PONTIFICIA UNIVERSIDAD
CATOLICA DEL PERU

Escuela de Posgrado

IMPACT OF ONE LOOP CORRECTIONS ON LIGHT
NEUTRINO MASSES IN THE LOW SCALE SUSY SEESAW

Tesis para optar el grado académico de Doctor en

Fisica que presenta:

Omar Giancarlo Suarez Navarro

Asesor:

Dr. Joel Jones Pérez

Lima, 2023



Informe de Similitud

Yo, Joel Jones Pérez, docente de la Escuela de Posgrado de la Pontificia
Universidad Catdlica del Perd, asesor de la tesis de investigacion titulada
“Impact of One Loop Corrections on Light Neutrino Masses in the Low Scale
Susy Seesaw”, del autor Omar Giancarlo Suarez Navarro, dejo constancia de
lo siguiente:

El mencionado documento tiene un indice de puntuacién de similitud de
16%. Asi lo consigna el reporte de similitud emitido por el software Turnitin
el 08/11/2023.

He revisado con detalle dicho reporte y la Tesis, y no se advierte indicios de
plagio. Se debe afadir que varias de las similitudes corresponden a una
publicacién realizada por el mismo autor en una revista indizada. Dicho
trabajo se encuentra citado en la tesis.

Las citas a otros autores y sus respectivas referencias cumplen con las
pautas académicas.

Lugary fecha:
Lima, 08/11/2023

Apellidos y nombres del asesor / de la asesora:

DNI: 40711425 Firma
ORCID: 0000-0002-2037-6369




Acknowledgements

First of all, I want to thank my family: Pedro, Fymi, Sol, Ivan, and Dylan. 1 do not need

to write much to express what I feel.

I would like to thank my supervisor, Dr. Joel Jones Pérez, for his constant support
throughout this process. I will always be grateful for everything, and I personally owe him
a lot. Additionally, I want to thank Dr. Alberto Gago and Dr. José Bazo for their work in
the High Energy group at PUCP (HEP-PUCP). I also want to thank Dr. Werner Porod

for his advice on this work.

I want to thank my friends, colleagues, and the people who helped me in some way:
Solange P., Nhell C., Javier M., Felix D., Anthony C., Dante, Jairo, Sandro, Alvaro, Juan
M., Simon M., Oscar L., and others.

Finally, I would like to thank CienciActiva/CONCYTEC for financing this project
under Grant N° 236-2015-FONDECYT and research internship DAAD Germany-2017,
project N° 131-2017-FONDECYT. I also acknowledge funding from project DGI-2021-C-
0020 during the last stage of the work

ii



Abstract

This thesis covers the study of one-loop quantum corrections to the light neutrino masses.
In the first part, we examine the extension of the standard model with right-handed neu-
trinos, where the Seesaw type I is present, allowing accessible masses for experimental
searches. However, considering the corrections to the light neutrinos masses requires the
pairs of heavy neutrinos to appear as pseudo Dirac particles, implying a suppression of the
LNV parameters. In the second part, the supersymmetric contributions are analyzed in
order to relax the lepton number violation (LNV) restrictions and achieve a greater dif-
ference between the heavy neutrino masses, as well as large mixings. When analyzing the
destructive interference between the supersymmetric (which we describe as reducible and
irreducible) and non-supersymmetric contributions, we found parameter regions where can-
cellations occur, however they are very small. So, the addition of SUSY does not guarantee
the effect called screening, and the cases that are favorable need some degree of fine-tuning.

In all cases, the numerical results of the analytical one-loop expressions calculated in the

vrSM and vrMSSM models are checked with SPheno.
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Resumen

Esta tesis cubre el estudio de las correcciones cuanticas a un loop a las masas de neutrinos
ligeros. En la primera parte, examinamos la extension del modelo estandar con neutri-
nos de mano derecha, donde esté presente el Seesaw tipo I, que permite masas accesibles
para su busqueda experimental. Sin embargo, el considerar correcciones a las masas de
los neutrinos ligeros requiere que los pares de neutrinos pesados sean considerados como
pseudo-Dirac, implicando una supresion de los parametros LNV. En la segunda parte, se
analizan las contribuciones supersimétricas para relajar las restricciones sobre los paramet-
ros de violacion de niimero leptonico (LNV) y lograr una mayor diferencia entre las masas
de neutrinos pesados, asi como mezclas grandes. Al analizar la interferencia destructiva
entre las contribuciones supersimétricas (que describimos como reducibles e irreducibles) y
no supersimétricas, encontramos regiones de parametros donde ocurren cancelaciones, pero
que son muy pequenas. Por lo tanto, agregar solo SUSY no garantiza el efecto llamado
screening, y los casos que son favorables necesitan cierto grado de ajuste. En todos los
casos, los resultados numeéricos de las expresiones analiticas a un loop calculadas en los

modelos vgrSM y vgMSSM se verifican con SPheno.
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Introduction

There are many open questions in particle physics, and one of them relates to a very
special particle called neutrino. Why is it a special particle? In principle, a neutral
particle has two possible descriptions. One is in the Dirac framework, where particles
and antiparticles are different and Lepton number-conserving processes are involved. The
second comes from the Majorana description, where particles and antiparticles are the same
and new Lepton number violation (LNV) signals could appear |1]-[3]. This is is known
as the neutrino nature problem. Another fact that makes neutrinos important is that the

Standard Model (SM) can not explain why they are massive, or how their mass originates.

Within the framework of the SM of particle physics, after spontaneous symmetry break-
ing (SSB), neutrinos remain without acquiring mass, unlike charged quarks and leptons,
which do. This is because, in the SM, mass terms are not considered for neutrinos since
there are only left chirality fields for them. However, observations derived from neutrino os-
cillation experiments have provided conclusive evidence that light neutrinos do indeed have

mass [4], raising the imminent need for an extension of the SM to explain this phenomenon.

The Seesaw Model [5]—[8] is proposed as a solution to the problem of how the masses
of light neutrinos are generated. To address this point, new fields with the right chirality
are introduced. These particles interact with left-handed neutrinos through their mixing.
In principle, the masses of these new particles could be adjusted so that they are not
excessively heavy, which would facilitate their detection in experiments carried out in
colliders. However, the naive Seesaw predicts very small mixings and is therefore not very
useful in practice. Nevertheless, the number of right handed neutrinos is not restricted and
could be considered free parameters within the model. An interesting observation occurs
when you have two heavy neutrinos. It is possible to achieve new textures in the mass
matrix that can reproduce the observed light neutrino masses and that allow for large
mixing.

In order to calculate one-loop corrections to light neutrino masses, we will consider

the vgSM, which is nothing more than the extension of the SM with Right Handed (RH)

xiii



neutrinos. The problem observed is that when including the contributions to one loop,
the corrections are very large, which forces a fine-tuning to be considered between the
tree-level and one loop masses in order to reproduce the observed neutrino masses. The
option to avoid this is to reduce the mixing; however, this would lead to heavy neutrinos
not being observed in collider searches. Despite what was mentioned above, a special case
can be found where a cancellation occurs between the contributions, which corresponds to
the case when the masses of the RH neutrinos are degenerate. This can be attributed to
the slight breaking of lepton number symmetry, suggesting that LNV effects might not be

observable at colliders.

In the context of the supersymmetric extension of the type I seesaw, interesting results
were presented in [9] where the masses of the neutrinos are generated radiatively, with
contributions from heavy neutrinos and sneutrinos. Here they show that large LNV pa-
rameters are allowed and that the sneutrino loops help keep the corrections under control.
If considerable LNV is allowed, it would be possible to relax the constraints on the differ-
ences in the masses of heavy neutrinos, allowing a direct interpretation of the experimental
results. In this context, we seek to corroborate and carry out a more in-depth analysis of
this so-called SUSY-screening effect, trying to understand when and in what parameter

region this can occur.

The work presented in this thesis considers the supersymmetric extension of Seesaw type
I, where we collect the supersymmetric contributions classified as reducible and irreducible
according to their dependence or not on the LNV parameter B, . We use the mass
insertion method to clearly and concisely show the parameters involved in the loop diagrams
mediated by neutralinos and sneutrinos. Depending on the number of mass insertions, it
will be possible to know what type of LNV terms will affect light neutrino masses, as
well as which of them will be more significant or not. In this context, we also address
the diagrams involving the non-supersymmetric contributions in order to quantify the
destructive interference between the SUSY and non-SUSY contributions. This was done

with the intention of obtaining large mixings and differences between the N;, masses.

To achieve our objectives, we divide this work as follows:In Chapter [I] there is a brief
introduction to neutrino masses and the parametrization applied to the mass matrix and
mixings. In Chapter [2 we provide the analytical expression of the one-loop corrections

to the light neutrino masses in the SM extension with right-handed neutrinos and their

Xiv



numerical analysis. Chapter [3|shows a brief introduction to SUSY, the one-loop expression
corrections in the mass insertion framework, and also the non-supersymmetric contribu-
tions. The mass insertion method is present in detail, which helps to better show the
parameters involved in SUSY. In Chapter [4, we have the results corresponding to the anal-
ysis made with SUSY and non-SUSY contributions, showing the regions where destructive

interference occurs. Finally, in Chapter [5], we present the conclusions of the work.

XV



Chapter 1

GENERAL ASPECTS: NEUTRINO
PHYSICS

1.1 Neutrino mass matrix

Fermionic fields (V) can be expressed as having two components with different chiralities,
known as right- and left-handed ,\W; = W, + Wp. In particular, the mass terms in the

Lagrangian can be written using these two components as:
mf\i/L\I/R—i-h.C (11)

In the SM, the mass generation mechanism arises from the interaction with the Higgs field,

where the mass is described as:

my = Wyf’ (1.2)

where my, vgm and Yy are the Dirac fermion mass, SM Vacuum Expectation Value (VEV)
and Yukawa coupling respectively. However, this does not occur with all particles. Neu-
trinos manifest themselves in different way. In the SM, these particles only have one type

of chirality (Left) therefore it is not possible to have a mass term like the other fermions.

Neutrino oscillation experiments showed that these particles have small masses |10]—

[13]. So, to understand a little more, we will do a brief review of this topic.

As we know, vectors can be written as a linear combination of others. For neutrinos,

the most relevant bases are known as the interaction (B;) and mass (By) bases. The states

1



in the interaction basis, v, , r, do not have definite masses but interact with a specific
charged lepton flavour. These can be written as the superposition of states v 23, in the
mass basis with defined eigenvalues m; 3. The |vy) and |v,) objects € By are related as:

|Va - Z k|Vk (OéZG,IU,,T) (1?))

k=1,2,3
where U’ is a unitary matrix that indicates the "weight" in the linear combination of
each state. The mixing matrix in the case of three neutrinos is known as the PMNS
matrix (Pontecorvo-Maki-Nakagawa-Sakata). This matrix, inspired by the mixing matrix

for quarks, can be parameterized as [14]:

1 0 0 C13 0 513 €_iacp C12 S12 0 eiﬁl 0 0
Upmns = | 0 co3  So3 0 1 0 —519 €19 0 0 e 0
0 —S93 Ca23 —S13 GMCP 0 C13 0 0 1 0 0 1

where s;;(c;j) = sin6;j(cos,;), with the mixing angles 6;; (i,j = 1,2,3). The parameters
dcp, Pi2 are known as the Dirac and Majorana phases respectively [15]-[17]. With this
in hand, it is possible to deduce the neutrino oscillation probability to generate v, and
detect vg. The expression that is obtained after the neutrinos of energy E have traveled a

distance L is [15]:

Am?
I/a—)Vﬁ Z kU,Bk U,B] eXp( 2E]€’] > ) (15)

where
Amg; =my —m] . (1.6)

The function in Eq. depends on the neutrino mass splitting. Oscillation experiments
[18], [19] confirm that this probability is not zero and that therefore Amg; # 0. This
confirmation implies that there must be another type of physics to explain the origin of
these masses and what their exact values would be. In order to solve this discrepancy, new

SM extensions should be considered.

One of them we can find in the literature includes new RH fields for neutrinos [7],
[20]-[22]. These particles are commonly called Sterile because it does not participate in
weak interactions (The interaction with matter will occur only gravitationally or some

other interaction beyond the SM). They are invariant under the group symmetry of the
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SM (SU(3)c ® SU(2), ® U(1)y). Additionally, there is not an exact limit on the number
of these RH fields. We will call the vgSM extension to the SM with right-handed neutrinos

in order to explain the masses of active neutrinos.

Including the right chirality it is possible to use the Higgs mechanism to write mass

terms:

MD ﬂL VR (17)

where Mp represent the Dirac neutrino mass. This term is equivalent to the one found for
the other fermions as in Eq. ((1.2)). Neutrinos of this nature lead to processes where the

total lepton number is conserved even though the lepton flavor can be violated|15], [23].

Then another description for the neutrino masses is possible, considering that they are
neutral particles, which is forbidden for quarks or charged leptons. The new concept when
RH neutrinos are included is known as the Majorana description. It is important to define
how particles and antiparticles are related. To do this, we must understand how the charge

conjugation operator (C') [24], [25] behaves. For fermions this is as follows:
ve = v’ (1.8)

Then C' changes the chirality of the particle from left-handed neutrino to right-handed and
vice versa. If we consider the neutrinos as Majorana particles, the neutrino field can be

written as:
v=uvy+1Y, (1.9)
which satisfies the Majorana condition :
v =" (1.10)

With this observation, we can conclude that distinguishing between a particle and its

antiparticle is not possible.

In contrast to the Dirac case, here only one chiral field is necessary to generate the
neutrino mass term. The singlet vg can satisfy the condition in Eq. (1.10]), which allows

us to write a mass term:

1
LY s D =Mrvgvg+h.c. (1.11)

mass 2



When we have these kinds of particles new processes could appear. One of the signals that
usually describe this new window is the lepton number symmetry violation (For example

in neutrinoless double beta decay AL = 2), in contrast with the Dirac case.
Considering the general case with Dirac and Majorana masses, we can extend the SM
Lagrangian as [1], [26], [27]:

o 1
;CV = Z.DRS&VRS — ((Yu)as La (b I/RS —l— §(MR)SS, DRS V%S/ + HC> (112)

where we have Yukawa couplings (Y,) and Majorana masses (Mpg) for the RH neutrinos.

