G defined by G = Z FyoF,is a
Atu=v Au=m
cocycle. For the second statement assume first that there exist Fy such that Fi,..., F; satisfy

the definition of deformation for n = k. Then



0= Y F(a,Fbc)—F(Fy(ab),c)
i+j=k

= ZkF,'(a,Fj(b,c)) — F(Fj(a,b),c)+ Fy(a,Fy(b,c)) — Fo(Fr(a,b),c)
=

+Fi(a,Fo(b,c)) — Fe(Fola,b),c)
= G+aF(b,c) — Fi(a,b)c+ F(a,bc) — Fy(ab,c)
= G+aF(b,c) — Fy(ab,c) + Fi(a,bc) — Fe(a,b)c
= G+&(F)(a,b,c)
Then G = —&*(F;) € Im(8%) and so [G] = 0.

On the other hand if [G] =0 € HH?(A), then G € Im(8?%), and we have in this case G = &*(g)
for some g: A®A — A. We simply set F, = —g, and we obtain the definition of de formation
of an algebra, for n = k.

Corollary 0.2 If HH*(A) = 0, then every element F| € Ker(8?) is the infinitesimal of a defor-
mation.

The interpretation of HH>(A) in this context is that some classes are obstructions to con-
tinue the inductive construction of a deformation.

The following results will be presented in the following chapters.

Proposition 0.3 Let F and G be deformations given by (F;) and (G;) respectively. If § : A; — A;
is an K[[t]] — linear isomorphism (given by ¢; : A — A) which is an algebra isomorphism from
(As,F) to (As,G), then the infinitesimals of F and G are cohomologous. That is [F] = [G]] €
HH?(A), moreover Fi = G1 +8'(¢1).

The reciprocal result is not valid, since there are examples of deformations such that [F] =
[G1], but (A;,F) = (A;,G). If a deformation G is isomorphic to the trivial deformation F
(F;=0,i > 1) then it is also called trivial.

In the theorem that we have presented, we proved the second part, that is, [G] = 0 if and only
if there exists Fj such that Fy, ..., Fj satisfy the definition of deformation for n = k However the
first part has not yet been proven. In this thesis we will prove this part.



Chapter 1

Infinitesimal Deformation of an Algebra

In the Introduction we have defined the formal power series K|[f]], now lets see the K — module

A; = A[[t]] of the formal power series in A with elements of the form
agp +a|t—|—a2t2—|— -

We can see the elements of A Q) K|[¢]] naturally included in A[[t]], via a®1" — at™. Therefore
A[[t]] is the t — adic completion of the tensor product A @ K|[f]] and we are going to write
indistinctly

ayt+ait+at’+...=ay@1+a; Qt+ar >+ ...

Moreover A[[t]] has a natural structure of a right K[[t]] — module. given by (a ® ')tk =

a® k. Our principal interest is the algebra structure over A,, that is, K — linear maps
F: Al‘ ®A[ — Al

that are associative and also satisfy F(a® 1,1 ®") = a®1". The canonical structure given

by



Fla®t ,bot!)=ab@t™/

in the elementary tensors and linearly extended to all A; ® A;, 1s evidently associative. Fur-

thermore, the following properties are satisfied for the canonical structure.

A. The inclusion K[[t]] < A, given by ¢/ — 1 ®¢/, is a morphism of algebras, this condition

is equivalent to (1®#)(1®t/) = 1 @11/,

B. The canonical projection 4 : A; — A given by

Ta: (ao®@1+a1 @t +ar @t +...) — ag

is an algebra morphism.

C. The map F is K[[t]] — bilinear. This property means that

F((at)*, (botHhi) = Fla®t' ,bo /)<

One can check that (C) implies (A).

D. The canonical inclusion A — A;, given by a — a ® 1, is a morphism of algebras.

We give another definition for deformations and we will see that it is equivalent to Definition

(0.1).

Definition 1.1 A deformation of A is a structure of associative algebra over A;, such that the

properties (A),(B) and (C) are satisfied.



Note that by (C), if F : A; ® A; — A; 1s a deformation of A, then

Flag@l+a1®t+a; @ +...,bo@ 1 +b; @t +by@t* +...) = Y F(ait',bjt!) (1.1)
i

ZF(ai,bj)ti’Lj (1.2)
iJ

and so it is enough to know the restriction F|4z4 in order to completely characterize F (we
identify A with A® Id C A[[t]]). Hence F is characterized by a family of K-bilinear maps

(Fn AxA — A)n:O,l,Z,.., such that

F(a,b) = Fy(a,b) + Fi(a,b)t + F>(a,b)* + F3(a,b)t® + ... (1.3)

By the property (B), Fy(a,b) = ab.
On the other hand, given a family of K — bilinear maps {F, : AxA — A},—0,12,..., such that
Fy(a,b) = ab, we can define a K — bilinear map F : A; ® A; — A; using ( 1.2) and ( 1.3).

Moreover, F is associative if and only if
F(F(a,b),c) =F(a,F(b,c)) (1.4)

for all a,b,c € A.

From the associativity of F' we obtain.

A=0  u=0 A=0 u=0
iFk(iF(ab M = ZFK ZF (b,c))e
A=0 u=0 u=0



Z ZF;L(F,,(a,b H’“’ = Z Z:F;L a,Fy(b,c)) H“

[ IS

= Y Y [B(Fu(a,b),c) — F(a,Fy(b,c)™* =0

A=0u=0

(oo} [0

= Y Y [R(Fua,b),c)—F(a,Fu(b,c)*™* =0

VZOM—Q—}\,:V

Therefore the condition ( 1.2) is equivalent to having for all @,b,cin V and allv =0,1,2,....

o)

Y. [B.(Fu(a,b),c)— F(a,Fu(b,c))] = 0. (1.5)
u+A=v

Thus definition ( 1.1) of a deformation is equivalent to the first definition we gave.

Proposition 1.1 The expression ( 1.5) is satisfied if and only if (A;, F) is an associative algebra.

Therefore Definition 0.1 is equivalent to Definition 1.1.

We will see what equality ( 0.1) means for small n.

For n = 0, this is the associativity of the original multiplication. In fact

0= Y (F(aFib,c))—F(Fia,b),c))
i+j=0

= Fy(a,Fy(b,c)) — Fo(Fo(a,b),c)

= a(bc) — (ab)c

For n = 1, the condition ( 1.5) may be expressed in the form.
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0= Z (Fi(a,Fj(b,c)) — Fi(Fj(a,b),c))
it=1

= F()(a,Fl (b, C)) — F()(Fl (a,b),c) + F (a,F()(b, C)) —F (Fo(a,b),c)
= aFy(b,c) — Fi(a,b)c+ Fi(a,bc) — Fy(ab,c)
= & (F)(a,b,c)
1.e. in terms of the Hochschield theory, F is an element of 7?2 (A,A) i.e., a two co-cycles, of

A with coefficients in A. That means, that for all deformations Fj € Ker(Bl) that is, Fj is a co

cycle of Hochschild called the in finitesimal of a deformation.

1.1 Lie Algebras

Suppose now that A is assumed to be a Lie algebra rather than an associative one, and f; a one-
parameter family of deformations of A,that is, for a fixed ty) € K we consider the multiplication
fio :A®A — A given by f,, = ab+ Fi(a,b)to+ F»(a,b)t3 + ..., the generic element of which is

again a Lie algebra. Analogously to ( 1.4) we have

ﬁ(a.b) = —ﬁ(b,a) (1.6)
ft(ft<a=b>7c)+ft(ft(bvc>7a)+ft(ft(cva)7b) =0 (L.7)

Analogously to ( 1.3).



Fo(a,b) = —Fy(b,a) (1.8)

Y Fu(Fu(a,b),c)+ F(Fu(b,c),a) + F(Fu(c,a),b) = 0, (1.9)

Atu=v
Au>0

For v = 0 this express that A is a Lie algebra, similar as in the associative case. i.e. Fy[a,b] =

la,D].

For v = 1 we write

Fi(a,b) = —Fi(b,a)

Fi([a,b],c) + Fi([b,c],a) — Fi([a,c],b) — [a,Fi(b,c)] + [b,Fi(a,c)] — [c,Fi(a,b)] = 0

Considering F; as an element of C?(A,A), the group of 2-co chains of the Lie algebra A
with coefficients in itself, the quantity on the left in the last equation is just 8F (a, b, c) and this

means, when v = 1, Fj is again a 2- co cycle.

1.2 Obstructions

We have seen that every 'dif ferential’ or'in finitesimal de formation’ of a one-parameter fam-
ily of deformations of A is an element of the group Z*(A,A) of two-cocycles of A with coeffi-
cients in A. However, the inverse assertion ist not true in general. That is, an arbitrary element
Fi in Z?(A,A) need not be the differential of a one-parameter family of deformations of A. If

it is such, then we shall say that F is integrable. The integrability of F; implies an infinite

10



sequence of relations, which may be interpreted as the vanishing of the ’obstructions’ to the
integration of Fy. In the associative case, obstructions are all deducible from equation (1.5) by

rewriting that equation in the form

i F\(Fu(a,b),c) — F(a,Fu(b,c)) = 0F(a,b,c) (1.10)

A+u=v
Au=>0

In the case when v = 2.

Fi(Fi(a,b),c) — Fi(a,Fi(b,c)) = 0F>(a,b,c)

The function of three variables on the left is the associator of Fj, and is an element of
Z*(A,A) whenever Fj is in Z>(A,A). The cohomology class of this element is the first obstruc-
tion to the integration of F1, and if F] is integrable this must be the zero class.

The associator of F is quadratic in F. Linearizing, one finds that if F and G are in Z*(A,A),

then the 3-co chain [F, G] defined by

[F,G|(a,b,c) = F(G(a,b),c)—F(a,G(b,c))+ G(F(a,b),c) — G(a,F(b,c))

is an element of Z3(A,A). This is a special case of the Lie product that we will introduce in
the following chapters. It will be shown that if Fy,...,F,_ satisfy ( 1.9) forv=1,...,n— 1.
then the left side of (1.9) in fact defines an element of Z?(A,A). The n— 1 "obstruction cocycle"

which, is a function of the sequence Fi,...,F,_.

Assertions analogous to the foregoing hold in the Lie theory, for that we need to use ( 1.3).

11



Chapter 2

Trivial Deformation

Definition 2.1 One parameter families f; and g; of deformations of an algebra A, wich need
not be associative, will be called equivalent if there exist a non-singular linear automorphism

D, of Vk of the form

®,(a) = a+19(a) +1*¢x(a) + ... (2.1)

where all @; : Vg — Vi are linear maps defined over k, such that
gi(a,b) = & f,(D,a,d,b) (2.2)

holds.

From the definition, we have that this determines an equivalence relation.

e Reflexivity: f; = f;
Is straightforward to see, f;(a,b) = I, f,(I;a,I,b), with I, the identity automorphism.

12



o Simetry: g, = fi = fi~ g

If g; ~ f;, then 3® : Ax = Ag such that g; = @~ £,(P,, ;).

gi(a,b) = @ f,(®,a,®;b)

(@710, & ®h) = L f,(Dya, ;)

setting ®;,a=da' and ®,b=1"'.

g[(¢_lal,q)_lb/) — ¢_lﬁ(al,b/)
®,g,(® d  d7 1) = f(d,P)

(@) e (@ 'd @) = fi(dV)

then f; ~ g;.

e Transitivity: Let f;, g;, h; be families of deformations such that g; =~ f; and f; ~ h;, then
there exist non singular automorphism ®;, A, of the algebra A;.

gi(a,b) = ;7 fi(D,a,®;b) and f;(a,b) = A" b, (Aa, Ab)

gi(a,b) = <I>f1ﬁ(d)ta,<l>,b)
gt(a,b) = ¢;1A;1h[<AI¢ta7A[¢tb)

8t (a, b) = (Atq)t)ilh[ (Atq)ta, A[q)[b)

then g; =~ h;.