After SSB, we can obtain the tree level neutrino mass matrix

0 M
Mo = ye (1.13)

M} Mg
In this case the Left-Left (LL) part of the neutrino mass matrix is zero [15]. In our

definition, the Dirac mass is written as follows:

Mp = My~ (1.14)

V2

The dimensions of the Mgz and Mp matrices depend on the number of RH neutrinos

that are added to the model. The matrix M is diagonalized by a unitary matrix U as:
UT MU = M, (1.15)

where M, is a diagonal matrix with the neutrino masses. In the case with three RH
neutrinos the eigenvalues are labeled as m,, (n =1,2,...,6) and the mass states like v;, N;
with ¢ = 1,2,3 and 7 = 4,5, 6 respectively. Focusing on the LL part of the neutrino mass
matrix, we obtain an important relation that will help us to simplify some calculations in

the next sections. We can rewrite Eq. 1) as Mree =U *M,U' to get:
S Uz (M), Uz, = 0. (1.16)

The indices a and o' represent the different active neutrinos flavors v., v, and v,. Here
we have that M and U matrices are 6 x 6. Therefore, the matrices U,; and Uy; that

compose U are 3 x 6. In addition, from the unitarity of the mixing matrix,

U'v=0U"=1, (1.17)



we have:

> UaiU; = baw S UGUS; = sy (1.18)

ZUMU* — ZU U, =

The indices s and s’ that have been shown in the previous equations indicate the sterile
neutrinos sp, s, and s3. If we rewrite Eq. (|1.15) with one mixing matrix multiplying the

diagonal matrix M, that equality leads us to finally obtain this expression:

ZU;n My = Z(MD)GS Usn' (119)

S

1.2 Seesaw Mechanism

In order to better understand this solution to the neutrino mass problem, we will take as
an example the analytical diagonalization of M in the 1 + 1 scenario, where we have

one active and a sterile state. These eigenvalues are:

1 —— s

If Mp << Mpg (very large masses for heavy neutrinos),
. = —w - mo :MR, (121)

where my is the same order and heavy as Mg, also v, is very light because it is suppressed by
Mp. This is the essence of the so-called Seesaw: one mass is suppressed because another is
too heavy (Fig/L.1)[21]. Here we have the typical seesaw that helps to explain the neutrino
mass problem. However it is difficult to prove because it implies very large masses for Mg

[1], [28], [29], even for Mp around the electroweak scale (Y, ~ 1).

In general for the Seesaw, one can obtain the light neutrino masses to an excellent

approximation by diagonalizing the matrix [15], [30]:

Myse = —MpMpg' MJ, . (1.22)



Figure 1.1: The small mass of the standard model neutrinos is due to that there are very

heavy states vg.

1.3 Casas-Ibarra parametrization

On the standard seesaw model, the heavy neutrinos couple to SM particles via the mixing
matrix U, which diagonalizes the full mass matrix shown in Eq. (1.13). When including

N = 3 sterile neutrinos, this matrix can be decomposed into four 3 x 3 blocks:

U Us
g R R (1.23)

Usf Ush
Here, ¢ = 1,2, 3 labels the three light (mostly active) neutrinos v,, with masses my, ms, ms,
while h = 4,5,6 labels the three heavier (mostly sterile) neutrinos N, with masses

My, M5, Mg. Assuming that the lepton mass matrix is diagonal at tree level, each block

can be parametrised in the following way [27], [31]:

Use = Upnins H | U = i Upning H iy *RINL M

Uy =i W HN, " Ri/? Ug=WH (1.24)

Here, 71, and M, are diagonal matrices containing the light and heavy neutrino masses,
respectively. Following [22], we assume that the measured masses and mixing of light
neutrinos do not change considerably by the running from the neutrino mass scale to the
seesaw scale. Upyns is a unitary matrix (See Eq. (1.4)), which would correspond to the

PMNS neutrino mixing matrix when H — I. The hermitian H and H matrices are defined



A~ —1/2
H = (1+m* RN Rinl/?) (1.25)
_ ~ ~ —1/2
H = (14352 Rin R AL, 2) 7 (1.26)

These can be understood as describing departures from unitarity in U, and Uy, respec-

tively. Finally, the complex orthogonal matrix R is parametrized as:

Ca5 S45 O Cag 0 —Sug 1 0 0
R=1| —5;5 &5 0 0 1 0 0 Cs6 Ss6 | - (1.27)
0 0 1 Sai6 0 Cag 0 —355¢ Csg

where §;; and ¢;; are the sines and cosines of a complex angle, p;; + ¢7y;;. From this

parametrization, one can rebuild the Dirac and Majorana masses appearing in Eq. (1.13):

Mp = —iUbys H'y'® (mRY + RTN,) N VPH (1.28)
~ —iUbyns H iy *RTNLPH (1.29)
Mp = H* (M, - M,"” R w; R'NGY?) H (1.30)

The unitary W matrix allows for redefinitions of the sterile basis, and in this work will be

set to W = I. For more details about the parameterization see the Appendix .



Chapter 2

ONE LOOP CORRECTIONS TO
NEUTRINO MASS IN THE vp
STANDARD MODEL EXTENSION

In the work we are considering three RH neutrinos, with light neutrinos getting masses
from the Seesaw mechanism. We will see that, loop corrections to masses can affect their
values significantly. What is of importance in this particular case is that non-zero elements
are produced in the LL sector of M which was previously prohibited by the Standard

Model. The loop-corrected neutrino mass matrix is MM = M + 51, where:

5M, 6Mp
SM, = (2.1)
SME Mg

The light neutrino masses including loop corrections can be obtained by:
My = Mpse + 6Mp — SMpMg' M}, — MpMg'd M}, + MpMg 'S MpMz' M} (2.2)

Although we have written 6 Mp, 0 Mg and 0 M}, on the “active-sterile" basis, in the following
these will be calculated on the neutrino mass basis. For this we need to the general

expression for Self-Energy [30], [32]:

X(p) = AL(p2)pPL + AR(pQ)pPR + Br(p*)Pr + Br(p®) Pr (2.3)

where p is the neutrino momentum. We will take p? to be negligible. The coefficients A, r

and By, g follow:

A, = Al Ap = Al Br = B} (2.4)



If the Majorana condition in Eq. (|1.10]) is considered [33], [34], we must require:
S(p) = C(Z(p)" C! (2.5)
where C' is the Charge Conjugation Operator. This implies:

Ap = A% By = Bf Br = Bj, (2.6)

In the calculation of the corrections, as seen in [30], [35], [36], we will only consider the
contributions to the term By. Given the conditions imposed in Eq. the contributions
to Bg lead to the same result. The terms By, g are related to contributions to mass [32],
[37] and therefore are the part that interests us. On the other hand, Ay g is related to
corrections to the kinetic terms [33], in other words, to wave-function renormalization.

These will be taken into account primarily when higher-order loops are included.

The one loop calculations in the active-sterile basis can be obtained from the following

expression|[38]:
oM, =U*B,U". (2.7)

Each part of the tree-level neutrino mass matrix receives some correction, so we can express

these as follows:

(6ML)aa’ —= ZU* BL (28>
(4.5)

(5MD)as = Z BL z] (29)
(4,9)

(6MR)sy = Y Uk (BL)yU (2.10)

(4,9)
Our objective in the next sections is calculate By. The contributions come mainly from
the neutral scalar (H), Z° and Goldstone bosons (G° G*). The diagrams with the W=
boson will not be taken into account because they only contribute to Az, or Ag [37]. In the

next sections we will describe the contributions to each part of the neutrino mass matrix.

2.1 7 Boson Contribution

We illustrate the interaction Lagrangian of the Z boson with the neutrinos on the mass

basis to derive the equations for a loop in this case. In addition, as a notation that will

9



Figure 2.1: One Loop Diagrams in the vzgSM. Top panel: contributions from the neutral

Higgs, Goldstone, and Z° boson. Lower panel: Contributions from charged Goldstone

boson (where ¢, is the charged lepton).

be used throughout the rest of the work, g, is the gauge coupling constant of the SU(2),

2

group, and cy as is the cosine of the Weinberg angle:
Tiy* | P UUej — PrUaiUz| N (2.11)

[P
_EY e
g QCw
In the upper right panel of Fig. , we find the diagram mediated by the Z° boson. In the
following, we will work on the Feynman gauge, £ = 1. The full self-energy can be written:

) 7#(PL U;-U(m — Pr UaiU;n)(SF)n

d%k 102
7 1 n%;/ (27T)d 2CW
ig2 > p .
X <2CVV> 4/l (PL Ua/nUa’j - PR Ua’nUa/j)SM (212)

where P, and Py are the chirality projectors and Sg, S, are the fermion and Z° boson
1

propagators respectively. !
To start, let us define the loop integral in d dimensions using the function I as follows:
(2.13)

) O
2m)4 (¢ — M? + ie)(k? — m? + ie)

[(M?,m?) = /(

We use d = 4 — ¢ in this scheme, where () is the renormalization scale and ¢ = p — k is the
1

momentum of the particles in the boson line.
If we substitute the expressions for the propagators, we can write the loop function

), where Mo and m,, are the boson Z° and neutrino mass respectively. The

2

I(M%}? my
10



self-energy that is proportional to p is not of our interest because it gives contributions to
the Ap g terms in Eq. (2.3). With that, we can write:

_iv® 5 z< > 5V (PLU;Uun = PrUnUz)m

naa

Xy (PL U Uy — PrUanUjr ) Gy I(MZ,,m?). (2.14)

This can be simplified applying v#7, = d, where d is the number of space-time dimensions.
As we mentioned before, to calculate ¥ we only need By, according to Eq. (2.3)), so:
(BZ");; = 292 S Uil myy dI(MZo,m2) U Uw | (2.15)
W n,a, a’
The solution of this integral I is evaluated by the dimensional regularization ( See Appendix
, leading to:
2 2 2

0 1 -
(BZ),, = Yo ( +1ng2+<m _1> 1n]%0)cnj (2.16)

1677 s &

where k& = % — Indm + vg. In order to simplify our expressions we define the mixings

product as C;; = >, UxU,; . We can calculate M}, using the Eq. (2.8))

(5MLZO)aa’ = ZU* BZO :’j (2'17)
1 m?2 m?2 - m?2
m, |k—=+1In—= —1 | U?
167r 2, zn: ( 1 500 (Mgo > nMgo) '
(2.18)

In Eq. (2.18), we cancel the divergence k and the factor —1 /2 using the properties of
the mixing matrices, see Eq. . We can simplify this expression even further by
eliminating the term In(m?2/Q?) through the addition/subtraction of In(m2/M2,). If we
do this, we can express Eq. as:

3 2 -1 2
70 m my .
(5ML )aa/ = 16W2C%V an M2 <M2 - 1) In M2 win s (2.19)

which can be written in terms of Y, using Eq. (1.19) with ¢, = g2/1/g5 + ¢? and My =

(vsm/2)1/93 + g1 -

2

m w2
5MZO aal  — as Usn n — — 1 In — (Y, a’s’Us’n 2.20
M Yo = g3 3 (V0 Vos U (2 1) 2 (V) (220

n,s,s’

11



We can see the suppression with two Yukawa couplings (Y;?), meaning this is comparable
tree

thht

As we have commented before, the neutrino mass matrix does not only receive correc-

tions to the LL sector. It is possible to also calculate the contributions to the Left-Right
and Right-Right part of M. For §Mp,

(OMB )as = ZU* (BE), U, (2.21)
= 26W Y UG, ma d I(ME,m2) Coi U (2.22)

TL,Z,]
=0 (2.23)

Finally, we complement these results with the expression for d M ]%O,

(6ME)ow = ZU* (BZ);U3, (2.24)
= 2cw Y UG ma d I(MBo,m2) CrsU3; (2.25)

TL,Z,.]
= I (2.26)

Happily we will not work too much because in both cases zero is obtained as a final result

due to the condition of the product of the mixing matrices U,; and Us; in Eq. (1.18) .

2.2 Neutral Scalar Contribution

The Z° propagator can be written in the Re gauge as seen in Eq. . If we choose
especially the Feynman gauge (¢ = 1) the propagator becomes very simple, however new
considerations must be taken into account. When Goldstone bosons emerge, despite being
unphysical states, as virtual particles they can interact like other particles. The new G°
implies new contributions to the processes at one loop and they will be present in our

calculations.

In the upper left panel of Fig. 2.1, we find the loop diagram with the neutral scalar
particles, Higgs (H) and Goldstone Boson (G?). Firstly we will calculate the contribution

from the Higgs Boson, in this context we present the interaction Lagrangian of the neutral

12



scalars in the following expression:
]-— * * * * *
_E?j ) §ViPR [Uai<YV>aSUsj + Usi(YV)aSUaj} Nj¢0
1
+§PiPL [USZ(Y )asUaJ + Uaz(Y )as 5]] N; ¢0 (227)

If we define A;; as:
Z Usz v asUa] + Uaz(Yy )asUsj ) (228)

with this we can write the self—energy as:

s =3 [ s () s () Aws (229)

where Sr and Sy are the Fermion and Higgs propagators respectively. Our objective is to

calculate the Higgs contribution to By, so we follow the same procedure that was done for

B%O:
7
Bf)ij =5 B ZAm My I(MIQJ, mi) Anja (2-30)

where My is the mass of SM Higgs Boson and I(M%,m?2) is defined in the Eq. (2.13).

Solving the loop integral gives:

Anj . (231)

1 2 m2 -1 g2

a = n
(BL)ij_327T2;Ainmn [k_1+ln622+< > lnMii,

For the Goldstone loop diagram the contribution is obtained using the interaction vertex

A;j — —iA;; in Eq. (2.29) and changing the propagator Sy to Sgo, this leads us to have :

(B = oY Form™a (M ) | (2.32)
ii = —a55 2 Ainmn [k—1+In—2 - n——-| Ay :
L9 3om2 4 Q2 \ M% Mz, |

The sum of the Higgs and Goldstone contributions algebraically cancels the divergence k.