13



We say that a one-parameter family of deformations g; of A, is trivial if it is equivalent to the
identity deformation f;(a,b) defined by f;(a,b) = ab. i.e there is a non-singular linear mapping

@, of Vg onto itself of the form

®,(a) = a+191(a) +1*Ga(a) + ...

where all the @; : Vk — Vi are linear maps defined over k, such that

gi(a,b) = & f,(Da,®,b) = ;1 (Pra, D;b) (2.3)

The algebra A; so obtained is isomorphic to Ax = A ®; K, the isomorphism being in fact,
the linear mapping ®; considered as a mapping from A; to Ax.This mapping is defined on the

power series ring R = k[[t]], therefore on K = k((¢)). Setting

gi(a,b) =ab+1tGi(a,b)+... and

fi(a,b) = ab+tF(a,b)+...

and if we have that g; = f;, i.e. 3®; : A, —> A; automorphism such that g, = CIDt_lf, (Dra, D;D),

for all a,b € V.

&g (a,b) = ®,(ab+ G (a,b)t + G (a,b)t* +...)
= &, (ab) + D, (G1(a,b))t +D;(Ga(a,b))t> + ...
= (ab+@(ab)+...)+(Gi(a,b) +o(Gi(a,b))t+..)t+...

= ab + (@ (ab) + Gy (a, b))t + ...

14



fi(®,a,®,b) = ®;a®b + Fi (Pya,®,b)t + F> (Pra, &;b)t> + ...
= (a+@i(a)t+..)b+o1(b)t+...)+Fi(a+¢i(a)t+....b+01(b)t+...)+...
= (ab+ (a9 (b) + @i (a)b)t+...)+ Fi(a,b)t+...

= ab+ (a9 (b) +@1(a)b+ Fi(a,b))t+...

Since ®,g,(a,b) and f;(P;a,P;b) are equal.

¢1(ab) + Gy (ab) = a1 (b) +¢1(a)b+Fi(a,b)

Gi(a,b) = Fi(a,b) +a@(b) — @1(ab) +¢1(a)b

then we get

Gl(a7b):Fl<a7b)+8(pl(aab> (24)

That means, if two multiplications g; and f; (defined as before) that are equivalent, then
Gi(a,b) = Fi(a,b) + 8¢ (a,b).

It follows that if an element in a class is integrable, then the elements of that class may be
integrated to give one-parameter families of algebras whose generic elements are isomorphic.
The isomorphism is defined over R = k[[t]]. We may interpret the elements of H>(A,A) as
being the infinitesimal deformations. In particular if a multiplication g;(a,b) = ab+1tG(a,b) +

1>Gy(a,b) + ... is trivial, then Gy (a,b) = 8¢ (a,b).
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Proposition 2.1 Let f; be a one-parameter family of deformations of an algebra A. Then f;
is equivalent to a family g;(a,b) = ab+1"G,(a,b) +t"*'G,11(a,b) + ..., where the first non-

vanishing cochain F, is in Z*>(A,A), and is not cohomologous to zero.

Proof.
A one parameter family of an algebra A, f; may have Fj = F, = ... = F,_1 = 0. Now from

(1.10) we have.

0=0F,= Y, F.(Fuab),c)—Fa,Fub,c))
A+u=n
Au>0

Then F, € Z*(A,A). Further, if we have F, € B>(A,A), then F, = —8¢, with ¢, € C'(A,A).
And from (2.4),
0=F,+09, =G,

where G, is part of a family of deformations of the form g;(a,b) = ab+t"G,(a,b) +
"Gy 1(a,b) + ... where f; ~ g; i.e. exist an automorphism of A;, ®;, such that g (a,b) =

&, L f,(Dya,D,b).

2.1 Obstructions to Derivations and the squaring operations

Let A be an algebra A which need not be associative, one may exhibit obstructions now lying in
Z%(A,A) in a analogous way to that given in the previous analysis.

Suppose that Ax = A ®; k((t)) posses an automorphism ®; of the form

®,(a) = a+19(a) +1*¢x(a) + ... (2.5)
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the @; being linear functions from Ag to Ax defined over k, and @( being interpreted as the
identity mapping /. As in the case of deformations, we may consider ®; of ( 2.5) to be the
generic element of a ’one-parameter family of automorphism’ of A. Analogous to (1.5), the

condition that &7 be an automorphism has a consequence.

@, (ab) = @, (a).D; (b)
ab +1Qy(ab) +>Qa(ab) + ... = (a+t1(a) +12@z(a) +...) (b +1@1(b) +12@a(b) +...)
ab+1@)(ab) +1*@y(ab) +... = ab-+1(a@; () + @1 (a)b) +12(ag2(b) + @1 (a)91(b) +@2(a)b) + ...

= @1(ab) = a®i(b) +@1(a)b = ®o(a)@1(b) + @1(a)eo(D)

= @2(ab) = a@2(b) +91(a)P1(b) +92(a)b = @o(a)P2(b) + @1(a)1(D) + G2(a) (D)

Then
Y. ou(@)9u(b) = py(ab) (2.6)
A+u=v
A, >0
And analogous to (1.10).
Y. on(@)u(b) = —d¢y(ab) (2.7)
Atu=v
A, u>0

The condition is vacuous for v = 0. For v = 1 it asserts that 8 (ab) = a@;(b) — @;(ab) +

@1(a)b = 0. i.e @ is a derivation of A into itself, or an element of Z!(A,A). For v = 2, we have
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¢1(a)91(b) = —082(a,b) (2.8)

The left-hand side of Equation (2.8) represents the cup product @; — @ of @; with itself,
which is an element of Z?(A,A). This expression is known as the *first obstruction’ to the inte-
gration of @;. From Equation (2.8), we can see that it represents the zero cohomology class if
and only if @y is the differential of a one-parameter family of automorphisms.

Now, if we assume that the characteristic of A is not 2, then in fact ¢1 — ¢ = %15¢2’ and the
first obstruction vanishes. Linearizing, we find that for ¢1,y7 in Z!'(A,A), &1 — W1 +y1 — 01
is a 2-coboundary, suggesting that the cohomology ring of a ring with coefficients in itself is a

graded commutative ring.

If the characteristic of A is p, then setting ¢; = ql)—:‘ fori=1,2,...,p— 1, the elements of
C'(A,A) so defined satisfy (2.7) for v=1,...p— 1, and the expression on the left in (2.7) for
Vv = p is an element of Z%(A,A), the primary obstruction to the integration of ¢;.

It can be shown that primary obstruction induce an additive mapping of H' (A,A) into H>(A,A).
The obstruction is analogous in some respect to a p" power and will be denoted Sqp01. If k s
the prime field F), of p elements, then Sq,, is linear.

Being an element of Z!(A,A), Sq, may be interpreted as an infinitesimal deformation. In fact,

letting K = K((t)), there exists an associative multiplication f; on Vj of the form

fi = ab+1Sq,01(a,b) +1>F>(a,b) + 2 F3(A,A) + ...

that is, such an infinitesimal deformation is always integrable. If A, denotes, as usual, the

corresponding algebra, then A; ® K (t!/P) is isomorphic to A @ K (t'/7), but A, is generally not
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isomorphic to Ax = A @i K.

One thing that is interesting to note is that while the cohomology groups of an algebra are
essentially independent of the ground field, the deformation theory may distinguish between
non-isomorphic algebras even if they are isomorphic over some larger field.

Since all obstructions to the integration of an element of Z' (A, A) will be elements of Z?(A,A),
and only their cohomology classes are of interest, the vanishing of H?(A,A) implies not only
the rigidity of A but also the integrability of any ¢; in Z'(A,A) to a one-parameter family of

automorphisms of A.
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Chapter 3

Graded Rings

Definition 3.1 A graded ring A, is one which, as an S-module, is a direct sum of sub modules

A =) Ay, indexed by the elements of an additive group G and in which AyA, C Ay .

If in G, there is a subgroup G of index two, the elements of which will be called even; the
elements of the complementary coset G~ will be called odd. Commonly G will be the additive
group of integers, and G™ is, in that case, the even integers.

Any element of A, will be called homogeneous of degree A. Setting A™ =Y Ay, ' € GT, and
A" =Y A, N € G ,wehave ATAT A"A~ CAT,ATA~,A"A"T C A™; in particular A" is a
subring of A.

The group G, G* being fixed, we define 1*=1,forallA € G and (—1)7‘ is 1 or —1,if A is even
or odd, respectively. Also, we set (—1)™ = ((—1)*) for all A, in G. There is an involutive

automorphism J of A defined by Ja = (—1)*a. If u is even, J*a = 1,if uis odd, J* = J.

Definition 3.2 A graded ring A =Y Ay will be call commutative if given elements a,b in A of

degree \,u respectively, we have

ab = (—1)"ba
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and will be called skew if
ab = —(—1)™ba

The anti isomorph or opposite A’ of a ring A is that ring, which as an S-module, is identical
with A, but in which the product of a and b is defined to be ba.
A trivial example is a commutative ungraded ring A, which is identical with A’, while if A is
skew, the map @ : A — A’, defined by a — —a is an isomorphism. In fact, is straightforward to
see that it is a biyection.

If A is skew i.e. ab = —ba, with a,b € A.

then ¢ is a morphism.

For graded commutative and skew rings, A and A’ may fail to be isomorphic. However, if
G contains a subgroup G such that G—ﬂ is the cyclic group of four elements, then A is
isomorphic to A’. In this case, choosing a generator u of G—i we may define an element A of G
to be congruent to n mod 4, n=0,1,2 or 3if A = v mod G* .

If is a graded commutative ring,an S-module automorphism ¢ of A, defined by setting for a*in

Ay

a  if A=0.1mod4

—d* if A=2,3mod4

It is straightforward to see that is a biyection.
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Injectivity: Let a*,b* € A, such that, 6(a*) = o(b*), that is =a* = £b*. We have the following

cases.

A. a*=b" for A\=0,1mod4 and u=0,1mod 4

B. a = —b* for A=0,1mod4 and u=2,3mod 4

C. —a*=b" for A\=2,3mod4 and u=0,1mod 4

D. —a* = —b* for A=2,3mod4 and u=2,3mod 4

For the cases A) and D) we have the injectivity. For the cases B) and C) we have a + b =0,

= ¢ = b* = 0. And we get the injectivity.

Surjectivity: Let a* € A, then a* is homogeneous of degree A, where A = n mod 4.
If nis 0 or 1 then 6(a*) = a*.
If nis 2 or 3 then 6(—a*) = —(—d*) = ™.

Therefore, is surjective.

Lets see if it is a morphism. We have to verify that 6(a*b*) = o(a*)o(b").

We know that a*b* € A; ... Then 6(a*b*) = a*b* if A+u=0,1 mod 4. On the other hand

o(a") = —ab* if L+u=2,3 mod 4.
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A. For A+ u = 0 mod 4, this happen when

e A=u=0mod4 then o(a*)=d",c(b")=0n"

= o(d*p")= b = (—1)0%a* (= 1) = (=)Mo (d*) o (W) = 6(b*)o(a*)

The case A = 3 mod 4, u = 1 mod 4 is analogous.

e A=u=2mod4. then o(d")=—d", o()= —b*, (-1 =1

= o(d"W) =a*b=(—a")(—b*)=0(a*)o(h*)= (—1)Mc(a*)o(b)=c(b*)c(a)
B. For A+ u = 1 mod 4, this happen when

e A=0mod 4, u=1mod 4 then o(a")=d",c(b") =0 (-1 =1

= o(a*h)= d*b'=(—1)M*c(a)o ()= o (b*)o(d?)