Due to the type of gauge used, this instance is a coincidence. For example, as described in
[30], the Z boson, Goldstone, and scalar contributions are each gauge-dependent. In such
instances, the Z and Goldstone contributions combined cancel the divergence, preserving

the gauge invariance of d M7 7+G° The full neutral scalar contribution By is expressed as:

1 m2 ey m?2 o2
BI+E, = App i |2 = 1) In—2 — 1) W Znl A, (2.33
(B2 ™ )i 3972 ; m M2 I M M2, n M2, i ( )
with this last result, we can calculate 6 M}, from the Eq. (2.8)):
H+GO m; om?
oM " aa’ = 1n n |: R | 1 n
(oM7) 3271'2 an m (M,%, ) "z
m2 -1 2
— | In—2| A, U " 2.34
(M;o ) (234

13



Similar to Eq. (2.20]), we can express the last relation as a function the Yukawa couplings

where we again get a suppresion of O(Y}?).

r

1 m -1 m
H+GO . * n n
(5ML )(10/ - 3271'2 nzs:Sl(Yy )asUsn mp [(MI%I ].) In M%I
m? o2
— (=2 — 1) In—2] Upn(Y )
(Mgo ) Mgo} ()

(2.35)

. J

For § Mp, obtained from Eq. (2.9)), the corrections from Higgs and Goldstone bosons

are:

1 m? o2
((5MH+GO)a8 = UrAin mn[ (" — 1) In —2
b 3272 2 M} M2

n7l7j

2
n

m?2 1 om
& no_1 |
(Mgo ) " Mg,
1

m? o2
— (YV*>CLS’ s’nmn|: ( S 1) In —2
322 2 M% M%

n,a’,s’

AniUZ, (2.36)

2

m?2 ! om
(1)t U (V) s
(35 ~1) w0

(2.37)

For the Higgs and neutral Goldstone contribution we have again a Y;? factor and additional
U.n suppression. This indicates this term will be numerically smaller than the correspond-

ing correction to dMy,. Finally, for 0 Mg

1 m2 o2

5MH+GO ss! = *Am ”|: a1 In 75

(0Mp™) 3972 HZJ Usihintin| \ 372 "z
m; oom? \

1 m?2 o2
— (Yy*)aSUanmn{ < no_ 1) In —2%
3272 2 M? M3

n,a,a’

Here, the suppression is of order (Y, U,,)?, so this term is the smallest of them all.

14



2.3 Charged Scalar Contribution

With the Lagrangian for the charged part, we can write the appropriate vertices to con-

struct the X function.

_clzjl: D éa [PR<YV)QSU:1' - PL(Y;)aaUai] v; ¢_ _ﬁi [PLUSZ'(YV*)@S - PRU:Z'(Y*)aa] €a ¢+ (240)

e

The self-energy due to the charged Goldstone boson is given by:

— ddk . * * * . *
_ZZZ‘]‘ = /WZ [PLUsi(YV )as - PRUM‘(Y; )aa] (SF)a [/ [PR (Yl/)as’US/i - PL(}/;)aaUai] S—

(2.41)

where Sp and S_ are the fermion and charged scalar propagators. It is easy to get Bp,
(BZ)ij =—1 Z ma[(n)aaUai(Yy*)asUSj + Usi(Y;)aS(YE)aaUaj]HMi%Va mi) (2-42)

In the last expression, I(Mg,, m?) is the scalar loop function that has been defined in Eq.
(2.13)), where My, and m, = (vsn/V2)(Ye)ae are the W Boson and charged lepton masses
respectively. Furthermore, with Eq. (1.19) and replacing the expression for the Yukawa

coupling of the leptons we have the following:

2
(Br)iy = _Z<\/§MW> Y maUasUgsm; + UsUayms] I(Mg,, m?)
g2 ) N m2 m2 -2
= —-—— U,U'm; +UUzm;| | k—14+1n—= a 1 | a
32m2 M2, %:ma[ oy + Uil e (MVQV > e
(2.43)
For 6 My :
92 2
(5ML_)aa’ - _327T2M2 Z U(;kima” [Ua”iU://jmj + U;//an//jmi}
w a//7i7j
- m2, m2, omz
X (k:— 1+1In o + <M5V - 1) In Mgv) Up;  (2.44)
2 2 2 -1 2
g 2 * T T T ma’ ma’ ma’
327T2M3V%:{mm“ ¥ ( +HQ2+<MV2V ) nMgv)
2 2 -1 2
27 7% * 7 my, my, my,
2t (=14 m e _1) ]
+m;my, aj a]< +DQQ+<MV2V ) nMvzv)
(2.45)
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With this we get the structure >; Ufm;UZ, = 0, which leads us to have to (0M[ )se = 0.
Using Eq. (2.9) we get the contribution to d Mp

2
(OM35)as = I 3 U2 [UaiUgmy + UgUuyini]

32m2 M2,
- m2 m2 oom )
x(k—1+1nQ2+<MV2V—1> mM%v U,

2 2 2 -1 2
g « « ~ ma ma ma

= S U USmy (k=14 In e —1) 1
32m2 Mg, &= e SJmJ< T T (MV?V ) nMgv)

7
a7l7-]

Rewriting this last expression including Yukawa couplings,

OM7)gs = ———
(0M) 167 Q? M3, M3,

The charged Goldstone contribution is suppressed by (Y. Y,) factor, so in principle can be

1 A m?2 m? o2
5Ma(Ye)aa [ K —1+1In =2 + ( > — 1) In—3 ] (V) )as  (2.47)

numerically relevant, particularly for a = 7. Nevertheless it can be ignored, as it is always
included with an additional Y, (See Eq. [2.2).

We can calculate the § Mg expression

2

— g * 2 * *
(OMg)sy = eI > Uimy |Uaillzm; + UpiUdm]
a,t,]

™ (N
X(k_l+ln622+<M3V_1> lnMv2v> Ugj (2.48)
(0Mpg)ss = 0 (2.49)
Finally, we quantify the contribution from the charged Goldstone boson. Since this affects

Mp, it is necessary to specify how we renormalize the fields and couplings. If we denote

the diagonalized mass matrix at tree level by MJ#8 the renormalized self-energy 3 is:

5() = D)~ 50, + ) p P~ 5(6 + 60 p Pa
+ (om JM 6, 4 6T M) Pyt (om ot SM5, ;5ZM;“ag)* Pr
(2.50)
Here, 9, and dm are the field strength and mass counterterms:
Mg — ppdies 4 5m (2.51)
)= () (2.52)
Ny, . Ny, .

16



We follow the MS prescription, which effectively removes the k divergence in Eq. {D
Inspecting this equation, we find a correction to Mp that does not explicitly depend on
the heavy neutrino masses, but does depend on Y,,. Thus, if the latter are enhanced, these

contributions could be large, and would not be avoided by taking degenerate masses.

We will show that this is not the case. As reported earlier, we expect this correction to
affect light neutrino masses via the following term:
— (6Mp Mg! M + Mp Mg' sMp")

aa’

2 2 -1 2
g mg m m m

N — Y )ae — |In —> + = —1 In—-—1
1672y Mw[ Q? (MEV ) Mgy

(Uf;MNs g UI];MNS) +(a <> a')

aa’

(2.53)

where we have used Egs. and , with the approximation where H = H = I, and
neglected light neutrino masses in front of the heavy ones. Thus, we find that the charged
Goldstone contribution is proportional to light neutrino masses, and thus under control.
We have checked numerically that this is the case, by adding 0 M, to the full neutrino

mass matrix, and diagonalizing.

Each contribution has now been described analytically. Out of all of these, we are
primarily interested in M. With what we have found, in the following section we will

attempt to explain how these contributions affect the masses of light neutrinos.

2.4 Numerical Evaluation

Since in Eq. (2.2)) only terms up to O(Y;?) are included, the most important terms are:
M = My 4 (M + M) — (6Mp Mg' M}y + Mp Mg sMp") (2.54)

As we have seen, the M, term has an additional Y, suppression (See Eq. (2.47))), so it can
be neglected. The total contribution to the active-active region of the full neutrino mass

matrix is given by the sum of §MZ’ and §MP+C".

17
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Figure 2.2: Dependence of loop function, conveniently normalized, with respect to v3y;/M.

2 -1 2
SMZTHAG®) U n[ LT I ML
(OM; ) 327r2 nz T\ Yz

We define the loop function as:

my m?2 - om2 m?2 oom

ZO

The function f(M) normalized by the factor v3,;/M is dependent on the mass of the heavy
neutrino as we can see in Figure [2.2|[] . The behavior of this function is increasing with the
mass, around M ~ 100 GeV there is a change in the slope of the curve. The growth is
caused by logarithms in Eq. , and the factors that accompany these change the slope

of the curve.
The total contribution taking the heavy states can be written as :

(SMZ°HH+E) - Z )2 U f (mn) Ugn(Y,))Er o (2.57)

h s,s’
Let us now understand how the d M loop corrections affect light neutrino eigenvalues. We
shall take a specific choice of parameters for Eq. (1.27)), in the case of normal ordering of

light neutrino masses. By taking only psg, V56 different from zero, and ~s¢ relatively large,

!This normalization factor comes from a typical seesaw, so the comparison of this loop function would

apparently indicate the variation with respect to the tree-level light neutrino masses.

18



we can write the Uy, mixing as [26], [39]:

/m
Uss = i (Upnins)aty |~ (2.58)

256 La —coshy ¢! 256 P36 (2.59)

Uaﬁ = 1 Za ]T\Z cosh V56 61 #56 P56 (260)

Zo = (Upnins)as + 1 256 (Upnns a2 (2.61)

Here, 256 is the sign of 56, and we have approximated H = H = I. The Yukawa coupling
in this approximation takes the following expression Y, = U}, M}, /vsm. We see that both
U,s and U, can be enhanced [40[—[42], in this case by a factor cosh 756, while U,y remains
small. Thus, by taking a very large M, we can decouple this heavy neutrino, leaving us
with an effective 3 4+ 2 seesaw model. Note that this possibility of enhancing the active-
heavy mixing while keeping acceptable light neutrino masses can be attributed to a slightly

broken lepton number symmetry [43]-[45]. Combining Eqgs. (2.59) and (2.60) with Egs.

(1.28) and ({1.30)), the full neutrino mass matrix can be reconstructed at tree-level as [1]:

0 MD £
M,=|M) W Mg (2.62)
€T MR M

For the 3+2 model, one can look for certain configurations of the mass matrix in order to
be able to achieve some experimentally verifiable process. These configurations are usually
called textures and they depend on the Lepton Number Violation (LNV) parameters , p,
p and e. If p = p/ = 0, it leads to the familiar Linear Seesaw [46]. Setting ¢ = ¢/ = 0
yields the Inverse Seesaw [47], [48]. As seen in [1], the parameters p, ' contribute to the
splitting of heavy states.

Neglecting the contribution of Ny, we have:

UisUsis = 22~ Zu 23 cosh® ysg =2 756 P56 (2.63)
M;
UsUsg = —]TZZ Z: 7% cosh?® s e~ 21756 P56 (2.64)
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Figure 2.3: Flavour-independent behaviour of d M on Ms, fixing Mg for different values.

1 * * * *
((5MLZO+H+G0)aa, ~ - (Ua5f(m5)m§ 75 T Uss (mG)mgUalﬁ)
SM
o mg * r7% 2 —2i256p56
= % 7223 My F(M5) — Mo F(Me)] cosh? yige
SM

(2.65)

In Eq. (2.65)), the flavor structure is contained in the Z,Z, term, we also note that the
term in the square brackets is dependent on the mass of heavy neutrinos. The hyperbolic

cosine is a term that enhances the correction, leading to very large matrix elements.

We show in Fig. the full mass dependence of the loop correction, that is, the
term in square brackets of Eq. , normalized with respect to vy, We fix Mg =
{1072, 50, 200,500} GeV, and vary M;. For lower Ms, the contribution from Ng dominates,
and the curve is flat and negative. For larger masses, the contribution from Nj; is more
significant, leading to a change in sign. We find a well-known cancellation whenever M5 =
Mg. Thus, unless the masses are degenerate, the loop correction will be dominated by the

heaviest neutrino with couplings enhanced by ~sg.

In Fig. we show the matrix elements for vs¢ = 5, fixing Mg = {107,103} GeV.
In the upper panels, with small Mg, we find that the matrix elements exhibit values close
to zero for small values of M;. The slopes of each curve undergo a noticeable change
around Mg ~ 100 GeV, followed by a substantial increase. As evident in Eq. ,
in this scenario, the dominance of the term Mj f5; arises from the negligible value of M.
The corrections are somewhat larger for the p and 7 flavors, which are attributed to the

smaller Z,. In the lower panels, which take a larger value of Mg, each curve is initially
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Figure 2.4: Real (left) and imaginary (right) part of the matrix elements of 6 M, setting

Y56 = 5. The upper(lower) panels have Mg = 107!(10%) GeV.

flat but nonzero, and once again, the change in slope occurs around the same value as in
the upper panel. Moreover, there is a cancellation of the contribution that arises from the

term within the brackets in Eq. (2.65)).

Let us now add the loop correction to the neutrino mass matrix and find the eigenvalues

corresponding to the lightest neutrinos.

The eigenvalue dependence on 756 is shown in the Upper and Lower panels of Figure[2.5]
allowing only Mj; or Mg to be large, and fixing the other mass at 100 MeV. In both panels
we find that the two largest tree-level eigenvalues are affected by the loop corrections. For
large My (upper panels), we see that an increase in ys¢ generates a distancing between the
second and third mass eigenvalues. The second eigenvalue eventually becomes smaller than
the first one, switching places. The situation is similar for large Mg (lower panels). Here,
increasing vs¢ leads the second and third eigenvalues to initially decrease their splitting,

intersecting, and then spreading apart.

As can be observed, varying vs¢ beyond a certain threshold causes the eigenvalues for

the masses of light neutrinos (m;) to be excessively large in comparison to the value at
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Figure 2.5: The light mass behaviour respect to variation of 54, for fixed heavy masses. The
dashed gray horizontal lines denote the neutrino masses at tree level. Largest, intermediate

and smallest eigenvalues are shown in black, red and blue, respectively.

the tree-level. This is an undesireable situation, meaning that in order to reproduce the
observed neutrino masses, one would need to tune the three-level masses so that they cancel

part of the loop correction.

In Figure[2.6] the light neutrino masses are shown by varying Mj, fixing 756 to different
values, and Mg = {107',10%,10%} GeV. In the left column, we fix 756 = 2, in the small
mass range of Mj5, the corrections do not considerably affect the tree-level values, as seen
in the upper and middle panels for Mg = 107! and 10? GeV respectively. A small difference
is seen for Mg = 10° GeV, mainly in ms and ms. For large values of M; , it can be seen
that the behavior of the eigenvalues my and ms departs from the tree-level values and is
therefore slightly affected by the quantum corrections. In the right column, when 55 = 8,
the corrections affect the eigenvalues substantially, increasing and decreasing in some cases.

We can also see the evident cancellation for specific values of Mjg.