The case A = 1 mod 4, u= 0 mod 4 is analogous.

e A=2mod 4, u=3mod4 then o(a")=—d",c(b")=—b" (—1)"=1

= o(d" D) =P = (—ad")(—b")=(—1)Mo(dM)o(B) = o(b)o(da")

C. For A+ u =2 mod 4, this happen when
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e A=0mod 4, u=2mod4 then o(a")=d", o(b*)=—b'(—1)"=1

= o(d*b*) = —ad*b'=d(—b*) = (—1)M6(d")o(h*)=c(b*)c(a?)

The case A =2 mod 4, u= 0 mod 4 is analogous.

e A=u=1mod4 then o(d*)=d", c(b")=0b", (—1)"=—1
= o(d*H) = —dbH= (—1)Mo(d)o(b) = o(b*)o(d")
e A=u=3mod4 then o(d*)=—d", o(b*)=—b", (1) =—1
= o(dMH) = —arbH=—(—dt) (=) = (— )Mo (a*)o(b)= o(h)o(a)

D. For A+ u = 3 mod 4, this happen when

e A=0mod 4, py=3mod 4. then o(d)=ad", o(b*)=—b" (—1)M=1

= o(d"P) = —d'B'=d(—b") = (—1)Mo(d)o(b)= o(b*)o (")

The case A = 3 mod 4,u = 0 mod 4 is analogous.

e A=1mod4,u=2mod4 then o(a")=ad", o(b")=—bH, (—1)* =1

= 6(ad"b) = —atb'= d(— )= (— 1Mo (d)o(b)= o(b)o(ab)

The case A =2 mod 4, u= 1 mod 4, is analogous.
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Therefore the automorphism satisfies

o(d"b") = (-1 Mo (d'V) = 6(b*)o(d™)

i.e. G is an anti automorphism of A, or an isomorphism of A onto A’.

If A is a graded skew ring, then 6 : A — A’, is defined by

a  if A=0.1mod4

—d* if A=2,3mod4
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Chapter 4

Graded Lie and pre-Lie rings

Definition 4.1 A ring A is a graded Lie ring if it is a graded ring with a skew multiplication
(usually denoted | , |) satisfying the graded Jacoby identity.i.e. if given a', b, ¢ inA of degree

A, u, v, respectively we have.

[, b = —(—1)™[p*, oM (4.1)

and

(=)™l 0, )+ (1M, V], a + (= 1) (e, a"], ] = 0 4.2)

If A is a graded Lie ring, from (4.1) and (4.2) one verifies that the opposite ring A’ is also a

graded ring. Let R, be a module homomorphism of A defined by bR, = [b,a].

In (4.2) we have that.

(DM 0 = (DN (= (=R, [0 5]
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= —(=DM(=DM (=1, [ah, b))
— —(=1)™[eY, [a,bH]))

— —(—I)FVCVR[ax7bH}

(DM, e, = (=1 (=1 e, b4, ]
= (A1 b
= —(=DM*(=1D)"™c RpR .
(=)™ [[c",a,0"] = (=1)" "R aRp
Consequently,

—(= DM Rigp g — (=1 (1) RyiR .+ (= 1) 'R R = 0
= (=1)™RaRpm — (=DM (— 1) RyR . = (=1 Rpp

(—D® (= 1)%R Ry — (=)™ (1 (= 1)RpuR . = (=D (=1} Rip

R Ry = (—1)™RyuR . = Ry (4.3)

Therefore (4.1) and (4.2) are equivalent to (4.1) and (4.3).
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Definition 4.2 A ring A will be called a graded right pre-Lie ring if for elements a* ,b* ,¢" of

A of degrees A\ ,u ,V respectively, we have denoting the product of a and b in A by aob.
(cod™) bt — (~1)¥(cob)oa* = co (a0 b — (~ 1)} o a) (44

Where a o b denotes the product in A.

(A graded left pre-Lie ring will be one whose anti isomorph is a graded pre-Lie ring).
Denoting by R, again the right multiplications by a, (4.4) is equivalent to

Ra}‘Rb‘u - (_l)}\"uRb'“Ra}L = R(ﬂ‘ob“—(—1)7‘“bﬁ‘oa7L (4.5)

It follows from the defining identity (4.4), that a graded associative ring is also a graded pre-Lie

ring. However, a graded Lie ring in general is not a graded pre-Lie ring.

Theorem 4.1 Let A be a graded pre-Lie ring, and define for elements in A a new multiplication
by setting for at b of degree \ ,u respectively

[ ] =d" o b — (—1)MpH o g
Then with the bracket product A is a graded Lie ring.

Proof. First we show that the bracket product is skew.

(@b =dob’— (—1)Mpogr =—(—1)™(Bod — (—1)Md o bH)
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we prove that it satisfies the graded Jacobi identity.

The first term in (4.2) is

(D[l ], = (~1)M[(@*ob — (~1)Mbloar)oc —

(—1)(7“+“)ch o (a7‘ obH — (—l)y““b” oak)]
which by hypothesis (4.4) is equal to
(DM@ ot — (=1)Mpoar) o ¥ — (1) PNV (Y oah) o b — (= 1)M(cV o ) 0a)]

Applying similar transformations to the other terms in (4.2).

(DM@ o b — (~1)Mp oah) o ¥ — (1) MHY((c¥ o) o b — (—1)M(cY 0 bH) 0 aM)]
(LB o — (1 o) oah — (—1) VM ((ah o b) o ¥ — (— 1)V (at o c¥) o b))

H(=D)[(V odh — (~1)a o) o b — (—1)VIE((bH o V) o ah — (— 1) (B0 ) o V)]

= (=M (@ ob — (=)D oa) o ¥ — (1) ((¢¥ oat) o b — (1) (c¥ 0 b*) 0at)
—|—(—1)“7‘(b“ocv—(—1)“Vc"ob“)oa7“—(—1)V7‘((a7“ob“)oc"—(—l)“v(akocv)ob“)
+H(=1)*( od — (= 1) oY) o b — (=) ((B* oY) od — (= 1) (B oa*) oY)

=0
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Therefore (4.2) hold.

It follows from Theorem 4.1, that the bracket product may be introduced in a graded associative

ring, yielding a graded Lie ring.
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Chapter 5

Modules over associative Lie and pre-Lie

rings

LetA = ZAK’ be a graded ring and P = ZPK be a module which is a direct sum of modules
indexed b}gl the same group as A. Furthermyz)re, letp: P®A — P be a module homomorphism
such that p(Py ®Ay) € Py,. The graded ring A will be an associative, pre-Lie, or a Lie ring,
and we shall say that P is a right A-module, provided the following conditions, depending on
the type of ring of A, hold.

If A is associative then p: P®QA — P, is defined by p : z®a — za, forz € P ,a € A, and for

z€ P ,a,be A we have

(za)b = z(ab)

In §4, we stated that a graded associative ring is also a pre-Lie ring. In Sections 5.1 and 5.2,

the definitions of modules over graded Lie rings and pre-Lie rings will be provided.

If P =) P, has both a right and left module structure over a graded ring A, with the same
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gradation for both structures, then the direct sum module A + P is graded by setting (A + P); =
Aj + Py. This module may be made into a ring by defining the product of two elements of P to
be zero. This ring contains A as a subring and P as an ideal with P?> = 0.

If A is an associative or Lie ring and A 4+ P has a similar type of structure, then P is a two-
sided module. That is, if we impose the same conditions on A and A + P, then we can conclude
that P is a two-sided module.

Now, if we impose certain conditions on A with P being only a right module, then P and

A + P are subject to certain conditions.

e If A is a graded commutative ring and P a right A-module, then setting for a € Ay, z € P,,.

aH = (_1)7»#Zua7»

P becomes a two-sided A module and A + P is commutative.

e If A is a graded Lie ring and P a right A-module, then setting for a € Ay, z € P,.
[a}h7Z‘u] = _(_1)7\,}1[2;17617\.]

P becomes a two-sided A-module and A + P is a graded Lie ring.

It is possible to define a new right A-module structure on P, if P is a right module over a
graded associative, pre-Lie or Lie ring A, given by a homomorphism p: P®A — P. Let ¢ be
a gradation-preserving ring endomorphism of A. Then, we can define a new right A-module

structure on P by defining a new homomorphism p? : P® A — P, given by:

p®(z®a) = p(z®0(a))
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forz e Pa € A.

In particular, we may take ¢ = JV .(i.e. ¢ =J if v odd, ¢ = 1if v even).

5.1 Modules over graded Lie rings

LetA = ZAW’ be a graded Lie ring and P = Z‘P;L be a module which is a direct sum of mod-
A A

ules indexed by the same group as A. Let p: P®A — P be a module homomorphism such that

p(fﬁC@/hJ ggfk+u-

The module homomorphism p : P®A — P, is defined by p : z®a — [z,a] forz € P ,a € A, and

forze P ,a" ,b" € A, of degrees A , u, respectively.

[lz,a) 0] = (=DM, 0] ,a"] = [z, [a* )] (5.1)

Let R, the endomorphism of P defined by zR, = [z, a], (5.1) is formally equivalent to (4.3).

Therefore, a graded Lie ring, is a right module over itself.

In the context of tensorial products, let P and P’ be right modules over a graded Lie A. Then,

P ® P’ may be given the structure of a right module over A by setting

(PoP)= Y P®P,
Au=v

and for y € Py, x € P,,a" € A,, by setting.
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@y, a] = (~1)M"x,d ] @y +x® D, a]

In this subsection, we will refrain from discussing the tensorial product and solely focus on

examining the definition specifically for Lie rings.

5.2 Modules over graded pre-Lie rings

Let A = ZA%’ be a graded pre-Lie ring and P = ZP;L be a module which is a direct sum of
modules i7;1dexed by the same group as A. Letp: P %A — P be a module homomorphism such
that p(P, ®Ay) C Pyyy

The module homomorphism p : PQA — P, is defined by p: z&a > zoa forz € P,a € A, and

for z € P,a*,b* € A, of degree A, u respectively.

((zoax) obt) — (—l)k“((zob'“) oa)‘) =zo (axob'“ — (—l)x“b“oax) (5.2)

Let R,, the endomorphism of P defined by zR, = zoa,Then (5.2) is formally equivalent to
(4.5). Therefore a graded pre-Lie ring, is a right module over itself. Once we have defined
the concepts of modules over associative, Lie and pre-Lie rings, we can explore the potential

connections between these two concepts.

If P is a right module over a pre-Lie ring A, then it is also a right module over the associated

Lie ring obtained by introducing the bracket product.
z,a] = zoa (5.3)
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for ze PacA

But with respect to this definition, we must have certain caution. If A is a graded pre-Lie
ring, then it is a right module over itself and using (5.3) it is also a right module over its asso-
ciative graded Lie ring (Remember that the associated graded Lie ring is defined in Theorem
4.1). Therefore, if P is a right module over an associative ring A, then it is also a right module

over A considered as a pre-Lie ring. For this we just define zoa =za forz € P and a € A.

For example, suppose A is associative and ungraded (i.e. Ay = 0 for A # 0). Let a, b, and 7
be elements of A, where A is a pre-Lie ring. We have aob = ab, and the associated Lie structure
is given by [a,b] = ab — ba. By Equation (5.3), considering the pre-Lie ring A as a right A-
module, we have [z,a] = zoa = za. Then a module P over a Lie ring A must satisfy Equation
(5.1), that is, [[z,a],b] — [[z,D],a] = [z,[a,b]]. The left side being zab — zba and the right side
being z(ab — ba).

However, considering A as a Lie ring in the multiplication [a,b] = ab — ba, we have [z,a] =

za — az, and again [[z,a],b] — [[z,D],a] = [z, |a, b]], where the left side is.

[za—az,b] — [zb—bz,a] = ((za—az)b—Db(za—az))— ((zb—bz)a—a(zb—bz))
= ((zab— azb) — (bza — baz)) — ((zba — bza) — (azb — abz))
= (zab — azb — bza + baz) — (zba — bza — azb + abz)
= zab — azb — bza+ baz — zba+ bza+ azb — abz
= (zab — zba) + (baz — abz)
= z(ab —ba) + (ba — ab)z

= z[a,b] — |a,b]z
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Therefore taking in A a graded pre-Lie ring structure then it is a right module over itself and
therefore, using (5.3), it is also a right module over its "associated" graded Lie ring. However,
taking in A the graded Lie ring structure it is also a right module over itself, but this is not the
same module structure.

A left module P over a graded associative, pre-Lie or Lie ring A, is a right module over its
anti-isomorphism A’. The notations are similar to those for right modules, the operation of the

elements of A on P being written on the left.

Just like there is a tensorial product over Lie rings, there is also a tensorial product defined
for pre-Lie rings. Let P and P’ be right modules over pre-Lie ring A. Then, P ® P’ may be given

the structure of a right module over A by setting

(PaP)y= ) P@F
A+u=v

and for y* € P, x € Py, d" € Ay, by setting.

(x@y)oa* = (~1)M(xod") @y +x@ (W od")

As previously mentioned, we will refrain from discussing the tensorial product and solely

focus on examining the definition specifically for pre-Lie rings.
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Chapter 6

Derivations

Definition 6.1 IfP=Y P, P' = ZP)’», are direct sum of modules indexed by the same group G
then a module homomorphism ¢ : P — P’ will be said to be homogeneous of degree v € G, if

O(P,) C Py, forall A in G.
With this definition, is possible to define a derivation of a graded ring.

Definition 6.2 I[fA =) A, is a graded ring, then a module endomorphism D of A will be called
a "left derivations of degree V" of A if D is a homomorphism of degree v of A into itself and if

given at, b of degree A and u in A, we have

D(d*b") = (Da)b+ (—1)"*a(Db) 6.1)

(Analogously, a module endomorphism D of A will be called a "right derivations of degree
v" of A if D is a homomorphism of degree v of A into itself and if given at, b* of degree A and

uin A, we have D(a*b) = (—1)""(Da)b + a(Db)).

A left derivation of A is a right derivation of the opposite ring A’ of A.
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If D and D’ are left derivation of A of degrees v, V', respectively, then

D, D')|=DD' — (-1)"V'D'D

is a left derivation of degree v +V'. In fact,we compute.

[D,D')(db") (DDa*b" — (—1)" (D' D)a*b*

= D[(D'd" )b + (1) D' b*] — (—1)"Y D' [(Da*)b* + (—1)"*a* DD

= D((D'a™)b) + (=1)V*D(a*D'b*) — (—1)"Y [D/ (Da*)b*) + (—1)*D' (a*Db*)]
= D(D'a")b + (1) VN D Db + (1) Da*D'b* 4 (—1)Va* DD b

—(=D)W[(D/ (D) + (—1)Y * V) Da D b) + (—1)"M(D'a*Db* + (—1)"*a*D' Db*)]

(DD )b + (—1) MYV D g Db + (—1)V*Da*D' b + (=1)M (=1)V*a*DD'b*

—(=1)WY(D'Da )b — (1)WY (= 1)VA(=1)VVDd D' bt — (—1)VY (= 1)V D a* Db*
— (=)W (=1)""(—1)¥"*a* D' Db*
= ((DD'ad")p — (—1)"Y (D'Da*)b*) + ((—=1) AV VD' g Db — (= 1) (—1)*D'a* Dit)
+((=1)Y*Da Db — (— 1)WY (= 1)V (—1)VVDa D'
H((=D)M (=12 DD'B — (— 1)V (—1)"M(—1)""*a*D' Db*)

((DD'ax) _ (—I)VVI(D/Da)“))b“—i— ((_1)(X+v’)vD/axDby _ (—l)V(V/“)D’axDb“)

+((=1)Y*Da*D' b — (—1)V*Da*D'b) 4 (— 1)V VMGADD' B — (— 1) a D' D)

= (D, D')a)b* + (—1)*Y)ar (D, D'b+)

This shows that [D, D'] is a left derivation of degree v+ V'.
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Letting Dy = Dy (A) denote the module of all left derivations of A of degree v, D =Y. Dy is
therefore in a natural way a graded Lie algebra, graded by the same group as A, and the same is
true for right derivations. These algebras are anti-isomorphic to each other.

Now we define, a new class of derivation, called inner derivations.

Definition 6.3 If A is a graded associative ring and a* an element of degree A, then the module

endomorphism D,, defined by setting for b* in A of degree .
Db = db — (—1)Mprat (6.2)

is the left derivation. (Analogously, a right derivation exists in a graded associative ring A,

A !

where a” is an element of degree \. This right derivation, denoted by D), is a module en-

domorphism defined as follows. For b* in A of degree u, the following expression holds:
D/, b = brat(—1)Matb).

Likewise, if A is a graded Lie ring of degree A, then
Db = [a", b (6.3)

is a left derivation. (Analogously, a right derivation of degree A is defined such that it satisfies

the following property: D; D=, ).

It is possible to extend the definitions of derivations of a ring A to a module P.

Definition 6.4 Let P be a two-sided module over a graded ring A. Then a module homomor-

phism D : A — P is a left derivation respectively, right derivation, of degree v of A into P if it is
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homogeneous of degree v and if at e Ay, b" € Py, The definitions of left and right derivations
that we have previously provided hold, respectively, where now the multiplication is the module
operation of A on P. Inner derivations can be defined as before, based on the definitions that

we have previously provided, where b! is taken in P,,.

To show that the homomorphism D : A — P becomes a right derivation of degree v with
respect to the new module structure on P, we need to show that for any a,b € A and z € P, we

have

D(ab)z = (D(a)J¥b+JYaD(b))z

which proves that D is a right derivation of degree v with respect to the new module structure
on P.

If D is a left derivation of degree v of A into P, and if we define a new two-sided A-module
structure on P by defining the new product. For a € A and z € P, the new product is the old
product of JVa with z, i.e. a € A,z € P then az = (JVa)z, then the homomorphism D : A — P,

relative to the new module structure, becomes a right derivation of degree v. In fact, Lets see

D(dp") = (D" )b+ (—1)Vd* (Db
= (DaMJ'B' + (~1)M] a(DD")
= (Da")((=1)"p")+ (=DM ((-1)Va") (Db

= (=1 (Dd")" + a* (Db

And the last expression shows that D is right derivation of degree v of A into P.
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Let D be a derivation of A either into itself or into a two-sided module over A.Let the subset

K (D) = {a € A/D(a) = 0}, the elements annihilated by D. We notice that

e For a*, b* € Ann(D), we have D(a — b) = Da— Db = 0, then a — b € Ann(D).

e Ford*, b" € Ann(D), we have D(ab) = (Da*)b" — (—1)a*Db* = 0, then ab € Ann(D).

Therefore Ann(D) is a subring of A.
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Chapter 7

Pre-Lie System

Definition 7.1 Let ...V_y, Vo, Vi, Va,... be a sequence of S-modules and an assignment for
every triple of integers m,n,i > 0 with i < m of a homomorphism o; = oj(m,n) : V,, QV,, —
Vinen- If f™ € Vi, 8" € V,,, we shall denote o;(f @ g) by f o; g. We define a right pre-Lie system

by a pair {V,,, o;} with the following properties

(mejhp)OH_pgn lf OS]Sl—l
(fMoig")ojh? = (7.1)

fMoi(ghoj—ih?) if i<j<n+i

f, g and h belongs to V,,, V,, and V), respectively. From the first case of (7.1), we may deduce

further that.

(f"ojhP)oirpg" = (f"oirpg")ojunh? if 0<i+tp<
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(f"o0ig") o kP = (fMo; yhP)oig" if n+i+1<j<m+n (7.2)

We present some examples of right pre-Lie system.

1 Given any sequence V_,,, m = 1,2,..., indexed by the negative integers, define V,, = 0,

for m > 0 and define all the o; to be zero.

2 Let A be an associative ring and set Vo = A, V,,, = 0 for m # 0. Then o;(m,n) is only be

defined for i = m = n = 0, and we take to be the multiplication in A.

3 Let V be an S-module, and let V", be the tensor product of V, with itself m times,m =
1,2,...,andletV,,=V" m=1,2,....SetVp=S,V_1=V_,=---=0.1f feV,, g€V,

are of the form f=a; ®...Q0,, g =P1 ®...®B,, we define o; = o;(m. n) by

o8 =0®.. Q0B R... 0B R0+ ®...Q Uy

Extending o;(m, n) linearly. Let f" =0 ®... @0, &' =B1®...@By, W =p1®...@p,. ele-

ments of V™", V" VP respectively.

e if 0<j<i—1

(f"oig")ojh’ = (a1 ®@...@0) 0 (B1®...0PB)) o (P1®...®pp)

= (U®...004BI@... 0B @0+ ®...00) 0 (P1D...0p,)
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= UR..00RP®.0PppR0jR..00B®...0BR,

®ai+1 X ... R0y,

And the other expression

(fMojhl)oir,g" = (o ®@...®0)0;(P1®...0Pp)) 0itp (B1®...®@Bn)
= (U®...00@p®...0p, R0 D...00) 0, (B1®...2 B

= (U ®.00;p1®...0Pp DUty ® ... Oninip)

0ip(P1®... 0 Bn)

= 0U®..Q0QPI®...0Pp)Q0jtpt1 Q... 00, AP ®...0P®

Olitpt1® ... @ Oyt
= 0‘«1®...®0Cj®pl®...®pp®OCj+1®...®0Li®B1®...®Bn®
it Q... 0y4n
thus (f" 0;g")o;h? and (f™o;hP)o;;, 8", are equal when 0 < j <i—1.

o if i<j<n+i

(fmoign)Oj/’lp: ((0L1®®(xm)ol([31®®[3n))o](p1®®p1,)
= (U®..0040BI®...0B@0®...00,)0; (p1D...0p,)

= (U ®R..QURU R ... @ity @ Uignt1 R .. @ i)

0j(p1®...®pp)

= 0®.QUAUL®...00 P ®... 0Py 04 @ ... R 0y

Q41 @ ... @ Oy

= 4®.004eB0®.. 0B i0p®.. . @py@Pj-i+1®...@B,
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®ai+1®...®(xm

And the other expression

fMoi(g"ojih’) = (0 ®...00) 0 (B1®...0B)oj—i (P1®...0pp))

= (U®...00,)0P1®...0B; i ®p1®...0p, 0B i11®...®

Bn)
= 0®.0043B®.. QB i®PIR..0p,RB; i11®...0PB,
®(xi+1®---®(xm
Thus (f™o0;g")ojh” and f™o; (g" o;_; h”), are equal when i < j <n+i.

e If n+i+1<j<m+n

(Froig) o = (4 ®...00) o (B1®...®B) o (P1®...0pp)

= (U ®..004B1R...0B Q0L ®...Q 0)

0ji(p1®...®pp)

= (0 ®... Q0RO ] R ... @Oyt R OUyrjt] D @ Ol

0j(P1®...®pp)

(03] ®...®(X,i®&i+1 ®...®&n+i®&n+,~+| ®®&J

RPIR ... APy RO R ... ® Cppn

0 ®D...00RB ... OB R0 ®... R0, ®PIR...RP,

Q01X ... Q 0y
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And the other expression

(fmoj-,nhp)oign: (((X]®...®(Xm)0j,n(p1®...®pp))0i(B]®...®Bn)

(U ®..QU_yRPIR ... 0Pp DOj—pt] & ... R Oy

oi(Bl ®®Bn>

= U®.004OPIR... OBRUD... R, RPD...DP,

Q0 j—pt1 & ... Q Oy

Thus (f™o;g")ojh? and (f™oj_, h”)o;g" are equal when n+i+1< j<m-+n.