Given the large corrections in My, it is possible to put bounds on ~s¢. If this is

possible then we can extract limits on the mixings, in this case |U,;|? for a given mass of
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Figure 2.6: The blue, red and black lines represent the eigenvalues my, my and ms respec-
tively for v56 = 2 (Left column) and ~s6 = 8 (Right column). The dashed horizontal lines

represent the masses of light neutrinos at tree level.
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Mg (GeV) | Ms (GeV) | 756 |Ues|? |Upis2 |Uys|?
1 6.59 | 4.89x1077 | 3.99x107% | 3.31x10°¢
10 500 2.49 | 2.69%x1071% | 2.15x1012 | 1.79x 1012
10° 2.32 | 9.72x1071* | 7.74x10~13 | 6.45x10~13

1 2.94 | 3.30x1071° | 2.68x107 | 2.23x10~°
100 500 2.67 | 3.82x10713 | 3.08x107'2 | 2.57x 10712
10° 2.45 | 1.24x10713 | 9.93x10713 | 8.28x10713

Table 2.1: Maximum values of v55 and U,; allowed without exceeding corrections to the

neutrino masses by 50%.

heavy neutrinos Mj,. We will require that the corrections do not exceed 50% of the value
at tree-level. These limits for |U,s|*> are shown in the upper panels of Fig. , setting
Mg = {1071,100} GeV. Limits for specific values of M5, Mg are shown in Table .

Note that the apparent stronger bounds on |Ugs|? are really due to the correlations
existing between the mixings such that, given some value for |U,;|* or |U,,|?, the different
Z, terms make |U,|? smaller. From this result, it is clear that one heavy neutrino with mass
2 1 GeV cannot have its mixing enhanced by too much, so is unlikely to appear at collider
searches. We can see that these limits are relaxed considerably when the heavy neutrino
masses are degenerate. If M5 — Mg we have the cancellations between the contributions
of N5 and Ng. This can be seen in the upper right panel of Figure for My = Mg = 10?
GeV.

In the lower panel of the Figures , we show the values of 755 that maximize |U,s|*
when the mass of the heavy neutrino Mj5 is being varied. When the contribution is dom-
inated by a single neutrino (dotdashed line) it is possible to have large ~ys¢ for small Mj
and thus a large |Uys|?. For the other cases when Mg = {102, 10%} GeV , the limits in U,s

are much more stringent, but can be relaxed when masses are degenerate.

The cancellation between heavy neutrino contributions can again be attributed to the
slightly broken lepton number symmetry, which guarantees that loop corrections are kept
small [49], [50]. The maximum size of allowed non-degeneracy is critically dependent on

the value of |U,;|? and the average mass, as was shown in [1].

Even though our results have been presented for a specific scenario, given in Eqgs ([2.58])-
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Figure 2.7: Upper panel: Maximum value of |Ugl? as a function of Mj, for Mg =
{1071,10%} GeV. Lower panel: values of 7ss that maximize |U,s|®. Specific values for

My and Mjg are shown in Table .

(2.60), we expect them to hold qualitatively whenever one has enhanced mixing. As one
can see in the Appendix of [26], in most of such scenarios the structure of the Yukawas

and mixing matrices are similar, with two sets of mixings being larger than the third.
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Chapter

ONE LOOP CORRECTIONS IN
THE vpMSSM

Supersymmetry (SUSY) is a popular theoretical model that tries to solve some problems
in particle physics, such as the hierarchy problem, and also proposes a dark matter candi-
date. The theory associates the fermions and bosons of the Standard Model with particles
with different spin, in other words, it causes an increase in particle content. Despite the
promising implications, experimentally, no evidence for these new particles has yet been
found. In addition, the wide spectrum of new parameters complicates the situation when

performing numerical analyses.

The simplest SUSY extension of the standard seesaw model involves introducing 74
superfields to the Minimal Supersymmetric Standard Model (MSSM). This implies the
presence of new scalar partners, the R-sneutrinos 7%, in addition to the sterile neutrinos.
This model also includes the particle content shown in Table 3.1 and 3.2l In particular,

there are two Higgs doublets, H, and Hy, both of which acquire vev’s.

Apart from the R-sneutrinos, and the new Higgs doublet, we also have Binos, winos,
and Higgsinos—the states in the interaction base. The combination of these fields forms
the mass states known as neutralinos and charginos, which will be crucial in the next

sections.
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Chiral superfield | Notation | Spin 0 | Spin 1/2 | SU(3). x SU(2); x U(1)y

Q Q | (ur,dy) (3,2,1/6)
squarks, quarks % % u% (3,1,—-2/3)

ds, ds, ds, (3,1,1/3)

L L | (vper) (1,2,-1/2)
sleptons, leptons % €% ) (1,1,1)

pe, 7 Ve, (1,1,0)

H, H, H, (1,2,1/2)
higgs, higgsinos . -

Hy Hy Hy (1,2,-1/2)

Table 3.1: Fields and superpartners in the model. To clarify, 0%, appears only in the MSSM

extension, hence the name vxkMSSM .

Superfield Notation | Spin 1 | Spin 1/2 | SU(3). x SU(2), x U(1)y
gluinos, gluons J g g (8,1,0)
winos, W bosons 144 W WO | W Wwo (1,3,0)
binos, B bosons B B° B° (1,1,0)

Table 3.2: Gauge supermultiplets in the MSSM.

3.1 Lagrangian in the vpMSSM extension

The most general Lagrangian for chiral superfields ®; can be written as:

L= K(@,9) |p+( W(®) |r+hc)
—— ~——

Kéahler—potential

(3.1)

Superpotential

The sneutrino scalar potential is determined by F-terms from the Superpotential WW(®)

_owr
0Py

where the the scalar potencial is calculated as V& = Y, |F;|?. The D-terms from the Kéhler

F (3.2)

potential, give a further contribution to the scalar potential:

Da = Zgagb;k a¢i .

i

(3.3)

where T, are the generators of the gauge group G that make up the representation to
which the chiral superfields belong and g, is the associated coupling constant. The scalar

potential for the D-terms could be written as Vp = % Y>aDaDy.
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The superpotential is a mathematical tool that describes supersymmetric mass terms
and Yukawa interactions and is invariant under gauge symmetry transformations. W(®)
is a holomorphic function of ®, which we will write as:

* T 7 nc 1 ~C  AC
W = Wussm + (Y, )as La - Hy D, + §(MR)SS’ VRs VRs! (3.4)
where L, H and Uf, are the chiral superfiels. The MSSM superpotential is defined as:
Wussm = pHy Hy + 05Y,Q.H, — d3Y,Q.Hy — &Y. L. H, (3.5)
It is important to define A.B = A%,3B” where the a and 8 indices of SU(2);, are con-
tracted by the e term. Its representation is given by:
AN |
P = = —€4p (3.6)
-1 0

The relevant SUSY-Breaking terms that will be included to form the Lagrangian are:
1 3
Voort = VifgéM (m )85’522 Vpy T <2(BV)SS”716%3 Ve + (1 )as La - Hu U + H-C~> (3.7)

To explicitly break SUSY, introduce the soft-breaking terms described by the following
Lagrangian:
Lsorr = —;(Mggg + MWW + M,BB + h.c.) (3.8)
—Q; (M) Q5 — U (m3)sy iy — dii(m?3)yydi,
—L; (m})i; L; — &5, (m3)i;8%;
—m¥ Hi.H, —m% H}.Hy — (B,H,.Hy + h.c)
—Qi(Tw)i5;Hy — Qi(Ta)ssd5y; Hy — Li(T.)i;6%;Ha + h.c.
where My, M, and M; are the masses for the binos, winos and gluinos, respectively. It

is important to note that additional terms appear that contribute to the Higgs potential,

such as my; , m¥, and B,.

Neutral Higgs masses

Since there are two scalar doublets, H, and Hy, we may construct the Higgs scalar potential,
which only includes neutral fields [51], [52].
Vi, = (lul +miy )H, P + (|l +miy, )| H)* + (= BuH, Hy + h.c)

1
+3 (97 + o) (1L — [Hal*)” (3.9)
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where the gauge constant couplings of the symmetry groups SU(2);, and U(1)y are g, and
g1, respectively. The U(1)gy symmetry, which remains after the SSB, requires us to have

a vanishing VEV for a charged scalar. We have these for the neutral scalars as follows:

0 Vd
(H,) = , (Hy) = (3.10)
Uy 0
As can be observed, each doublet acquires a VEV that is related to a common parameter
in SUSY, tan 8 = v, /vy. Additionally, the standard model VEV is related to the two found
in the 2HDM, as given by vgy = 1/v2 + v3.

The minimization conditions are:

;}; = 2(|uf* + m%,g)vu — Bwg — M cos(28) v, =0 (3.11)
oV

— = 2(|ul|* + m¥po)vy — By + M2 cos(28) vy =0 (3.12)
8Hd d

The mass matrix for CP even higgs bosons is:

— B, tan 3 + M2 cos? B, — M2sin 3 cos
M= ° ST i (3.13)
B, M% sin 3 cos 3 —B,, cot f+ M%sin® 3
while in the case for CP-odd higgs:
—B,tan B,

B, —B,, cot

M2, = (3.14)

The eigenvalues derived from these matrices are displayed below. There are two states for
the CP-odd case: a Goldstone boson G° with zero mass and a different boson known as a

pseudoscalar A°.

2B,
1
sin 23 (3.15)

The eigenvalues obtained from the mass matrix for CP-even Higgs are:

Méo == 0, Mi -

1
My ng = 5 (M3 + M3 % (M3 + Mz)? — AMZM3 cos® 28)'/?) (3.16)
where Mo > Mpypo.
Charged Higgs

The scalar potential for the charged part can be written as [51], [52]:

Vi, = (mig, + ) HS T + (miy, + [ul) [ Hy |* + Bu(Hy Hy + h.c.) +

G+ 95, 00 02 12 T Ap— 0 77—+
1 ([H, " = [Hg|")(|Hy |* = [Hy | )+§|Hqu + H,H;™| (3.17)
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then we can write the mass matrix for the charged higgses as:

, (m7
Lys = — (Hj ch*) M2, (3.18)
H;
One of the eigenvalues obtained corresponds to the massless Goldstone bosons that are

"absorbed" by the massive W bosons. Two massive charged Higgs bosons H* are also

obtained.
2 2, 9ites 2 2y, 95,2 9
2 de + |/”L| + 4 (Ud Uu) + 2 Uy, BM + 2 Uy Ud
Migs = 93 2 2 9ite3 2 o2\ 95,2 3.19)
Bu + ?Qvuvd mHu + |:u| - %(Ud - Uu) + %Ud
The eigenvalues after diagonalization of this matrix can be written as:
MZ: =0 M. = M2 + M2, (3.20)

where M, and My, are the masses of the pseudoscalar A and W boson respectively.

Sneutrino mass

We know that the sneutrinos are scalars, and as for the Higgs boson, we can separate the
real and imaginary parts. In the MSSM, the scalar and pseudoscalar parts have the same
mass matrices. In the SUSY seesaw, the lepton number violation terms may contribute
differently to the mass matrices. We can write sneutrino mass matrix by separating the oy,

and 7% fields into their real and imaginary parts as follows:

~ I

vy = ;§(¢LS +i¢rp) VR = EWRS — i QRrp) (3.21)

where ¢rg p and ¢rs rp are the real and imaginary components for the fields of the L and

R sneutrinos respectively. The mass Lagrangian can be written as:
1 /. R M2 M2 7
Eﬁ = — <¢T ¢T) S5 SP (?S (3.22)

with the scalar and pseudoscalar vectors represented by:

¢s = (s, Ors)’, op = (prp, Prp)" (3.23)
We have four 2 x 2 blocks

Mg'S ’ M]%P ) MI%S ) ME‘P (324)
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where S.S, PP and SP describe the scalar, pseudoscalar and scalar-pseudoscalar mixture

respectively, which are defined as:

v2 * * * * )k

M2, Re m%%——“YYT%—lmQZCOSQB} %Q{I(T + Y My, chotﬁ}

Re [ (T + MEY; — w7 Y cot 8)| Re[mZ, + % VTV + MiMp + B,]
(3.25)

A2 Re |m? + 02V, Y[ + mZCOSZB] NRe [% (Tj—YV*MR 1 Y*cotﬁ }

PP =
Re |2 (T — MY} — @ Yfcot B)] Re |m2, + 302 VIV + MEMp —
26
~ * * T *

Az, — —Jm [mi + 302 Y,,YJ} Jm [\[ (T —Y ML —p*Y; cotﬁ

—om |2 (T + MpYS = Vicot 8)] Im [m2, + 302 VY, + MMy + B
7)
Mpg = (Mgp)" (3 28)

One can tell apart the LNV terms, as they carry opposite signs in Mgs and Mpp. In
[53]-[55] the mass matrix was simplified in order to avoid the splitting of 7, and 7§ into
&LS, p and éRS’ rp- This is possible by neglecting the B, and Y, M}, terms, which violate
lepton number and the conservation of CP was also assumed. However, in this work we

will not assume these terms can be neglected.

Neutralinos

As commented earlier, in supersymmetry theory, there are hypothetical fields called neutral
higgsinos (H,, and H,) and gauginos (B° and W°). The linear combination of these particles
forms four mass eigenstates known as neutralinos, XV (i = 1,2,3,4) [51]. The complete

neutralino mass matrix is described as follows:

M, 0 —£71Ud/\/§ 91%/\/§
0 M- v 2 —gov, /N2
My = 2 g2 d/\/_ g2 /\/_ (3.29)
—g104/V2  g2va/ V2 0 —p

glvu/\/i _QZUu/\/§ —u 0

The soft masses of the Bino (B°), Wino (W°) and Higgsino, denoted as M;, M, and
@ respectively, originate from the Lagrangian (L ). To obtain the real and positive

eigenvalues my,, the mass matrix is diagonalized by means of a unitary matrix O.
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(3.30)

Charginos

There are charged wino states W+ and W~ as well as charged Higgsinos ﬁ[j and H d
which are analogous to the previously described states in the preceding paragraph. These
combine to produce new states with charge +1 that are referred to as charginos. In the

interaction base = = (W*, H W~ H;), the chargino mass lagrangian is:

1
Ly = —i(wi)TMiiw + c.c (3.31)
where
0 XT
Mg+ = (3.32)
X 0
and
M- Uy
s el (3.33)
g2Vq W

The mass eigenstates described are related to gauge eigenstates via unitary matrices U

and V as [p1] :

~4 W+ ~— W_
S I R _yp (3.34)
X3 H, Xz Hy
The mass matrix can be diagonalized as
x1 O
uxv- = | (3.35)
0 Xo
with the real diagonal elements Y. It relatively easy get the eigenvalue because it is a

2 X 2 matrix.

2
Mgxe =

(1Mo 4 f? + 203, F (Ml + [l + 2M3)° — Aludy — M3, sin25/%)?]