Therefore it is a pre-Lie system. In this example o; is an isomorphism, and in fact o,,(m,n)
is the identity. If m = 0, in which case f is an element s of S, then s ® g is identify with
sg = gs, o; is then defined for i = 0 and sop g = sg. On the other hand if n = 0, then

f®s=sf=fo;s,foralli=0,1,....

Let V, V" be elements as in example (3), and define V,, = Homg(S,S),m=1,2,....

Set V.1 =V_,=...=0 and Vy = Homg(S,S) which we identify with S. If f € V,,,, g €
V,, we may define an element of V., setting fg € V4, by fg(a®Db) = f(a)g(b)
where a € V™, b € V" and then extending linearly. Then we may define homomorphism
0; : Vi @V, = Vipyn by fo;gla®b) = fg(aoy b),extended linearly, where oy = o;(m,n)
is the inverse of the application defined in (3).We are going to see that the application is

a pre-Lie system.

e If 0<j<i—1
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(f"oig")ojhP(a1®...ajRaj11®...Qa0j4pRajtpr1®... 04GR ... Q Unjnip)

(f"oig")ojhP(a1®...ajRc1®...0C) DaAjypt1 D ...QC;i D ...  Apynip)

(f"oi g (a1 ®...aj@aj1pt1 @ ... @ apintp €1 D ..

(f"oig" )P (a1 ®...a;®aj41 @ ... Q@Anin@C1 @ ...

(f"oig" a1 ®...a;®dj11Q...00® ... 0014y DAjtnt1 D ... QaAmin)hP (1 ® ...
(fMoig"(a1®...a; b1 ®...0by Qaiyni1 Q... amn)h’ (1 ®...

[N (a1 ®...ai®aips1 @ ... Qlmin @b1® ... @ by)h (1 ®...

N1 ®...ai R4 D ... Qdy @b ®... b )P (c1 ...

@1 ®...q; R @ ... R )" (b1 ... @b)h (1 ® ...

And the other expression

L®¢p)

®cp)
®cp)
®cp)
®cp)
®cp)

®cp)

(f"ojhP)oitpg"(a1®...Qaitp-1QaitpRaAitpr1 Q... QUitpin®

it prnt1 Q... ®am+p+n) =

(f"ojh?)oiypg" (a1 ®...®ai1p-1 D1 p b1 @ ... @by @iy pint1 ... QUmypin) =

(fm thp)gn([ll Q... Qitp-1Qaitp QAitptnt1 Q... Antptn RbR...
(fm ojh”)(al Q... Qqiyrp—1 ®ai+p®c7,~+p+1 ®...®Elvm+p)gn(b] X...

(f"ojhP)(a1®..®a;®aj411Q...Q0j4p@ajypt1 D ... Qaiyp DAiypr1 D ...
gn(b1®...

foihP(a1®..0a;Rc1®...0C, @aj4pt1 @D ... QAiyp DAiypr1 D ... Qdmip)g" (11D ...

(a1 ® ... 04041 ... Q6 Dd @ ...RAn R ®...0¢))g" (b1 ® ...
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®bn) =

®am+p)
® bn) =

®bn) =



fa1®..0a;0dj1®...04Qd11 S ...0an)h" (c1®...0cp)g" (b1 ®...Dby)

Thus (f™o0;g")ojh” and (f™ojhP) oy, g" are equal when 0 < j <i—1.

o If i<j<n+i

(f"oig")ojhP(a1®...®ajRaj411®...Q0j4pQajtpr1® ...  Aminip)
(f"oig")ojh’(a1®...0a;R¢1R...QC) RaAj+p+1® ...  Amintp)
(f"oig"hP(a1®..0a;Raj4pt1 R ... @ Unsntp €1 Q... cCp)
(f"oig)(a1®...0a;®dj+1®...Rdwmin)h (1 ®...®c)p)

(f"oig" (a1 ®..0ai®aj11®...Q0a;@dj41Q...® Qjtn @ Aiyni1 Q... Qlmin)h’ (c1®...®¢p)
(f"oig")(@1®..06 @b ®...Rby®ajtni1 ® ... @dmin)h’ (1 ®...® cp)

'8 (a1 ®..06;®@0ini1 @ ... QUmpn b1 @ ... Qby)h (1 ®...®cp)

f(@1®..06Qa11®...0d)g" (b1 ®...0b)h (c1 ®...®cp)

And the other expresion

fMoi(glojmih’)(a1®...®a;®ai11® ... QAiyntp @ Aifnip1 @ ... QUmintp) =
fMoi(glojmih’)(a1®...Ra;@b1®...@byip RaAitnipr1 @ ... QUmintp) =
(g ojmihP)(a1®..0a;®ai11®...Qan b1 ®...@byyp) =

a1 ®..0a4;Q0a111Q...Qay)
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n
. P b
(g oj_ih )(b1®...®bj,i®bj,i+1® ® +
i—irp @b
j—i+p j*l+]]+1®"'®bn+ﬂ)

fma P
(@1®..04;Q01+1Q...Qady)

(g *lh e - e 14 —ITp 4
J )

a1®.. 064004+ Q...Qdy)

g"h}(b1® ®b ~,+
j7'®b' i
i j—i 1®...®bn®c1®...®cl,)

f(
e ‘®a'
a ® i i+ ®...®am)g( ®...® j—i j
8(1 b j 18) ]_i+ ®...® n)

W(c1®...®c,)

(f —_— —_—
Ih S O (@] (@] c C ||aIWI|e (' ]<l

o Ifnt+i+1<j<m+n

(me'gn)O'/’lp
i . ar ... ;
i h? (a1 Ra;j®aj+1Q...0a0j4+pRajrpr1®
JAp+1 @ @ dmtnip)
( Mmoo o P p
f lg)ojh (a1®...®a;®c1®...®c
p®aj+p+l®---®am+n+p)
(fmo. YA ~
ig") (a1®...®aj®aj+1®...®am+n®c® ®
1 C)
p
(f"oig")(a
i ... i
)(a1 ®a./®aj+1®...®am+n)hp(C1® ®cp)
' ...Qcp

(f"oig")(a
1®...0a;Qa;
i ®04+1 Q... Qtn @Aint1 ®...Qa;@a
j j+]®...®ﬁm+n)

(e ®...®cp)

/ O;g a ® ®ai®b n 1+n+ -+
J e am+n>

hp(cl®...®cp)

( g” ~ ~ ~
"¢ (a1 ®...0a;Ra;41®...Q4d; a
j_n®aj_n+1® ®
am®b1®...®bn)

W1 ®...®cp)
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M a1®... Qa1 ... 00y OAjni1D...Dd)g" (b1 ... by)

W1 ®...®cp)

And the other expresion

(f"oj_nhP)oig"(a1®...0a;Rai11®...00%n@Aiini1 ® ... Apyntp) =
(f"oj_nhP)oig"(a1®...®a;®b1®...Qby @Aitni1® ... Apynsp) =
(f"ojnh?)g"(a1®...®a;i®a11® ...y b1 ®...0Db,) =
(f"ojmn )1 ®.. ®a;@0i11®...Q0n1p)8"(01®...®by) =
(fM"ojnhP)(a1®...®a4iRA+1®...00j—n@dj—pi1 Q... QUj—nip@djpnipt1 D ... QdAmip)
g'b1®...®b,) =
(fM"oj_nhP)(a1®..0ai®a11®...Q0jpRC1Q...QC)QUj—ntpr1® ... dmip)
§'b1®...@b,) =
FRP (a1 ® ... Qa4 D ... Qd) y @A) pi1 D ... AR ® ... D))
gb1®...0b,) =
fa®...®06®41®...08 4@ n1 ... Qan)hP (1 ®...®cp)

g'(b1®...®b,)

Thus (f™o;g")o;h” and (f" o;_, h”)o;g" are equal when n+i+1<j<m+n.

Therefore {V,,;,0;} is a pre-Lie system.

The next example is the most relevant, and it will help us to understand that deformations

form a form a pre-Lie system.

5 Let V, V™ as in example (3). W be an S-module, different from the firsts. Let ¢ : W —

V be an S-module homomorphism. Set V,, = Homs(V"*!\ W), m=0,1,..., V_|=
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Homg(S,W), which we may identify with W,and V_,=V_3=...=0.

If f €V, g € Vyymon>0,then fo;g € Vi = Homg(V""1 W) is defined by

foig(ap®...Ra4;-1 @by ®...Qb,RaAi+1Q...Qay) = flap®... Qa1 R0g(by®...Qb,)Rai+1®...Qdy)

We are going to see that the pre-Lie system conditions hold.

Let f™, g", h? belongs to V,,,, V,, V,,, respectively.

o If 0<j<i—1

(fmoign) o.,-hp(a0®...®aj,1 Raj@...aj4+p R aj+pt1 ®...®am+n+p) =
(fmoig")ojh”(a()@...@aj,] ®Co®...Cp Dajq ®...Qdmtn) =
(fMoig")(a®...Qaj 1O (co®...®cp)Rdj41 D ... amsn) =

(f"oig")ar®... Qa1 RO’ (co®...®cp)RaAj11®...QaA-1 Q06X ... Qdirn

Qitnt1 ... Qmin) =

(f"oig")ar®...Qaj—1 O’ (co®...®cp) RaAj11®...RaA;i—1 @by ®...®b,

Qi1 ®...Qdy) =

fMao®..®a;_1 @I’ (co®...Qcp) Rdj11®...®ai-1 Q8" (bo® ... by)

Rai11® ... dy)

And the other expresion

(fm Oj hp) Oi+p g”(do R... ®aj+p71 ®ai+p XR... ®Cli+p+n ®ai+p+n+1 ®... ®am+n+p) =

51



(fmojhp)Oi+pgn(a0®...®ai+p,1®b0®...®bn®lﬂl}+p+1®...®c7m+p) =
(fMoih’) (a0 ®...®aip 108" (b0 ®...Qby) @iy pi1 @ ... Dlpip) =

(f"o;ihP)(ar®...®aj-1®aj®...Qaj4p®...Qaiyp—1 Q0" (bo®@...®by,)

®ai+p+l ... ®5~1m+p) =

(f" o ") (a0 ®...Ra; 1 ®c®...0cy@dj11®...001 D (by®...Rby)

®Ai1®...Qdy) =

a0®...®0a; | @O (c0®...Qcy) ®dj11®...0d 1 @0g"(by®...®by)

B! ® ... D )

And we see that (f" o; g") o;h” and (f™o;h”) o, g" are equal when 0 < j<i—1.

o If i<;j<n+i

(fMoig")ojhf(an®...®aj—1®a;®...Qaj4pQaAjtpt1 Q... QAmintp) =
(fMoig")ojhP(ap®...Qaj_1 ®cr®...Qcy)@djy1 ... Qlmintp) =
(f"oig")an®...Qaj—1 @O’ (co®...®cp)RaAj41 D ... Qapin) =

(fmoig")(a0®...®ai,1®ai®...®aj,1®([)hp(co®...®cp)®

Aj1®...Q0q14n®Aint1®...Qlmin) =

(fMoig")(ar®...®a;_ QRby®...Qbj_ i ®¢hp(co®...®cp)®

bj,,-H®...®bn®c7i+1®...®5m) =

fMar®...®a;i-1008"(bo®...Q0bj_i—1 @O (co®...®c)p)®
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bji—it1®...Qby) ®di41 Q... Qam)