DO | —

(3.36)
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We now know a little bit more about the model particle composition and interactions.
As a starting step, we will investigate the non-SUSY loop contributions, which are similar to
those of a two-Higgs doublet model (2HDM). We shall go through these terms in depth here.

Then we will observe what occurs with the contributions from supersymmetric particles.

3.2 One loop corrections to neutrinos mass of non-

SUSY contributions

The vgRMSSM adds two Higgs doublets, the non-SUSY phenomenology resembles that of
2HDM, although this is a simpler theory than the supersymmetric one. The relevant

Yukawa interactions are described by this Lagrangian:
~L 2D ~(Yo)aaLa-Hyer, + (Y))as La - Hyvg, +H.c. (3.37)

Each Higgs doublet is responsible for giving masses to the up and down type fermions, so,
as we will show later, the Dirac mass term must also be redefined. The two doublets in

this model can be parameterized as follows.

Hy Hg
H, = Hy= , (3.38)
H Hy

where the neutral components are defined as:

1 . 1 .
Hy = 7 (Vu + M + 1 w) Hy = 7 (va + na +iwq) (3.39)

In this model, the mass eigenstates can be described in terms of interaction eingenstates:

HY Co  —Sa u GY s —c Wy
N = ) |7 T (3.40)
HY Sq Cor N4 A° cp g Wy

It is possible to express the neutral component of the H, field as a function of the mass

eigenstates as:

1
HS = ﬁ (Uu+caH?+SaHg+i(SﬁGO+CﬁAO)) (3'41)

moreover, for the charged scalar states.

G~ _ S —Cg Hu_ (3 42)
H~ cg Sg Hd_
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Where s,, c,, sg and cg are the sines a cosines of the mixing angles o and 8 obtained by

diagonalizing Eqs. (3.13]), (3.14) and (3.19) . The angle « is fixed at tree level by tan
and M 4:

M3 + M

—= 4
M2 — M2 (3.43)

1
a=g arctan | (tan 203)

It is well known that at the tree level, the lightest Higgs mass cannot exceed ~ My,
which is in clear contradiction with experimental observations. However, this issue can
be addressed by considering quantum corrections to the Higgs scalar potential, which can
raise the mass of the lightest Higgs to the observable value. In our case, we will stick with
the value of the masses at tree-level. We see in [9] that the quartic coupling is modified
to increase the mass of the Higgs. However, there are cancellations at the tree level that
must be taken into account between the HY and A° contributions, which are lost if only
the masses of the scalars are modified. Therefore, the mass matrix of the pseudoscalars

would also have to be modified, but we do not do that in this work.

3.2.1 Neutral and charged scalar contributions

The Lagrangian that describes the interactions of the neutral fields in this model is:

i 1
_'CZRQHDM ) 5@' PRA;} N; HO + 5@ Pr, Aj; N; HO*

) Di(As;Pr<t Ay Po)N; HY + vi(Aj;Pr + AijPL)N; Hy

2\/_
18 & o
"‘#VZ(A AijPL)NjGO

2\/_

205 o

Nk Vi(A};Pr — Ay PL)N;A°

(3.44)

where A;; was defined in Eq. (2.28).

Firstly, we will illustrate the contributions made by the neutral scalar fields, which are

presented in Figure [3.1]

We can use the vertices presented in Eq. (3.44) of the Yukawa lagrangian to write the
self-energy of each diagram. The self-energy function for each diagram can be expressed

as follows:

N Ak i i
=i =2 [ el 5N (SIal J5Ani)S, (3.45)



H{)Q?GO?AO Hj: Gj:

Vi N, Vi Vi ly Vi

Figure 3.1: The one-loop contributions involving neutral (Left) and charged scalar (Right)

fields in the context of non-supersymmetric model.

where we defined p, = {cos® a, sin? o, —sin? 8, — cos? 8} for v = {HY, HY, G°, A’} respec-
tively. The additional terms the appear in Eq. (3.45) are the fermion (Sr) and scalar
boson (S,) propagator.

We may utilize the formulas from Appendix [B]to solve the integral. The same steps as

in Chapter [2| were used to obtain By:

- 1
(BL)ij = 5 Z prm mp IQ(Mx2a mi) Anj

2 2 - 2
— 255 A (k —1+1n g; + (TJ; = 1) In A”}’;) Anj (3.46)

where k was defined in the Z° one loop contribution to neutrino mass in Eq. (2.16). The
contribution to 0 M}, using Eq. ([2.8])

HY 5+Go+A° x (T T
(oM™= TS U (B,
aa T 7‘7.]
1 . L N .
= 327T2 Zx: Z/pI(YV>a5US’anL (MxQ — 1) ln Mg US’TL(YV)Q’S’

(3.47)

The structure obtained is very similar to the result of Eq. (2.35)), in addition, it also
reflects again the suppression by the Yukawas. Just as in Chapter [2| for the vgSM, each

part of the mass matrix receives corrections, so we will follow those same steps here. In

35



the case of Mp:

12 GO+ A0
(OMp2 T = ZZU

m2 B Tn2
- 327T2 ; Z p$ s'nMMn <w - 1) In @Ua/n(Yy)a/S
(3.48)
In the same way we do the calculation for § Mp:
HY ,+G+A°
(5MR172 )ss’ - ZZU (BL) JU
T i
my Comy .
- 3277'2 Z Z px anmn (W - 1) In WUa’n(Yu>a’5/
(3.49)

Both corrections have a similar structure to the expressions in Eqs. and - the
difference appears in the additional scalars in the 2HDM , i.e., the sum over x and the
factor p,. Similar to the Standard Seesaw, the divergence k is exactly canceled by the sum
of the neutral scalar, Goldstone, and pseudoscalar contributions .

In the sector of charged scalars, we calculate the contributions to By, as:

(BE), = me k:—1+1n——|— m2 -1 _lln U
N O\ Q? M?_
X [Usi(YV):s(}/;*)aaUaj + Uai(Ye*)aa(K/);sUSj] (3-50)
- sin 23 m? m?2 o2
(BS),; = — m2 —1+lna—|—< —1) In —*
by 3272 Z Q> M2,
X |UaimjUz; + UzimilUs| (3.51)

Using (|1.19) in Eq. (3.51)) and combining it with the charged Higgs, the divergence cancels,

similar to what happens with the neutral scalar contribution.

HetG- sin 213 m?2 o2 m?2 oom?
(B )ij = W;ma ((M?{_1> lnM?{—i_(ng_l) lnMI%V)
X [Uai(V) 30 (V. NaaUu + Uai (V7 Vaa (V23 Uss (3.52)
For oM,
(M) | = Z L(BEHET), Uz (3.53)
= o (3.54)
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This is because the structure provided in Eq. (3.52)) is cancelled by the properties of the
mixing matrices shown in Eq.(1.18]). According to Eq. (1.16)) for éMp,

(omf ¢y = ZU* (B +67), Uz (3.55)

as
(4,9)

sin 23 m?2 o2
= Yr aa Ma —1 1 3
Sgm2 (Ve Jaa T [<M2 ) S

m? -om2
— > —1 = 1(Y,): 3.56
(1 1) mo]oos @5

There is the suppression by the terms Y, and Y, as in Eq. (2.47), an additional difference

is the sin 2 term and the absence of the divergence. For d My,

(ME ) o= Z L (BE O, Uz, (3.57)

Ss

= o (3.58)

This situation is similar to § M} “*+G7 the result is due to the mixing matrices properties.
The procedure for calculating the contribution of the Z° boson is the same as in the vRSM
in Section , but we must also take into account the redefinition of the Dirac mass,

Mp = *34Y ] sin 3.

sin? 3

Z0 _
(5ML )aa’ - W

m2 o2
<mww4—gm“wmmg (359)
n%,:s/ MZ M%

The contribution §MZ *¢ depends on Y, and Y,, which can be neglected when inserted
into Eq. (2.2)). Therefore, like in the Standard Seesaw, only the d M correction needs to

be considered.

Finally, the complete neutral contribution can be expressed as follows:

HY ,+GO+A°

(6M)PPM = 50, +oMZ° (3.60)

3.3 One loop corrections to neutrino mass in SUSY

SUSY contributions to light neutrino masses lead to different types of loops, with the most
relevant particles inside these loops being sneutrinos and neutralinos. We will focus on the
g, sector, where terms involving lepton number violation (LNV) appear and modify each

component of the neutrino mass matrix.
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Figure 3.2: General one loop Feynman diagram including the mass insertions Ajy.

Before calculating loop diagrams, we need to define the mass insertion approximation
method. Our objective in this section is to take this approximation to calculate the general

expressions that we will use in the numerical analysis in the final chapter.

3.3.1 The Mass Insertion Approximation (MIA)

There are many parameters in SUSY, most of which are used to calculate physical quan-
tities through masses and mixing angles. The latter are obtained by diagonalizing the
corresponding mass matrices. However, the role of each parameter is not always clear in
the analysis. In order to fully understand the physics behind the model, it is helpful to
demonstrate the effect of each parameter. By doing so, the phenomenology of the model

becomes more interesting to study [56] [57].

In SUSY, the Mass Insertion technique is a powerful method that allows for the con-
sideration of off-diagonal elements in sfermion matrices as interactions that change the
particle type. With this approach, it is not necessary to have diagonal sfermion matrices,

making Mass Insertion a useful tool for SUSY research.

The mass insertion technique has many applications and variants, depending on where
the Mass insertions are located. In our particular case, they will only appear in the scalar
line. Let us examine loop diagrams involving neutralinos and sneutrinos. The scalar line
in these diagrams can contain N mass insertions, as illustrated in Figure [3.2] A general
expression for this diagram, including vertices and propagators of the particles involved,
is:

dk
(2m)

_iySUSY / (i V2)Sp(i V) S(i A1) Sa(i Ag).a(i Ax) s (3.61)
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mg, q

m, k

Figure 3.3: One loop diagram with two propagators that allows to form the Iy(m?, m?)

expression.

Here, Sp and S; are the propagators of the fermions and scalars respectively. We also
identify the vertices of the loop as V, and V, which we will specify later. Thus, the

expression for the correction to neutrino mass can be written :
ZSUSY D) V;C ‘/y mo (AlAg...AN)]N+2(m(2), m%, m%, . m?\,ﬂ) (362)

where the loop integral is expressed as follows:

d’k 1
ot i ) = | |
N+2(m0a my, My, amN—i-l) (27T)d (qg N m%)(kg W m%)(kg B m%)(kQ _ m?v+1) (3 63)

In this expression, ¢ and k are the momentum on the fermionic and scalar lines respectively.
We showed the general expressions in the MIA, so in principle it is difficult to know how
they work. In order to clarify it, consider the loop integral with two scalar propagators (see
Figure . The solution to this loop integral can be found in the literature (the complete
solution can be found in Appendix .

bimd,m?) = | dab : (3.64)
S ) @em)d (¢ — md) (K2 —m?) '
1 ~ m? m? o2
— R () .
1672 +n Q? + (m% ) > t mé (3.65)

In the loop integral, mq and m represent the masses of the particles inside the loop. As
we will see, the solution in Eq. (3.65) is important for generating a recurrence expression
for one-loop diagrams with more than two propagators. Notice, this result has been used

in the one-loop corrections in Chapter [2]

As first example, illustrated in Figure |3.4] we have the case where one line has one or
two mass insertions represented, by a black dot. In the left panel, the mass Insertion leads
to a loop integral with three propagators, which implies that three particles are involved

in the final solution.
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mo, q mo, q

mi ¢ ma mi ¢ mo ¢ m3

Figure 3.4: One loop diagram with one (Left) and two (Right) mass insertions.

I3(m3, m3, m3) —/ Ak !
” AT )= () (g = ) (R = w2 )
We get this expression when N =1 in Eq. (3.63). A simple procedure to evaluate I3 is to

(3.66)

use the partial fractions of the terms that have the same momentum.

B B 1 1 1 (3.67)
(B2 —md) (k2 —md) md—m3 \k2—m} k2 - m3 '
Then, plugging this into Eq. (3.66)) and separating the integrals, we have two functions

like Eq. (3.64).

Ls(m2,m?,m2) = 1 (/ d?k 1 _/ d?k 1 )
ST TRy g\ @m)d (@ —md) (k2 —m2) ) (2m) (2 — m2)(k2 — m3)

(3.68)
This allows us to write I3 as a function of I :
1
Iy(mg, m7, m3) = g [[2(7”377”%) = Iz(mgjmg)} (3.69)
From this, it is convenient to define a dimensionless function fs:
fa(mg, m3, m3) = img Is(mg, m3, m3) (3.70)

This function f3(mZ,m? m3) is symmetric under the exchange of m; and my, and will

appear in our calculation of loop correction [58]. In the right panel in Fig. , a similar

procedure can be followed for a diagram with two mass insertions (N = 2).
dk 1
(2m)? (¢* — m§)(k* — m?)(k* — m3)(k? — m3)

[4(m(2)7m%7m%7m2> :/
Using Eq. (3.67):

1 d’k 1
I, i, mid) = (/

mi —m3 \J (2m)? (¢* — m§)(k* — mi)(k* — m3)

(3.71)

dk 1
_/ (2m)e (q2 — m2) (k2 — m3) (k2 — m%)) (3.72)

= m [13(m(2)7m%’m§) - ]3(m37m3,m§)} (373)
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Notice that, in the same way as for f3, we can write f; as:

fa(m3, mi, m3,m3) = img Ly(mg, m3, m3, m3) (3.74)

We wrote the full loop integral in Eq. (3.63),and can express it in terms of the adimensional

function fy o as:

{
IN+2(mg7 m%? mg? ) m?\/+1> = _WfN+2(m(2)7 m%a m%v ) m?\”rl) (375>
0

where the function fy.o is defined as

fN+2<m37 m%? mgv S m?\/Jrl) = m |:fN+1(m(2)7 mi mgu ) m?VJrl) (376)
1 2

2 2 2 2
— g1 (mg, my, my, .., mN+1):|

In Fig. 3.5 the normalized loop functions f3 and f4 are shown. This way of presenting
this function is due to the fact that these will appear in the supersymmetric contributions.
In the upper left panel, the function is large for small values of my and m; when my = 10
(blue) and 600 (red) GeV. In the upper right panel, we can see the symmetry of f3 to the
exchange of m; <> my. In the lower left panel, the f; function is shown for fixed values
of my and ms. The contour for this function is large for small values of my and m; with
me = ms = 600 GeV, instead with 10 GeV (blue) the range for my and m; increases. In
the lower right panel, we can see the symmetry of f; to the exchange of m; <+ ms. These
symmetry conditions are important for the calculation of the contributions to a loop in the

MI.

3.3.2 Conventions for lepton number violation and conserving

mass insertions

The mass Lagrangian obtained from the F' and D terms can be classified into two categories:

those that preserve lepton number and those that violate it.
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Figure 3.5: Upper panel: (vgar/mo)fa(m3, m3,m3) is shown for fixed my = 10(600) GeV
in blue (red) lines (left). For my = 100 GeV, the symmetry of f3 with respect to m;
and my appears (right). Lower panel: we have (vi,,/m3)fi(md, m? m2 m3) for fixed
me = mz = 10(600) GeV in blue (red) lines (left). The symmetry of this function by

setting mg = my = 100 GeV is shown on the right

Elr;nass _ E,I;NC_FEZI;NV (377)

2
v 1
_Elg/NC = 7], <m2i + ?“Y,, Y,/T + §m2Z cos 23 ]13X3> ULy

m2
vr,
U2
+5, <m§T + ?“Yj Y, + Mg M;;) v
m2
R
~ Uy, Vg ~ ~ Uy, Vq ~
T Iy o S v wt | =T, — ==Y, ne (3.78
VRs (\/5 v 2:u V)saVL Via <\/§ \/EILL )asVRs ( )
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Figure 3.6: Lepton number convention for the scalar fields 7;, and 7§,

Uy

Vs + ULa ( \/éyy* M;‘;) Ve

~C 1 ~C ~ % Uy
—LNY = <2 BV)SS’ Dhe + 77, <\/§YV MR> B
(3.79)

as

2
L

For simplicity, it will be assumed that m? and m} will be diagonal. Then m? and mj_ can
be taken as diagonals in a reasonable approximation, given that we also have Y terms.
While the terms mentioned above will be part of the sneutrino propagators in the loops,
the terms that change ﬂav?r will be those described by the mass insertions. In addition,
we can also specify if they violate lepton number or not in the lagrangian. As we can see,
the terms shown in Eqgs. and will help us to define the interactions in the

diagrams involving loops.

Figure [3.6] shows the lines for scalar fields involved in this work. The arrow in the
dotted line indicates the lepton number flux, and the arrow in the solid line represents the

direction of momentum. In our convention, when both arrows are in the same direction,

we assign a Lepton Number of +1 (as seen in [3.6a and [3.6b|) flowing in the direction of

momentum. Conversely, when the arrows have opposite directions, we assign a Lepton
Number of —1 (as shown in and |3.6d)).

We have mass insertions with lepton number conservation and violation. The LNC

terms depend on the trilinear 7,,, Yukawa coupling and the parameters u, tan g and v,

(See Eq. (3.80) - (3.83)).

""" ol ALNC = ST, — ot B Y,);, (3.80)

X
S
<
w
5
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- ALNC = DU (T, — ot B Y, )us (381
R, VLa V2 (3:81)
----- it LNC _ Yu
ﬁ* ﬁc Asa - E(Tl/ - MCOtB Yy)as (382)
La Rs
----- oo @-moo oo LNC _ Yu *
ﬁc ~ % AoLs - E(TI/ - NCOtB YV)as (383)
Rs VILa

In the LNV mass insertions, we have two types of interactions. The first type depends

only on B, as seen in Equations (3.84) and ({3.85]).

______ ————ee Q-
ﬁc* ﬁC AE/{\JV = (BV):/S (384)
Rs Rs’
““:: ----- - 5 ’c-;““ AE}EV = (By)ss (3.85)
I/RS I/Ré/
and the second by the factor MRY, (See Egs. ([3.86)-(3.89))
------ Q- I LNV _ Yu * *
- ! 2 Agp ' = =Y )ae(Mp)es (386
Ula V%g \/i R ( )
------ el ittt it LNV _ Yu * *
1 ACLS - —F= Yy as’ M s’'s 387
o - \/5( Jas'(Mp) (3.87)
----- i sttt ittt LNV _ Yu
1 Asa - T = Yl/ as’ M s's 3.88
ﬁi(] D%?Zkg \/5( ) ( R) ( )
----- —~~———— [ —— Vu
e ALY = (Y, )ow (MR)ws (3.89)
Z/RS VEia \/§
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Figure 3.7: Three types of Feynman diagrams in which MI will be included, where O,; are

the neutralino mixing matrix elements.

3.3.3 Reducible and Irreducible contributions to one loop to the

neutrino masses in SUSY

In the loop diagrams, we have fermionic and scalar lines inside the loop. In the fermionic
line, we consider all states in the mass base, therefore it is necessary to include the mixing
matrices O, in each vertex for neutralinos, where r is the index of the mass eigenstates

for the neutralinos, and b indicates the type of gaugino involved.

In general, we have three different kinds of loop diagrams involving the SUSY particles:

the Mixed, pure Gaugino and Higgsino case that are shown in the left, medium and right
respectively in Fig. 3.7 | 1 1

We need to define the expressions for the vertices V, , that will appear in the diagrams
we will develop (See Eq. (3.61])). If the interaction involves a bino or wino eingenstate,
the vertex will be determined by the neutralino matrix elements O,;, where g, is the gauge

constant coupling and b =1, 2.

Calf

= Oy
b \/igb b

=

(3.90)

However, if higgsino-like neutralinos (b = 4) are involved, the matrix element will change,

and the Yukawa coupling will also come into play:

Vasr = (Yu)asO7"4- (391)

So, in some cases, Yukawa couplings may appear in the vertices along with some addi-

tional ones due to mass insertions.

In the scalar line we will include the mass insertions taking LNV and LNC terms, in

this case we will look for diagrams where the LNV mass insertions are relevant.
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From Eq. (3.62), the expression for the correction to the neutrino mass can be written

as follows:

irr,re 1
5ML red = WVqu (AlA?AN) fN+2<m(2)7 mim%a ">m?\7+1) (392)
0
where mg is the neutralino mass and JMI and §M? refer to the reducible (red) and
irreducible (irr) contributions in SUSY. We will recognize reducible and irreducible contri-
butions among those where the term B, appears. Therefore, when B, = 0 the contributions
that remain will be called irreducible, otherwise reducible. Additionally, the loop function

for N mass insertions is described in Eq.(3.76)). The total contribution to § My, in SUSY is
defined as:

(OML) V%Y = (GME)* + (SMET)*" + (OM)™ + (OM=)™" + (M) (3.93)

where (M99 (§MITN)9" and (§M1e4)" are the Gaugino-Gaugino, Gaugino-Higgsino

and Higgsino-Higgsino contributions respectively.

One of the main restrictions on the number of diagrams is determined by the order
of the Yukawa couplings in each correction of a loop. In Equation (3.92)), M can be
proportional up to O(Y;?), beyond which the contributions become negligible. In the next

sections, we will explicitly show each contribution.

3.3.4 Irreducible contributions

We have a set of diagrams that arise from the considerations in the previous section.
The special case in this context is when B, = 0, the non-zero contributions that remain
are referred to as irreducible. Before starting with the calculation of these contributions,
we need to keep in mind the Yukawa suppression up to O(Y;?). This statement is very
important because it puts limits on the number of loop diagrams in this work. We showed
previously the kinds of mass insertions with LNV and LNC terms that will contribute
to the development of contributions. In pure-Higgsino diagrams, there are already two
Yukawas at each vertex, and LNV insertions like Y, Mr produce further suppression. For
this diagram, if we only include LR insertions, more Yukawas will appear and suppression

will increase, so this type of contribution here is insignificant.

46



Figure 3.8: Pure gaugino one loop diagrams.In all diagrams the shaded(black) blobs indi-
cate LNV(LNC) insertions.

Pure gaugino case

There is no Y, suppression in the vertices in the pure Gaugino case, allowing us to have
more than one MI, which can be LNV or LNC-like. In order to obtain a suitable diagram,
LR transitions are required. We have SM neutrinos as external particles with left chirality;

in this case, one MI is not possible, therefore an additional insertion is required.

In this case (See Fig. |3.8a), all of the diagrams will come from the two mass insertions
(N = 2), more than this would lead to negligible contributions. Based on what was found

in Eq. (3.92), we can write the expression for the correction to the mass as:

(SME, = 30— VAV ABYALNCfy (2, mid, i, ) (3.94)

r,s X2

We have the gauge vertices V5 and V¢, with r = {1,2,3,4} denote the neutralino mass

eingenstate and b,0 = {1,2} for the type of gaugino under consideration. The expression

in Eq. (3.94) is for the diagram in Fig. (3.8al). A similar procedure is done for the other
diagram in the right panel Fig. (3.8b))).

(ML) = Z

TS )29,

VAV ACALRY fa(m? mZ m2 ) (3.95)

VL’ VRs’ ' Via!

In these contributions, we have one LNV term like Y, My and one with LNC insertion.
The total contribution for both diagrams can be written as:

2
: v ’ N N N
(BMP% = (-1 15 6,0 Z Z 0,300 [(YV M) as(T), — pcot BY,)5,
r=1s,s'= 1
+(Tu — pcot 3 YV)ZS(YV*ME)a/s)]fz;(mig, ma, ,mi,my )

VLa’ VRs’ Vra!

(3.96)
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Figure 3.9: Mixed diagrams with one LNV mass insertion.

where m7 and m?_ were defined in Eq. (3.78).

Gaugino-Higgsino case

We will have gaugino/higgsino-type neutralinos participating in loop diagrams, as shown
in Fig. The vertices for gauginos are represented by V,; and for higgsinos by V.. As
we can see, there is a Yukawa coupling (Y,) in one of the vertices. In order to not exceed
the number of Y, only one mass insertion is allowed. In the Eq. when N =1 the
one loop correction expression is:

M = X v

a’sr
7,8 X9

ALY fy(m2g,mp.  m2, ) (3.97)

VLa

The full expression found for this case is:

(OM)oh, = )9

rbom[ Vs (Vi M) as fa(m3e, m3, m2 )

rlsl

+ (V)a oV Mp)ars fa(mdo, m2, om2, )] (3.98)

VRs’

3.3.5 Reducible contributions

When B, # 0, there are additional contributions with more mass insertions in the scalar
line for both the pure-gaugino and mixed cases. This B, term is important because the
suppression is not as strong as the one from Y, allowing diagrams with a larger num-
ber of insertions. In the next section, we will provide the analytic expressions for each

contribution.
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Figure 3.10: Pure-higgsino diagram with one LNV mass insertion.

Pure Higgsino case

We start with the pure Higgsino case in Fig. . Previously, for the irreducible part,
this was negligible. In this scenario, there is already a Y, suppression in each vertex.
Therefore, we need to identify mass insertions that do not depend on this term. By using
the B, term, we can obtain a non-suppressed contribution, which implies that N = 1 in

Eq. (3.92)). This leads to the following expression:

(6Mred) / Z/ 0 asrvahs r ALNVf3( m%Rsl> (399>

As we can see, unlike the other cases, this expression is not dependent on the masses

of the L sneutrinos.

4 3
(5M£ed)ga’ = Z:l Z;l

This entire expression has suppression up to order O(Y;?) and varies linearly with B,. The

O ( )as(Y )a s ( )ss f3( I/R 7m2Rs/) (3100)

.t
behavior of the loop function is shown in Fig. [3.5]

Pure gaugino case

As it was seen in the irreducible part, there is no suppression by the Yukawas in the
vertices. This allowed for two insertions, avoiding a negligible contribution. We have two
LR transitions; now, in order to avoid another type of suppression, we can incorporate
insertions with the new term B,. The diagrams that exhibit these characteristics are

displayed in Figure|3.11, When N = 3 in Eq. (3.92), we obtain the subsequent expression:

1
(GM)99, = 57— VIV9, ALNVAINVALNY (2 my. . my ,m5 ) (3.101)

aa’ I/L ) URs? '"URg!’ U
,..0 .
r,s,8" UXE
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Figure 3.11: One loop diagrams with three mass insertion. a) Three LNV insertions. b)

Two LNC and one LNV insertion.

and for the second diagram (Fig. [3.11h))

— Vs, ALICATY AP f5(m3 m2 omZ mZ ) (3.102)

VL 17 VRs' VR’ VLia

(Mg = 3

r,8,8" )ZQ

The sum of both contributions can be expressed as:

2
u

(Y / * N [k * N
(5Mred)gil — g b+b b/ Z Z rbOTb’ |:(Yl/ MR)as(Bl/)SS’ (YV MR)U«/S/
r=1s,s'= 1M X2
+(Tu — p cot B YI/)as(Bl/)ss/(TI/ — p cot Yl/) )} f5( VL ) ngs’ m’%Rs’ ’ m’%La’)

(3.103)

where we define the function f5 as:

2
m,

f5(mg’m%’mgvm§>m421) . % f4(mg’m%7m§7m421) - f4(m(2)>m§’m§’mi) (3.104)
m p—

1— M3

Gaugino-Higgsino case

In this case, there is already a Y, on a vertex, which limits the number of additional

insertions. One of these is the LR transition, which is LNC, and the other, which includes
1 1

the RR insertion, B,. By considering the appropriate mass insertions, we are led to consider

N =2 in Eq. (3.92). With this, the following expression is obtained:

1 NV

h LNC AL 2 2 2 2

(SM™)9 = E 3 VIVANA f4(m>~<9,mDLa,mDRs,mf,Rs/) (3.105)
r,s,8" T UxX9
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Figure 3.12: Mixed one loop diagram with two mass insertion. Shaded(black) blobs indicate
LNV(LNC) insertions

The total contribution from the diagrams in Fig. can be written as:

» 1038 1
(5M£ed)gZ’ ~ Z(_l)bgbz Z m730r60r4

r=ls,s'=1 "%

X [(Y;/)Z’s’ (TV — j cot 5 YV)Zs(BV)SS’f4(m?<Qa mz%/Laa mz%Rsa m; )

VR

+(YV)ZSBSS/ (Tu L~ ,U/COJC B Yl/):/sf4(m§9 m2 m2 m2 )} (3106)

) DRy VDt VYD o

The sum of the reducible and irreducible contributions computed with the mass inser-

tion contributes to (§Mp)SYSY.
My = (0M)?PMP 4 (6M)SUSY (3.107)

It is important for the following sections to consider the total contribution, which will be

the sum of the supersymmetric and non-supersymmetric contributions.
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Chapter 4

SEARCHING FOR
CANCELLATIONS

Before starting the numerical analysis, it is important to remind the reader that our ob-
jective is to keep the one loop corrections to neutrino masses under control, avoiding
fine-tuning in the neutrino sector, while allowing large contributions from the LNV terms.
Furthermore, as seen in Chapter 2] the quantum corrections in the vgpSM are very large,
and, since we know that the non-supersymmetric contributions are similar to these, there-
fore, we hope to find a region in vFkMSSM parameter space where cancellations between
SUSY and non-SUSY contributions can exist. In this section of the work, we will show

this with the equations presented in Chapter [3]

As described in Chapter [3] we have the complete contributions for (6M;)3USY and

(0Mp)*MPM " Nevertheless, using these full expressions makes the analysis not very trans-

parent for our purposes. The parametrization used in Eqs. (1.28), (1.30), (2.59) and

(2.60|) is thus helpful to demonstrate the role of each term in the contributions found in

the Eq. (3.60) for non-SUSY and Egs. (3.96), (3.98), (3.100]), (3.103)) and (3.106| for

irreducible and reducible SUSY contributions, respectively. In what follows, we will use

this to elucidate the relevance of each expression in the loop-corrected masses.
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4.1 Non-SUSY contributions in benchmark scenario

We show the full non-SUSY contribution in Eq. (3.60). Expressing it in terms of our

effective 342 seesaw, we simplify and get:

1
(6M)2HPM - = 5 > (Y)isUsh (Yo)ery Ugn g(My, My, tan 3) (4.1)
h,s,s’
= Kuw [M5g(Ms, Ma, tan ) — Mg g(Mg, Ma, tan )] (4.2)
GoupM

In the limit when M5 — Mg, degenerate heavy neutrinos, this contribution vanishes. The

flavour factor K, is defined as:

ms 2 * 7% —2iz
Koy = UTCOSh ey LW e (4.3)
u

This will be a common factor that can also be factored out of the supersymmetric con-

tributions. The constant Z, was defined in Eq. (2.61]). Also, the loop function is defined

as:

M M? Vo M? M?