And the other expresion

fMoi(ghojmih’)(ar®...®ai-1®a;® ... R anypti D Anspric] D - .. QUmgngp) =
fMoi(goj_ih’)(ap®...Qai-1 ®by® ... Qbpip®ai11Q...Qay) =
fMag®...®a;i-1@¢(8"0;—ih’)(bo®...Qbyip) Qi1 ... Qdy) =
fmoi(g"0j—ihP)(ap® ... ®ai-1 @by @ ... @byip D1 @ ... Rly) =

fm(ao®...®a,-_1 ®¢(g” Oj_ihp)(bo®...®bj_,'_1 ®bj_i®...®bj_i+p®

bj—i+p+1®---®bn+p)®ai+l®~~-®am) =

fm(a0®...®a,-,1®¢(g”oj,ihp)(bo®...®bj,,;1®co®...®c,,®

bji1®...0by) Qb1 ®...Qdy) =

fMar®...®ai-1Q008"(bo®...0bj_i_1 @O’ (co®...®cp) ®

biit1®...0by) Qi1 ®...Qdy)

And we see that (f™o;g")o;h” and f" o;(g" 0j_;hP) are equal when i < j <n-+i.

o If n+i+1<j<m+n

(fmoig”)thp(a0®...®aj_1®aj®...®aj+l,®aj+p+1®...®am+n+p) =
(f"oig")ojh?(a®...Qa; 1 ®c®...0C)QaAjy1 Q... Qlmin) =

(f"oig")ar®...Qaj—1 O’ (co®...®cp)RAj41 @ ... QAptn) =
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(fmol-g")(ao®...®a,-,1®ai®...®ai+n®a,~+n+1®...®aj,1®(])hp(c0®...®c,,)®

Aj1®...Qanin) =

(f"oig)(a0® ... a1 @by @ ... 0 by @li1 @ ... 0djp1 DOWP(cx®...0¢,) @

A1 9. . Qdmn) =
Fa0®...0a; 108" (b ®...0by) @11 ®...0d; 41 RO (cH®D...Qcp) &

Aj1® ... Q)

And the other expresion

(f"ojnh?)oig"(ar®...®a;-1®a®...001nRAiin1®Q...Q0minsp) =
(f"oj_nhP)oig"(ar®...0a;i-1Qby®... b, RaAi11® ... Ddnyp) =
(fmoj,nhp)(a()@...@a,-,l®(])g"(bo®...®bn)®t7i+1®...®ﬁm+l,) =

(f"ojnh?)(ar®...®ai-1@08"(bo®...Q0by) ®aA+1®...Q0j_n-1 RAj—p® ... 0Aj—psp®

,avjfnerJrl D...8 aerp) =

(f"oj_nh?)(ar®...®ai-1 Q0" (bo®...Qby) ®aA+1®...QAj_n-1RCORX...0C,®

A1 ®...Qdy) =

Ma0®@...Qai-1 298" (bo®...0by) @it @...Qdj—n—1 QO ()@ ... R Cp) ®

Qi1 @... Qdy)

And we see that (f" 0;g")o;h” and (f™oj_, h”)o;g" are equal. when n+i+1 <

j<m+n.

We have showed that {V,,, = Homg(V"*!, W), 0;} is a pre-Lie system.
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Chapter 8

The graded Lie rings of a pre-Lie system

Given any pre-Lie system {V},;,0;}, we can define a new homomorphism o of V,,, ® V,, into V,,, 1,

for every m and n, by setting for [ € V,,,, g" € V,,, withm > 0.

m

fmogn — Z(_l)nifm Oign (8.1)
i=0
In other words.
f"opg" + fMo1g"+ fMorg"+...+ f"ong" if niseven
frog" =
fMogg" — fMo1 8"+ fMorg"+...+(—=1)"f"o,,¢" if nisodd
and for m < 0.
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For the following theorem,we are going to consider A, u, Vv as integers.

Theorem 8.1 Let {V,,,0;} be a pre-Lie system and f™, g", h? be elements of V,, V,,, V, re-

spectively. Then

i) (fMog")oh? —f"o(g"oh?) =X'(—1)"PI(f"o;g")o;hP

where the sum Y is extended over thoseiand j with either 0< j<i—1 or

n+i+1<j<m+n.

i) (f"og")oh? — f"o(g"ohl) = (=1)"[(f"ohP)og" — "o (hFog")]

Proof.

e First we observe the term (™ o g") o h” and extend this term according to (8.1). We see
that the term occurs with coefficients (—1)"*P/. If we transform this term according
to (7.1) and (7.2), we can transform this term to a term of the form £f™ o) (g" o, h?),
which occurs if and only if one can find i > 0 and j with i < j < n—+i such that A =i
and p =i — 1. This says, that every term of the form £ f" o) (g" o, h”) occurs. It occurs
with coefficient (—1)M+*+up — (_1)ur+Mnrtp) - And these coefficients appears when
transform " o (g" o h”) by (8.1). Therefore the terms that vanish from (f” o g") o h” are
those terms (f" 0;g") o h” with i < j < n+i. And that complete the first part.

We can give a demonstration explicitly.

- By (8.1) we get
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m-+n m

(Frognohr ="y (-1 (f"og) o . and frog =Y (~1)"f"org"

j=0 i=0
m+n oom .
(fMogh)oh? =Y (=DM (Y (=1)"f"oig")o;hP
j=0 i=0
m+n m
— Z Z I’lH—pj n) o; hP
j=01i=0
i—
= LB o+
j=0i=0
n+i m
ZZ nl+p] n) thp_|_
Jj=ii=0
m+n
3 3 o
Jj=n+i+1li=
i—1 m
— Z Z I’ll+pj n) o; WP +
j=0i=0
n+i m ) )
Y Y (1P o (g 0y i)+
Jj=ii=0
m—+n
Z Z nl—|—pj n) Oj hp
Jj=n+i+1i=
— By (8.1) we get
fmo(ghoh?) =Y (1) P fMo;(g"ohP), and g'oh? =Y (—1)Pg"o;hP
i=0 j=0
m n
Fo(g o) = P () (< 1) o 7)
i=0 j=0
_ Z Z (_l)nl+p(l+1)fm oi (g" o hP)
i=0j=0
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m n+i

Y Y (1) o (8o P

i=0 f:i

where f: Jti

— Finally

i—1 m o
(fMog")oh? —fMo(g" o)=Y ¥ (—1)"P(fMoig")ojhP +
j=0i=0

Y OY e
i=0 j=n-+i+1
e From i) we have (f™og")oh? — f™o(g"oh?) =Y/ (—1)"+PI(fMo;g") o, h? with 0 <
j<i—lorn+i+1<j<m+n. This may be expressed as a sum of terms of the
form +(f" o;h”) oiy, g" when 0 < j <i—1 and also as a sum of terms of the form
+(f"oj_nhP)o;g" whenn+i+1 < j <m—+nthatis (f" oy h”) o, g" occurs if and only
ifeither A=jandu=i+pwithO<j<i—lorA=j—nandu=iwithn+i+1<j<
m + n. From the first inequality we get 0 < A < u— p—1 < u— p and from the second
inequality i <i+1 < j—nor when u <i+ 1 < A. In other words, the sum can be express

as a sum of term in these to forms, when we do not have A < u < A+ p.

58



And from (7.1) we have that the terms (f” o) h”) o, g" can not be be modified into f™ oy,
(h? o, g"). In other words, the terms that only occur are those occurring in (f™ o h”)o
g — fmo (kP og"), As for the sign (f" o;hP)o;,,g" occurs with sign (—1)P/(+P) =
(—1)"+Pi(—1)"7_ In the same way (f" o,_,h”)o;g" occurs with the sign (—1)Pl—")+ =
(—1)"+PJ(—1)". Which is in both cases (—1)"? times the factor with which it appears

in (f™og")oh?. Therefore

(f"og")oh? —f"o(g"oh?) = (=1)"[(f" o h") o g" — f™ o (A 0 g")]
This completes the proof.

The next Corollary is of great importance because says how from a pre-Lie system {V,,,0;}

we get a pre-Lie ring.

Corollary 8.2 Let {V,,,0,} be a pre-Lie system and let A =Y V,, be the direct sum of the mod-
ules V,, made into a ring by extending o to be an S-module homomorphism of AQ) A into A.Then

with this multiplication, A becomes a right pre-Lie ring graded by the integers.

Proof. Form the theorem part ii), we have that
(f"og")oh” = f"(g"oh?) = (=1)"[(f"ohP)og" — "o (h" o g")]
and this can also be expressed

(f"og")oh? —(—1)P(f"ohP)og" = fMo(g"oh?)— (—1) Mo (k¥ o g")

= f"ol(g"oh?) = (=1)""(h" o g")]

and this is the definition of a pre-Lie ring.
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If A is defined as in the previous corollary, we can say that A is the pre-Lie ring graded
by integers that is associated with the pre-Lie system {V,,,0;}. Similarly, the graded Lie ring
derived from A by Theorem 4.1 in §4 will be referred to as the graded Lie ring associated with
the pre-Lie system {V,,,,0;}.

If {V,;,0;} is a pre-Lie system and W = Y W,, is a direct sum of modules indexed by the
integers, then W has the structure of a right module over the pre-Lie system {V,,,o;} if there
exists a module homomorphism (which we shall denote by o;(m,n)), o; : Wy, ®V,; — W1, such
that if f = f™ € W,,, g = g, € Vy1, and h;, € V), then equations (7.1) and (7.2) hold.

Once we have defined a module W over a pre-Lie system {V,,,0;}, we can also define on
W the structure of a right module over the pre-Lie ring associated with {V},,,0;} using equation
(8.1),1i.e., fMfog" = i(—l)”if’" o; g", where f" €V, and g" € V,.. Therefore, it follows from
equation (5.3) in §5 itTlglt W also has the structure of a module over the graded Lie ring asso-

ciated with {V,,0;}. As a brief comment, note that a pre-Lie system, in particular those in the

examples, naturally give rise to a graded Lie ring using Theorems 4.1 and 8.1.
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Chapter 9

Cohomology of a ring and conmutative of

the cup product

Let A be an associative ring and P be a two-sided A — module. We have defined an m — cochain

f™ of A with coefficients in P to be an S — module homomorphism

1AM ARA®.. . QA =P
~—_——

m—times

The module Homg <A('") , P) of all such f will be denoted by C™ (A, P), S being understood

C°(A,P) ~ P
Cl(A,P) = {f:A— P: f homomorphism}
C?(A,P) = {f:A®A — P f homomorphism}

C"(A,P)= {f":ARAR®...QA — P: f homomorphism}
—_———

m—times
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There is defined a homomorphism §,, : C"(A,P) — C"*1(A, P) defined by setting

Smf(al ®...®am+1) = alf(a2®...®am+1)+2f'1:1(—1)if(a1 ®...Qai—1 a;ai+1 ®a,~+2®...®am+1)

+(_1)nl+lf(al Q... ®am)am+l

and extending J,, linearly.
We have defined Z™ (A, P) = ker 8,, and B"(A,P) = Im §,,+1, for m > 1 and is zero for m =

0. We also have §,,115,, = 0 which implies Im §,, C ker §,,.1 or B"(A,P) C Z™(A,P) and

H™(A, P) is defined by gmggg form >0, 1. We will denote Y. C™(A, P), ¥.Z"(A, P), L.H™(A,P)
by C*(A,P), Z*(A,P), H*(A,P) respectively.

Now we give P an associative structure, and the multiplications in P induces a homomor-

phism called the cup product.