M, My, t = SERngepE—.\\l || | 2 —1] 1
g(M, My, tan j3) 62 |5 B(M% ) nM%+cos a(leo ) nM?{?

—1

M? M? M? UL

91 aé ol ] In — cos? — -1 In —

(Mfzg ) M ’ (fo ) M3

(4.4)

In the decoupling limit, when M4 is very large, the mass of the states HﬂZ, H* are also
large. Then the tree-level prediction for the lighter neutral scalar is m} = M2 cos*23 |
also the angle a approaches the value  — 7/2 [51], [62]. Thus, in this case the expression
for the loop function can be written as g(M, M4 — oo, tan 3) ~ sin? 3 f(M), where f(M)
was defined in Eq. , which serves as a consistency check.

The g function is compared with the one found in Chapter [2| for the Seesaw, in Fig.
[1.1] We find the function g(M, My, tan 3) does not depend strongly on M4 and tan 3, in
fact, it reflects numerically similar values with f(M). We can see that for the masses of

the heavy neutrinos M} = 40 and 200 GeV, a reduction of less than 80% is not observed.

23



357—@"":092 | | ] 357—gf:089
300 0 : 300 T
250 glf=0.8 i 250 gf=0.8
2 20/ 2 20/
© ©
S 150 S 15
10! f 10!
T T f 5[
500 1000 1500 2000 500 1000 1500 2000
M, (GeV) M, (GeV)

Figure 4.1: Ratio between loop functions, g(My, M4, tan3)/f(My). Gray (dark green)
region is excluded by H/A — 77~ [59] (H* — tb [60]) searches. The region to the left of
the purple curve is excluded, as here the light Higgs boson couplings do not match with

measurements [61]. We show results for M, = 40(200) GeV on the left (right).

4.2 Irreducible SUSY contributions in benchmark sce-

nario

By using the expressions of Y, and Mg in the Casas-Ibarra parameterization, Eqs. (2.58))-
(2.60), we can obtain simplified and suitable expressions for better analysis. In these

calculations, to simplify, we use usual definitions in the literature for 7, and B,,.

= I, (4.5)

B, = b, Mg (4.6)
where a, and b, are real numbers.

Our work will focus on analyzing the interference between SUSY and non-SUSY con-
tributions. It is important to understand the new LNV terms that have been included in
the loop diagrams in order to get a greater contribution from them. Moreover, at the same
time, it is necessary to check that the full loop corrections are kept under control, avoiding

the need for fine-tuning in the neutrino sector.

We want to quantify this interference in order to understand the impact of supersym-

metric contributions on light neutrino masses. We introduce R%" as the variable that
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represents the ratio between SUSY and Non-SUSY:

(5M£SHSY ) SUSY
(5ML ) 2HDM

where cgysy = irT,Ted, irr + red represent the irreducible, reducible and irreducible + re-

ducible contributions. The flavor structure, Eq. (4.3)), for (6Mp)5USY and (6 Mp)?HPM ig

R =1 4 (4.7)

cancelled, therefore R%' is a real value with no indices. What remains after factoring
the flavour structure are the functions GSVSY and Gappw, which, through R will show
us the amount of cancellation that can be obtained. In Eq. (4.2) we defined Gagpw, for

GSYSY we will have the following expression.

(SUSY _ Glrod + G (4.8)
— —~

Reducible contributions  Irreducible contributions

We will also assume in the rest of the work that the L sneutrinos will always be degen-
erate, allowing these functions without the flavor indices. According to the expression in
Eq. , if R%wv > 1, this suggests that the supersymmetric and non-supersymmetric
contributions have the same sign, whereas 0 < R®v < 1 implies that the contributions
have opposite signs and lead to destructive interference. If R%'» < 0, the supersymmetric

contributions are greater than the non-susy, and these have opposite signs.
a) Pure gaugino
According to the definitions found above, Eq. can be written like this:
(6MIMY9, = K0 G (4.9)

where the function G7 is defined as:

3 Orb Orb’

Xr

4
G = (=102 gy gy(a, — pcot )Y
r=1

[M2f4( o,m3, ,mg. mp ) — Mg fi(m3 m2 m; ., ms, )} (4.10)

UL URs’ vy’ VR6’

We have a linear dependence with respect to a,. The mass insertion also has a linear

dependence on p cot 3, these parameters also enter the neutralino masses and mixing.

Observing the last expression, we can identify different scenarios that depend on
the supersymmetric particle masses in the loop functions. If in Eq. (4.10), mg,, =

Mips = My, (degenerate R sneutrinos), we can write the next expression:
G = (= 1)b+b,U 9 o (@, — prcot 3) AMse(Ms + Me)

X Z Orb O,«b/f4( mVL,m m ) (411)

VR
X
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where AMszq = M5 — Mg represents the splitting of heavy neutrino masses. This

indicates that in the limit of degenerate masses, G?J tends to zero.

b) Gaugino-Higgsino

In this case, we follow a similar procedure as with pure gaugino. We simplify the

expression in Eq. (3.98):

(MY — K0 GO (4.12)
where:
h b ! 1 2 2 2 2 2 2 2 2
Glr =21 vugs 3 - Ons O (M2 fa(mie,m, ,m2, ) — Mg fs(m2e,m2, m2)|
r= Xr

(4.13)

We have the dependence on the heavy neutrino masses and the loop function f;,
which depend on the masses of the supersymmetric particles. There is implicitly a

dependency on p, tan 8 through mixtures and supersymmetric masses.

When we have degenerate R sneutrinos, the contribution is simplified considerably.

4
1
Gﬁ.}; e 2(-1)b1}u Jb AM56 (M5 + Mﬁ) Z

r=1 pe

Orb Or4 f3 (m?(?q, m% mgL) (414)

VR

Once again, the dependence on the splitting of the heavy neutrino masses appears.

The behavior of f3 has already been analyzed in Fig. [3.5]

In the development of the numerical analysis of the irreducible part, as shown in this Sec-
tion, the contributions are considerably simplified, showing an appropriate and transparent

situation to work with.

In order to understand how these corrections affect the neutrino masses, we will first
assume the degenerate states for the R sneutrinos. If neutrinos and sneutrinos are inde-
pendently degenerate, we find that the corrections disappear. This is because there is a
cancellation of the LNV terms in the neutrino sector (Sec. and , on the other side,
in the unbroken SUSY limit, degenerate masses for neutrinos also imply degenerate masses

for sneutrinos.

When AM;sg # 0, we have large contributions for the SUSY and non-SUSY parts. In

the SUSY-conserving limit where Msysy, ¢ — 0 and tan § — 1 (this is a special limit and
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M5>M6 M6>M5 M5>M6 M6>M5
a, =0 a, # 0
p<0|pu>0|pu<0|p>0 p<0|pu>0|pu<0|p>0
Gt | — | o+ | o+ |+ e - | x|+ |
G2apM + + — — Gonpm + + — -

Table 4.1: The signs for SUSY and Non-SUSY contributions when a, = 0 and a, # 0.

it is not stable), it is observed that there is a cancellation between (§Mp)*"PM and §MiT
(this confirms the result in [9]). Furthermore, we find that the pure gaugino (§MIT)99
contribution is negligible, and the one that really achieves the cancellation is the gaugino-

Higgsino (§MEr)9h,

Nevertheless, SUSY is broken, so this cancellation can not be achieved, it is of interest,
though, to search for other regions of the parameter space where cancellations can happen.
We will begin by examining the irreducible contributions as defined previously for pure
gaugino and mixed cases. In these cases, degenerate and non-degenerate R sneutrinos will

be considered.

4.2.1 Degenerate R sneutrino exploration

For this analysis, the supersymmetric parameters will be taken as random variables. For
each choice of parameters, we can find the sign that the function Gj, will have and thus
determine under what conditions interference is possible. We take tan 8 = [5,35], a, =
[100, 5000] GeV, M4, My, My, M; = [300,5000] GeV and m; = [10~!,5000]. For the heavy
neutrino masses, we are considering the decoupling of neutrino Ny, and for N5 g = [1,10?]

GeV.

The irreducible contributions are described by Gj,, and involve the diagrams of pure-
gaugino (gg) and gaugino-Higgsino (gh), as we have previously examined. We show these
results in Table , we have taken 10° different parameter combinations. Here are displayed
the cases where a,, = 0 and a,, # 0, with different scenarios depending on the signs of AMsg
and p. For example, if we take the case M5 > Mg and pu < 0 for Gy, the sign (-) indicates
that all the values for that function are negative, otherwise, for this same case but with
p > 0, where sign (£) indicates that there are events with both positive and negative

values.
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Figure 4.2: The left panel corresponds to the case where My = 40 GeV, while the right
panel represents the scenario with M; = 200 GeV. In both panels with p < 0, we have
fixed values for tan 8 = 8, 756 = 8, and M4 = 1100 GeV.

We can observe that destructive interference is always achieved when p < 0, since
G999 and Gonpw have opposite signs. This holds true for both cases where AMsg > 0

or AMs¢ < 0. However, the interference is not as clear when p > 0, As can be seen in the

g9+gh

Table, there are cases where the Gy

function is positive or negative, which does not
allow us to have a clear idea when some type of interference occurs. In this scenario, we will
need to examine the spectrum of parameters to determine if, and under what conditions,

destructive interference can be achieved.

As mentioned before, R denotes the ratio of supersymmetric and non-supersymmetric
contributions. We shall refer to this parameter as R™, and it will represent the ratio with
only the irreducible contribution. In the left(right) panel of Fig. 4.2 the values derived
from R™ are displayed as a function of |u| for M; = 40(200) GeV, assuming that the

variables —u, My, mj, and m; vary randomly.

In Fig. , the gaugino-gaugino (G¥9), gaugino-higgsino (G¢") and total (G99
contributions are shown with orange, blue and red dots respectively. For small pu, it can
be seen that G is the most relevant contribution for the destructive interference. For

orr

G?9 the probability of getting cancellations increases as p grows. When analyzing the total
gh

1rr

contribution, we find that the region dominated by the G7.; leads to a stronger cancellation.
What we see is that larger M} masses lead to stronger cancellations, but that is because
the 2HDM part is smaller. It can be seen that this reduction of R for Ms = 40 and
200 GeV is less than 1% and 6% respectively. It is evident that these results are not the

best in order to achieve what is wanted (R = 0%), but this allowed us to know how the
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Figure 4.3: We show the scatter plot with the same parameters as in Fig. but with
w> 0.

parameters are working.

In Figure [4.3] we show the scatterplot for the scenario where pu > 0, a, = 0 with
Ms = 40(200) GeV in the left panel (right panel), following a similar approach as in the
case where < 0. The orange dots describe pure-gaugino contributions that result in
values with Rigr; > 1, this indicates that GYY and Gaoppy have the same sign. When we
have the gaugino-Higgsino contribution, we can see cancellations for small p, but they are
not significant. As for the pu < 0 case, in the right panel, the aforementioned behavior is
similar, but with larger R'™ values. The total irreducible contribution (red dots) generally
leads to some cancellation (although not very significant) when p is small, i.e. the region
dominated by the gaugino-Higgsino part. In contrast, large values of y usually lead to

irr

9a+hg > 1, which is a region dominated by the pure gaugino contribution.

In this analysis, with g > 0, we find cases where R'™ > 1 for all values of p. These
are attributed to substantial irreducible contributions with the same sign as the 2HDM
part. An extension of this analysis is then important to understand a little more about the
behavior of each contribution. For this, we divide the spectrum of M o, u, mj into different

hierarchies (see Table [4.2). This could allow us to identify how to avoid constructive

interference.

In Fig. 7 we show the behavior of G#™9" with respect to my, for the different

1rr
hierarchies described in Table . Since Gaogpy is negative cancellations are achieved
when Gf’frgh is positive. This ocurrs in the top panels of the Figure, where the sleptons

are either the heaviest or second heaviest SUSY particles, since there is no change of sign

in the irreducible contribution. This corresponds to the hierarchies a and b of the table. In
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a

b

Cc

d

< M <My <mj

<M <mp < M,

u<m£<M1<M2

mZ<M<M1<M2

< My < My <mj

< My <mjp < M

M<mL<M2<M1

mz<,LL<M2<M1

M, <p < My <mj

M1<,u<mZ<M2

M, <mjp < p < M,

mi < My < p < Mo

M2<M<M1<77LL

M2<,U<TTLZ<M1

M2<m]3<u<M1

mi < My < pp < M,

M1<M2</L<mf1

M1<M2<mi<,u

M1<mi<M2<,u

m£<M1<M2<,u

M2<M1<u<m,3

M2<M1<mi<,u

My <mp <M <p

mi < My < My < p

Table 4.2: Hierarchies for p, My, My and mj; which will be used to describe and identify
the degree of interference with the irreducible and reducible contributions.

irr

the lower panels, the function changes sign, causing R’

5 > 1, which makes it impossible

to guarantee that there is a cancellation.