— C"™(A,P)RC"(A,P) — C""(A,P)

form=0,1,2,... The cup product is defined by setting

fM—g"(a1®..0a, b1 ®...0by) = f"(a1®...Qan)g" (b1 ®...Qby,)

under this multiplication C*(A, P) becomes an associative ring graded by integers. We assert

that
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3(fm— g") € C""H1(A, P), then

(M —g")(c1®2®...0CmDCmi1®...®Cpin @ Cmyny1) is equal to

= Cl(fm vg")(C2®,,_®cm & Cm+1 ®---®Cm+n®cm+n+l)+
m+n .
Y (D" = g1 ®ar®... @cicip) @cip2 @ ... @ Cmint1) +
i=1

(71)m+n+1 (fm ~ gn)(cl Q... ®Cm+n)cm+n+1

= cil(f"—ge2®.. . Qn@Cmi1®...® Cnyn @ Cuynt1) +
m
Z(—l)l(fm — g1 ®...Qci-1®CiCit1 VCi12Q ... QCm QCut1® ... Q Cgn & Cmgnt1) +
i=1
m+n .
Y (D" —g)c1®... 0 @Cni1® ... QCiCi{1® ... @ Cmyni1) +
i=m+1

(71)m+n+1 (fm ~ gn)(cl ® o ®Cm+n)cm+n+l

= lem(6‘2 ... ®Cm+l)gn(cm+2 Q... Q Cmtn ®Cm+n+1) +

(=)' f™(c1®...®ci 1 QCiCip] DCi2 D ... @ Cm @ Cmi1)g (Cmi2 @ ... @ Cmin @ Cpni1) +

on

i=1

m+n

Y CD)M1®. . @) (e ®. . D Cicin1 @ ... @ Cuni1) +
i=m-+1

(_1)m+n+1fm(cl ... ®Cm)gn(cm+1 ... ®Cm+n)cm+n+l

= lem(CZ ... ®Cm+1)gn(cm+2 Q... Q Cmtn ®Cm+n+1) +
m

g”(cm+2® e ®Cm+n+l) Z(—l)ifm(cl ®...&ciCiy1 ®...®Cm+1) +
i=1
m+n

fMer®...@cm) Y, ()¢ (cni1®...QCici1 ®... @ Cnint1) +
i=m+1

(_1)m+n+1fm(cl &... ®Cm)gn(cm+1 ... ®Cm+n)cm+n+1

<_1)ifm(cl ®...QciCir1 ®...®cm+n)] +

-

= gn(cm+2®-~~®Cm+n+1)[clfm(02®--~®Cm+1)+

i
m—+n

@@ Y, (1) g cni1®...@cicin1 @... @ Cmini1) +
i=m+1

(=)™l g (e 1 @ @ Cn) Cmnt ]

= g (em2® ... @Cmens1)[c1fM (2@ ... @ Cmyr) + (—1)ifm(6’1 ®...®CiCi41 Q... @ Cpyn) +

-

L
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(=)™ e @...@cm)emetr — (1) M o1 @ ... @) emat] +
m+n

M@ @) Y (—1) g (em1 ® ... ®cCicif1 @... @ Cmipni1) +
i=m+1

(=)™l g (e 1 @ .. @ Cn) Cmtnt ]

g (Cmt2® .. @ Cns 1) BfM(C1 ® ... @ Cmr1) = (1) (1 ® ... @ ) 1]

+f"Me1® ... @cm) [ (=1)"cmt18" (Cmi2 @ .. @ Cmynt1) + (=1)"Cmr18" (Cm+2 @ .. @ Cmpny1) +
m-+n

Z (_1 )ign(Cm-H ®...QCiICiH1® ... ®Cmint1) + (_1 )m+n+1gn(cm+1 ®...0 cm+n)cm+n+1]
i=m+1

g Cmi2® ... @Cmins)[8f™ (1@ ... @ Cpr1) — (=)™ (1 @ ... @ cp)emst]

+fm(cl ... ®Cm)[_<_])mcm+lgn(cm+2 ... ®Cm+n+1) + <<_1)mcm+lgn(cm+2 ... ®Cm+n+1) +
m-+n

Z (_l)ign(cm-H ®...®€CiCi1®...®Cmint1) + (_1)m+n+1gn(cm+l ® ... ® Cmtn)Cmin+1)]
i=m+1

gn(cm+2 ... ®Cm+n+l)[6fm(cl ... ®Cm+1) + (_l)mfm(cl ... ®Cm)cm+1]
—(=D)"f"(c1®...@cm)g" (Cm12® ... @ Cmgnt1)Cmy1 +

M1 ®...@cm) (=1)"(cmi18"(cmi2® ... @ Cmyns1) +
m+n

(=™ Z (_l)ign(cm-H ®...®€CiCi1®...®Cmint1) + (_l)m(_l)m+n+lgn(cm+l ® ... @ Cmtn)Cmtni1)
i=m+1

3f"(c1®...®cmy1)8" (Cmi2® ... @ Cmyny1) + fM(c1®...Q¢p) (1) (cms18" (Cm2 @ ... @ Cmgnt1)
m-n

+ Z ) (Cmi1 @ D Cicin1 @ @ Cmini1) + (=1 g (Cmr1 @ @ Cmyn)Cmini1)
i=m+1

Bf"(c1®... ®emt1)g" (Cmi2 @ .. @ Cmpnt1) + (€1 @ ... @cm) (—1)"(em+18" (Cmi2® .. @ Cmynt1)
m+n

+ Z l +2m Hemt1 ® - @ CrpmCirtmy1 @ - ® Cmgny1) + (_1)n+1gn(cm+1 ®...® Cmtn)Cmin+1)

Bf"(c1®... ®Cmt1)g" (Cmi2 @+ @ Cmpnt1) + (1@ ... @cm) (—1)"(Cm+18"(Cm12® .. @ Cmynt1)
m-+n
+ Z "(emt1 ® - @ CitymCiymy1 @ - ®Cm+n+l)+(7l)n+lgn(cm+l®---®Cm+n)cm+n+l)

i'=1

SfM(c1®...QCmt1)g (Cmi2® ... @Cmint1) + M1 ®...Qcw)(—1)"0g"(C1 ®...®Cny1)

3f(c1®...Qcmt1)g (2 ® ... @ Cpint1) +(=1)" M1 ®...Qcn)0g"(C1® ... R Chy1)
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then, J is a left derivation of degree one of the ring C*(A, P).
From the formula 8(f" — g") = 8™ — g"+ (—1)"f™ — dg", if we have f" € Z"(A,P)
and g" € Z"(A, P). then §(f™ — g") =0, then
8(f" —g") =3f" — g"+(=1)"f" — §" =0
<~ —~—

0 0

then f™ — g" € Z""(A, P).

Further more if f" € B™(A,P) and g" € C"(A, P).

3(f"—g") = Of" — g"+(=1)"f" — &g"
= 3§t (=) Mo 8" € ImC"(A,P) = B""(A,P)
—— ——
0 c Cm+"+1(A7P)

and similarly if /™ € C"™(A,P) and g" € B"(A, P).Then B*(A, P) is an ideal of Z*(A, P).

We may therefore define the cup product of elements of H" (A, P) and H" (A, P) by choosing

representatives for them in Z™(A,P) and Z"(A, P), respectively. The induced multiplications

_ Z(AP)

will be again denoted by — and makes H*(A,P) = & (AP

into a associative ring, called the
cohomology ring of A with coefficients in P.

Let P be a two-sided A module. Then C*(A, P) is endowed with the structure of a two sided
C*(A,A) module. The operations will again be denoted by — and we define f— g € C"""(A, P)

for f € C"(A,A), g € C"(A,P) by
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f—ga1®..0a,@b1R...0by) = fla1®...Qay)g(b1®...Qby)

and similarly g — f.

Since C"(A,A) = Homg(A"™) A), setting A = V and considering only its S-module structure,
and setting A" = V" and V,, = C"*!(A,A) = Homg(V"*!,V), we obtain a pre-Lie system, as
we saw before. We may say that C"(A,A) has dimension m, but degree m — 1. With this remark,
we can say that C°(A, A), which is identified with A, is to be understood as having degree —1.

If we set /™ € C"™(A,A) and g" € C"(A,A).

f’"oig”(a0®...®ai_1®bo®...®bn_1®a,~+1®...®am+1) = f(a0®...®ai_1®g(bg®...®bn_1)®a[+1®

fori=0,1,...m—1.

Note that /™ o; g" € C"T"~1(A,A). Then we can define the structure of a right pre-Lie sys-
tem on the set of modules of C"*(A,A). If we take /™ € C™(A,P) and g" € C"(A,A), then the
formula we have just set defines an element f o; g" of C"*"~1(A, P), and we see immediately

that C*(A, P) has the structure of a right module over the right pre-Lie system {C"(A,A),0;}.

With this, we affirm that deformations in V; = C2(A,A), form a pre-Lie system and we can

define.

A

P ok, = Z(—l)iFk oi Fy
i=0
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1
F,oF,(a,b,c) = Z 1)'F 0; Fy(a,b,c)

= FK OOFH(a,b,C) —F)\_ 01 F/J(a?b?C)

- F?»(F,U(a’b)vc)_Fk(mFH(b?C))

Once we have the structure of pre-Lie system in C*(A,A), by §8 it can be endowed with the

structure of a right pre-Lie ring and also with the structure of a graded Lie ring.

In order to specify which product C(A,A) is being considered as a ring, we will write it as
(C*(A,A),—), (C*(A,A),0), or (C*(A,A),[, |). From §8, we see that C*(A, P) has the structure
of a right module over (C*(A,A), o). Therefore, it also has the structure of a two-sided module
over (C*(A,A),[, ).

Returning to C (A, P), we have just seen that it is a right module over (C*(A,A), 0;), and thus,
by §8, it has the structure of a module over (C*(A,A), o), a two-sided module over (C*(A,A), [, ]),
and a two-sided module over (C*(A,A),—).

Note the remarks 5.3 in §5: If f € C*(A,A) and g € C*(A, P), then we will write the opera-
tion of f on g as fog or [f,g], which are the same. Similarly, if f € C*(A,P) and g € C*(A,A),

we will use the same notation.

Formula (8.1) holds either when f* € C"(A,A), g" € C"(A,P) or when f™ € C"(A,P),
g" € C"(A,A). Tt follows that Z™(A,A) — Z"(A,P) and Z™(A,P) — Z"(A,A) are both contained
in Z™*"(A,P) and that B™(A,A) — Z"(A,P) and Z"(A,A) — B™(A, P) are both contained in
B™"(A,P). As a consequence of this, we have that H*(A, P) has a structure of a two sided

module over (H*(A,A),—). However, generally we will not have that Z*(A,A) is not closed
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under the pre-Lie multiplication, but it will be seen to be closed under the braked product. If

we have that A is associative, then © € C?>(A,A) defined by (a,b) = ab is a 2-cochain, in fact

on(a,b,c) = an(b,c)—mn(ab,c)+n(a,bc) —7n(a,b)c
= a(bc) — (ab)c+a(bc) — (ab)c

= 0

If is even a coboundary of the identity cochain /(a) = a.

dl(a,b) = al(b)—I(ab)+1(a)b
= a(b)—ab+a(b)
= ab

= n(a,b)

Now we can express the cup product between [ € C™(A,A) and g" € C"(A,A) using the
coboundary Tt € C?(A,A) with the operators of the pre-Lie system (C*(A,A), ;).

f"—g"=(moo f")omg"

In fact,

(TCOOfm> Omgn<co®---®cm71 ®d0®®dn71) = (no()fm)<c0®---®cm,1 ®gn(d0®®dn71))
= n(f"(c0®...Qcm1)R(d®...®dy 1))

= fm(C0®...®Cm,1)gn(d0®...®dn,1)

68



But not only the cup product, also the coboundary operator could be expressed using 7 and

the pre-Lie product.

5" =—(for—(=1)""'mof) = (=1)" (mo f—(~1)" ' fom)

In fact

m—1
8fMa@a1®...@am) = aof™(a1®...@an)+ Y, (=) fla®...®aiai1 ®... @ an)
i=0

(=" flag® ... @ am—1)am

1
To flag®...Qay) = Y (1) Vigo, flag®...® an)
i=0
= oo f(ap®...Qam) +(—1)""no; flay®... @ an)
= (flap®...@am_1) @am)+ (—1)" (@ ® f(a1 @...®am))

= flag®...@am_1)am+ (—1)"lagfla1 ®...@ay,)

m—1
—(=1)" M fom(ag®...®ay) = —(—1)’”1[;)(—1)"fo,-n(ao®...®am)]

m—1
= —(=D"'Y (D) fla®... Qa1 ©... O apn)]
i=0
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Z Dt fay®... @ a1 @...Q an)]

e Finally if we make

(=)™ Uf(ao®...@am1)am+(—1)" Lagf™a) ®...Qap) +

mlz D flag® ... @aa1®...@ap)]

m—1
= apfMa1®...Qap)+ Z (=D flag® ... ®aiai 1 ®...Qap)
i=0
+(=1)""f(a®...®an_1)am

= df(ap®...®ap)
In terms of the bracket multiplication, since the degree of T is one.

Sf" =1[f,—m] = (=1)""[m, ]

The operator § is therefore, a right inner derivation of degree 1 of the graded Lie ring
(C*(A,4),[, D

However 9 is generally not a derivation of any degree of the ring (C*(A,A), o).
The following result is transcendental in order to see how the derivations behaves on the pre-Lie

ring (C*(A,A), o).

Theorem 9.1 If A is an associative ring and if f™,g" € C"(A,A),C"(A,A), respectively. Then
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[ odg" =8(f"og") + (=1)"18fMog" = (=1)"g" — [ = (=1)""f" — g"]

Proof. We are going to use the expression that we have just seen 8" = (—1)"" (o f —

(1) fom).
A
fModg"= fmo((—1)" Hmog—(—1)""'gom))
= (=) [fo(rog)—fo(gom)]
= —fo(gom)+(—1)""fo(mog)
B.
d(f"og") = (=1)""mo(fog)—(—1)"*"(fog)omn]
= —(fog)om+(=1)""mo(fog)
C.

(~1)"18fog= (1) [(=1)"(mof—(~1)""'fom)]og
= (1" "mo f— (=1)""! fom]og

= (=1)™"((mof)og—(=1)""!(fom)og)
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Applying the definition of pre-Lie ring to (A), we get.

—fo(gom)+(—1)"""fo(nog) = —fo(gom—(—1)""'nog)
= —((fog)om—(=1)""!(fom)og)

= —(fog)om+(-1)""!(fom)og

From (C) we have (—1)"""(no f)og — (—1)""!(fom) o g. Therefore,

fro8g" =8(f"og") +(—1)"18fMog" = (~(fog)omt(~1)"(fom)og) —(~(fog)om+(—1)"""mo(fog))

+H(=1)""(mo fog—(=1)""'(fom)og
= (=)™ (mo flog—(—=1)""'no(fog)

= (=)™ ((mo f)og—mo(fog))

And by Theorem 8.1 ii), we have

(Rof)og—mo(fog) = L(=1)lm= Vit t=Di(mo; f)ojg
= (=)0 (mog fm) 0 g+ (= 1) (moy ™) 00 g
= (=D (mog ™) 0 8"+ (—1)" (o0 8") O (u_tyi1 S
= (=D)0=Um(mog ™) 0 g" — (—1)" (00 8") (1)1 S

- (1) g (1 7
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Finally,

(~1)" (o fog—mo (fog)] = (~1)" (=)D — g~ (<1yngh — f7]
(Lo g (_qyminimgn _
= g -1y g
= (g e (e g
G AL R L P

Gl VAR CHLTANY

If f™ and g" are co cycles, that is, 0™ = 0, 8g" = 0. Then form the last result we have.

(—1)[g" — f" = (—1)™ " — g = 3(f" o ")

Therefore

Corollary 9.2 IfA is an associative ring, then the ring {H*(A,A),—} is a graded commutative

ring,where dimensions gives its grading. i.e. if N™ € H"(A,A), {" € H"(A,A) Then

When using cup product, we shall tacitly assume any gradation is by dimension, and when

we refer to bracket product, we use the degree unless otherwise stated.

73



Now we can give the module direct sum A + P, an associative ring structure over S, with A as a

subring and P as an ideal with P> = 0 by setting

(a,x)(b,y) = (ab,ay+xb) a,b € A,x,y € P

There exist natural inclusions C"(A,A), C"(A,P) C C"™(A+ P,A+ P) defined by setting for
any f™in C"™(A,A) or C"(A,P), f(o4 ®...®ay,) = 0if any a; is in P. Under this definition if
we take f € C™(A,A) or f™ € C"™(A,P) and 0 ...0y—1 € A, O, € P.It is straightforward to

see O (A ® ... R 0y,) = 0, because a,, € P. (i.e. fis a cocycle) but

m—1
M0 ® ... Q00 = Oof™0®...Q0,)+ Z (=) "0 ® ... 00 D ... R y)
i=1

+(=D)" "0 @ ... @ Oup—1) 0y

All the summands vanish by definition. However the last term belongs to A or P. Because
™0 ®...Q0,—1) # 0, belongs to A or P, therefore 8™ # 0 that means that the image of a
cocycle is not necessarily a cocycle.

With this we can extend Theorem 9.1 to a statement about the module structure of H*(A, P)

over H*(A,A).

Corollary 9.3 Let A be an associative ring and P be a two-sided A module. If either N™ €

H™(A,A), ("€ H (A,P) orn™ € H"(A,P), U" € H*(A,A), then
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Chapter 10

Obstructions are cocycles

While we have only considered the case of an algebra over a field thus far, the definitions of
the obstruction cochain given in the preceding sections do not require the existence of a ground
field. Under the assumption that A is an associative ring, we show in this section that the
obstruction cochains are cocycles.

First, consider the case of derivations. Given a one-parameter family of linear automor-
phisms of A as in (2.5).

®,(a) = a+191(a) +2¢z(a)+ ...

The condition (2.7) is a necessary and sufficient condition, that is, a one parameter family

of multiplicative automorphisms, may be written.

Y 0 — 0 =80y (10.1)

Atu=v
Au>0

Suppose given 01, ..., 0,1 satisfying (10.1) forv=1,...,m — 1. The cohomology class of

F= Z ¢y, — ¢, , may be consider as the obstruction to extending the sequence ¢1,..., 0,1
Atu=m
Au>0
to a sequence @1, ...,0,—1,9, satisfying (10.1) forv=1,... ,m.
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Proposition 10.1 Let A be an associative ring and ¢1,...,0,,_1 be elements of C'(A,A) such

that Z Op— Ou=—00y, forv=1,....m—1. Set F = Z Op— Oy thendF =0, ie F
Au=v A-u=m

is in Z*(A,A).

Proof. If ¢;,,0,...in C' (A,A), then from equation (9.1) we have 8(¢y, — ¢,) = 80y — 0, — 0y, —

3¢y, then computing dF explicitly, one has

OF = Z 3(dy — &)
Atu=p
= Y, (80n — 0y — 0y — 30,
Atu=v
- Z Sq’kvq)u_ Z q’?»‘/&p,u
Atu=v Atu=v
= Z (_ Z ¢ocv5[3)v¢u— Z ¢kv(_ Z q)avsﬁ)
AMu=m  o+B=\ Atu=m o-+P=u

Since the cup product is associative and that oo+  +u = A+ ot + 3 = m we have in the last

expression.

=2 00— 0p — Oy + ) 0y — 8o — & =0
This ends the proof.

Consider now the case of deformations. Let A an algebra and, on the underlying vector

space of it, a one parameter family of multiplications as in (1.3).
fi(a,b) = ab+tFy(a,b) +1*F(a,b) + ...

the necessary and sufficient conditions (1.4) which means that this is a family of associative
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multiplications may in the notation of part §2, be expressed in the form.

Y, FoF,=3F (10.2)

Atu=v
Au>0

Suppose given F1,...,F, | satisfying (10.2) forv=1,...,m—1. SettingG= ) FoF,
At+u=m
the cohomology class of G may be viewed as the obstruction of an F,, such that Fi,..., F,

satisfy (10.2) forv =1,...,m and it is this element G of c3 (A,A) which will be shown to be a
cocycle.
Now we are going to apply the result from Theorem 8.1 ii) of §8, which states that in a right

graded pre-Lie ring B.
(f"og")oh? — f"o(g"oh?) = (=1)[(f" o h") o g" — f™ o (A" 0 g")]

In particular

e If we suppose that B has no elements of order 2, i.e. x € B and 2x = 0, implies x =0
(fog)og—fo(gog)= —[(fog)og—fo(gog)]

(foglog—fo(gog)= —(fog)og+fo(gog)

2(fog)og= 2fo(gog)

Then (fog)og= fo(gog).

e If we suppose that B is a pre-Lie ring of a pre-Lie system (V,,,, 0;).Also from Theorem 8.1,

i) of §8
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(f"og") oh? — f"o(g" ohP) =Y (—1)" P/ (f™o;g") o hP
where 0 < j<i—1 or n+i+1<j<m+n.

In particular, if g is homogeneous of odd degree.

(fog)og—fo(gog)=Y.(=1)"/(foig)o;g
for 0<j<i—1or n+i+1<j<m+n.

Then we can express

(fog)og—fo(gog)= Y (1) (foig)ojg+ Y (=1)"(foig)ojg

0<j<i—1 n+i+1<j<m+n
By definition of a pre-Lie system, if 0 < j <i—1, then (fo;8)0;g = (fo;g) citng and

if n4+i+1<j<m+n,then (fo;g)ojg=(foj_ng)oig. Then the last expression is

equal to

= Z (_1>i+j(fojg) Oi4n8&+ Z <_1)i+j(foj—ng) %i &

0<j<i—1 n+i+1<j<m+n

= Y (DT (fojg)omngt Y, (—D)HT(foyg)oig

0<j<i—1 i+1<"<m
= Z (_I)Hj(fojg)(ao@"'®ai+n71®g(b0®-~~®bn)®ai+n+l®~~-®am+n)
0<j<i~1
— Y () (fopg)(ar®..0ai1®g(co®...0¢) @Tis1 @-.. Olmin)
i+1</'<m
— Y (DYfla®.. . ®aj1@g(co®...0c)RAj11®...0d-1®
0<j<i—1

gbo®...®b,) Qa1 D ... dy)

— Y D) fa®...®a 1 08(c0®...®¢) Rlny1 ®...0T;1 &

i+1<j/'<m

gbo®...Rby) Ay ®...Q0m)

= 0
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Then we also have (fog)og= fo(gog).

The last observation provides a necessary condition for a graded right pre-Lie ring to be associ-
ated with a pre-Lie system.Note that the degree of an element in C>(A,A) is one, and the pre-Lie

structure on C*(A,A) has been obtained from a pre-Lie system.

Proposition 10.2 Let A be an associative ring, and Fy,...,F,_1| be elements of C*(A,A) such

that Z B oF,=38F, forv=1,...,m—1. Let an element G of C*(A,A) be defined by
A+u=v

Then 8G = 0, i.e. G is in Z>(A,A).

Proof. Since F, and F,, are in C?(A,A), one has from Theorem 9.1, of §9. That

S(FKOF“) = F, 08F, —0F, oF,+ (F, — F) — F, \/Flu)

It follows that 3G = Y 8(FoF,) = Y [F08F,—(8F,)oF,]. By the hypothesis,this
Au=m Au=m
equals

=Y (Reo(Fyo B (FaoFy)oF
o+B+y=m

= Z (FaO(FBOFy)—(FaOFB)OF’Y)
o+B+y=m
B<y

+ Y (Fuo(FgoFy) — (FyoFp)oFy)
o+B+y=m
T<B
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but

Y (Fuo(FgoF)—(FuoFg)oFy) = Y (Fuo(FyoFs)— (FuoFy)oFp)
o+B+y=m O+B+y=m
v<B p<y

Therefore the last expression is equal to

Y, [Fouo(FgoFy+FyoFg)— ((FyoFp)oFy+ (FyoFy)oFp)]
o+B+y=m
<y

But by the observation immediately preceding Prop.10.2 every term of the sum vanishes.

Therefore G = 0.
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