During the development of this work, we found another contribution in the literature
on this topic |9]. Here within the radiative inverse seesaw model, they show interesting
results where they manage to optimize cancellations(referred to as "SUSY-screening") and
thus relax the restrictions on the LNV parameters in that model. Although the setup is
different from ours, it is possible to compare the results obtained since the cancellation

mechanism is the same.

Since we are in the irreducible part, we will start with the results shown in [9] for © and
a,. In Figure |4.5] we show the maximum value of AMg;s allowed by one loop corrections
without exceeding the value of 50% with respect to the light neutrino masses at tree level.
We use the equations found in the Chapter [3|on the mass insertion framework and compare
them with SPheno [63], [64], which returns results using the exact calculations with the
Higgs mass at the tree level.

Considering the values in Table [4.3] we check that both

results, SPheno and mass insertions, agree very well for both p and a,.

We find that for most values of 1 and a, the mass difference AMgs is constrained to
very small values. We can find in both cases, fine-tuned values of p and a,, where the SUSY
and 2HDM contributions cancel, leading to a peak. These values are in the ballpark of
those found in [9]. In this case, the pure-gaugino contribution (6M7)% dominates mainly
due to its dependence on p and a, in Eq. , as a result there is a cancellation with
the contribution of (§M7)*PM | relaxing the LNV restrictions on AMgs. The peak of the
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Figure 4.4: We show the behavior of Gigrgfgh for the order of the parameters shown in the

table. There are four scenarios, see Table , that are identified as: upper left panel (a)
and right (b), lower left panel (c¢) and right (d) .

cancellation decreases, since from that point (§M*)99 no longer only cancels (§M,)*HPM
but also exceeds it. Unfortunately, comparing this result with Figure [2.7] it can be argued
that in this scenario the fine-tuning of the neutrino sector has been transferred to the

SUSY sector, although this time without a symmetry such as LN to justify it.

In addition to this problem, we consider that the huge ||, a, solutions have other
issues that need to be resolved. The SUSY minimization constraints for |u| would result
in a scenario with significant fine-tuning since the soft Higgs masses would need to have
extremely specific values in order to cause electroweak symmetry breaking and replicate
the observed Z mass at the same time. This would certainly result in a fine-tuning and
probably very significant loop corrections to the light Higgs mass. On the other hand, it
was argued for a, in [54] that one had to satisfy the following conditions in order to avoid

charge-breaking minima:
(@ + Mp)* < 3(m¥y, + |uf* +mi +mj, + Mg+ B,), (4.15)
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Parameter | Numerical value/interval

tanB8 |2 20
" 1200 GeV
M, 1500 GeV
M, 1500 GeV
mp, 125.38 + 0.14 GeV
My 5000 GeV
my 5002.8 GeV
My 500 GeV
(3500 GeV)>2
UR [107¢,10%] GeV

Table 4.3: Numerical values of the parameters used in [9].

Considering the benchmark spectrum, is unlikely to hold. The cancellations described
in [9] are not seen as a generic property of the vgkMSSM, but rather as requiring additional

ingredients beyond the basic structure of the model.

4.2.2 Non-degenerate R sneutrinos exploration

Given the difficulty in achieving large cancellations, as demonstrated in the previous sec-
tion, we will take into account the case when the masses of the sneutrinos 75 and g are
non-degenerate. From the equations calculated for a loop, considering both the pure-
gaugino and mixed contributions (See Egs. and ([£.13))), it can be observed that the
parts corresponding to Urs and Pgg appear in different terms of the loop function with op-
posite signs. Based on the structure uncovered, when degeneracy occurs, the contribution

becomes smaller.

In this analysis, we will suppose that one of the R sneutrino masses is very large which
decouples the particle from the loop correction. This maximizes the total loop function
and enhances the supersymmetric contribution. As for the scenario with degenerate R
sneutrinos, we will assume p < 0. We found that the function G/t is negative when

rr

AMgs < 0 and Amy,, > 0. On the other hand, if AMg; > 0 and Amy,, < 0, GIZ" is

Irr

positive. This enables us to identify the correct spectrum that generates cancellations.
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Figure 4.5: The maximum AMgs allowed as a function of u (Left panel) and a, (Right
panel). Here we consider the spectrum of parameters in Table 4.3 with v56=8 and |U,s| =

1.3 x 1077,

In the left panel of Fig. we set my,, to a very large value with AMg > 0. We

irr

show that, for a given AMgs, the value of Rj;,

increases with my,,. Therefore, the
cancellations are stronger for m;,,, which is closer to its equivalent in heavy neutrino mass
(ie, small soft masses). Furthermore, in contrast to the degenerate scenario, the cancellation

irr

efficiency depends on the splitting of the heavy neutrino mass, with smaller values of Ry;,

for smaller AMgs. The reason for this is that the full SUSY contribution no longer depends
on neutrino splitting, therefore lowering AMgs merely lowers (§Mp)?7PM  which in turn

irr

ohtgge Contrary to the degenerate case, the destructive interference this

results in lower
time can be significant for moderate values of |u|, with the SUSY contribution occasionally

outweighing the non-SUSY component (R}, = < 0).

In the right panel of Fig. |4.6] we have the maximum mixing versus AMgs/Ms. The
red curves represent the bounds coming from a standard seesaw, while the model of this
work is shown in the blue curve. A relaxation of these limits is seen when AMgs is small,
apparently, it can be understood as a non-negligible effect, however, this vanishes when the
splitting increases. So despite having a non-degenerate case, SUSY does not relax the fine-
tuning associated with heavy neutrinos with large splitting and mixing. The gray curves
shown for small splittings indicate tighter bounds than those of the standard seesaw, this
is because the supersymmetric contribution is dominant, in other words, we have negative

irr

values of Ryj . .
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Figure 4.6: Left: Dependence of igr,ﬁ +gg With mg. for several values of AMgs. Heavy

neutrino mass is set to M5 = 40 GeV. Right: Maximum allowed value of |U,;|? , as a
function of AMgs/Ms , for two values of M5 . Limits on the Standard Seesaw are shown
in red. Blue and gray lines show limits for the spectrum described in the text. For gray

lines, the SUSY contribution is larger than the one from 2HDM.

4.3 Reducible SUSY contributions in Benchmark Sce-

nario

A set of manageable expressions could be found for the three full contributions in Chapter
Bl The new parameter b, appears, and we need to examine its importance in the SUSY

one-loop equations.

a) Pure higgsino

We follow the same treatment used to simplify the irreducible contributions. Conse-

quently, for Eq. (3.100]), we have the following expression:

(M = K. G", (4.16)

aa’
where
VR5

Gh = 2b, Z O | M2 fs(mie,m2, m2 ) — Mg fa(me,m, ,m2, )] (4.17)

We see a linear dependence on b, and no dependence on the mass of the L sneutrinos.

If we consider degenerate R sneutrinos, we can write that expression as:

red - 2b Z

(M5 + Me) fs(mio, m3, ,m2,) (4.18)

7"4 DR’
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As in the irreducible case, it can be written in terms of the splitting of the heavy

neutrino masses.

Pure gaugino

Once again, simplifying the expression in Eq. (3.103):

(OM;)%, = Kow Gi (4.19)
where:
1)b+b’ 1
99 _ (= b, )
Gred 4 U 9b Gu szl mX TbOT‘b
X{Mg(Mg—l— (a, — pcot 3) )f5( ml,L,m?,RE),m?;RE),m,Q,L)
—M; (Mg + (a, — pcot B) >f5< mVL, mym, mzRG, )} (4.20)

The dependency is linear in b, and quadratic in the (a, — pcot 5) term. In what
follows, the analysis will consider a, = 0, which also indicates that a sign change in
1 would not lead to a global sign change in this expression, although it is possible to
see a change in the sign due to the neutralino mixings. If the degenerate R sneutrinos

are also considered, the expression can be written as:

—1 b+b’
Gl = (ivi b Go by, AMse(Ms + Mg)(MZ + MZ + (a, — pcot 3)?)

XZ OTbOTb/fg)( m2 m2  m? mQ) (4.21)

vy VR’ VR’
Gaugino-Higgsino
From Eq. (3.106)):
<5M£ed)ZZ’ e aa/ Gred (422>
where:
chhd = (_1)bvugb(av — pcot 5)51/
4
1
X z:l E ’I”bOT4 (M f4( myL7myR57m§R5) M2 f4< mVL’mVRb’ng6)>
= Xr
(4.23)

There is a linear dependence on a, and b, and the behavior of the function f; is

described in Fig. 3.5 If we also have degenerate R sneutrinos:
4

Gred (— 1)6%91;(@1/ — pcot B)b, AMse(Ms +M6)Z Orb Oy4 f4( m,zjymz m2 )

VR
r=1

(4.24)

65



a, =0 | Ms> Mg | Mg > Ms

b, >0 @ <0

gg9+gh—+hh
Gred

99
Gred

gh
Grcd

hh
C:red

Hl+ |+ |

Table 4.4: We show the signs for G,¢q fixing tan § = 8 and M4 = 1100 GeV.

4.3.1 Degenerate R sneutrinos exploration

In Table , for the case with AMzg < 0, b, > 0 and p < 0, we find that G, and GY/,

are negative while G, can take any sign. We can observe the typical values of G9%9"

graphically in the scatter plot of Fig. when the parameters My , p, b,, mz, m; take
the same values as those used in Sec. and additionally b, = [0,35] GeV. No pattern
is identified in the upper panels for My and b, in the same way for p (lower panel). In

the middle panels. For large m;, and m;,, we have Rgegigh — 1. A cancellation is never

achieved with these contributions because the non-supersymmetric contribution also has

red
99+gh

functions will change sign if we take b, — —b,, Eqgs.(4.21)) and (4.24]), and this leads us to

the same sign as that for 2HDM, we always have R > 1. However, the supersymmetric

the scenario where destructive interference would be possible.

In Fig. , it is shown how RiS! varies with respect to p, My, mg, and b, > 0. In the
upper left panel, we analyze the case with b,, here we can see that with the increase of this
parameter, we usually have Ri! < 1, although it is also possible to have RS > 1. In the
upper right panel, with small values of M, it is possible to have constructive interference,
with the increase of this parameter, R}5! < 1 can be ensured. In the lower left panel,
the preference arises for small values of u where cancellations occur, large values of p can
lead to B¢ > 1. In the lower right panel, the largest cancellations are obtained when
the masses for the R sneutrinos are small. In this scan, as shown for each parameter, the

cancellations found are still very small.

In summary, to achieve cancellations with the gaugino-gaugino and gaugino-higgsino

contributions, it is necessary to have b, < 0 with AMss < 0. On the other hand, for
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Figure 4.7: The R parameter is depicted considering the contributions from pure Gaugino
and mixed terms for b, > 0 and u < 0. The parameters are being randomly varied for

M, = 1100 GeV and tan 5 = 8.

higgsino-higgsino contributions with b, < 0, it is crucial to have a large |u| to avoid
constructive interference. For b, > 0 is necessary to have small |u| values, however, this

case is in conflict with the other reducible contributions.

If we combine the results from reducible and irreducible contributions, we confirm that
the large i and negative b, achieve the strongest cancellations. In Figure 4.9] we quantify
this total supersymmetric contribution represented by R;eg‘igh +nh- The parameters p, M,
M5 and mj are permuted around the test values to 500, 1000, 2000 and 5000 GeV. In order
to quantify the behavior of R4 .., we set b, = —100 GeV. In the upper panels of the
Figure we show the hierarchies a (left) and b (right) of Table[4.2] Constructive interference

between the reducible contribution and 2HDM (R4, ., > 1) is seen and therefore is
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Figure 4.8: We show the higgsino-higgsino contribution for b, > 0 and p < 0 with tan 8 = 8
and M4 = 1100 GeV.

disfavoured. In the lower left and right panels we show hierarchies (¢) and (d) respectively,
we find that having a light m; compared to my, is important to get the cancellations. We
need to know for which parameter hierarchy the largest cancellation is obtained. It can be

seen thatRied ), < 1is always achieved if |u| > My, My > mj.

We explore this situation in Fig. .10] where My = 2M; and vary between 700 and 5000
GeV, respecting the mentioned hierarchy. The effects are maximal for tiny values of m;,
which we set to 0.5 GeV in this example. We apply the following restriction b, = M5 — 5
GeV. This arises due to the comparison of our numerical results with the simulation in

SPheno in order to avoid tachyonic states.

In Fig. [4.10] it is found that the gaugino-gaugino contributions dominate the correction,
followed by the gaugino-higgsino and the higgsino-higgsino. The strongest cancellations
occur for large values of p and small m; (green region). If we compare the left (M5 = 40
GeV) and right (M; = 200 GeV) panels, we see that larger values of M5 somewhat favour
the cancellations. Nevertheless, the value of R rarely becomes lower than 0.99. When
compared with the corresponding irreducible contributions, we find that the reducible part

never exceeds 0.6% of the latter. Therefore, considering reducible contributions does not
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Figure 4.9: We have the same hierarchy in the parameters described in Fig. for b, < 0
and p < 0.

have sufficient relevance in the analysis.

In Fig. [4.11], we show the behavior of b, versus the maximum allowed A Mg for tan 5 =
2 and 756 = 8. For a wide b, interval, the two curves by SPheno and the MI match
numerically. However, it is not possible to reach very large values with SPheno. The peak
found (dashed line) is only obtained with the expressions found for the mass insertions.
This result is again contrary to the claims in [9], where a cancellation should be found for
small values of b, (This article additionally shows the case for tan § = 20. However, we do

not reproduce it, so we only display one scenario).

Thus, according to our results, it is impossible to reproduce this with the mass insertions
calculated in Chapter What we get is that the cancellation is achieved at very large
values of b,. As we did previously for p and a,, we verified the results with SPheno. We
can see that it is not possible to reproduce what was obtained with the mass insertions
for the entire range of b,, due to the appearance of tachyons. However, we also confirm
that no cancellation appears for small values of b,, indicating that reducible contributions,

similarly to the irreducible ones, do not solve the fine-tuning problem for light neutrino

69



Figure 4.10: Values of R} ., parameter for different values of mj and |u|, with M; =

200 GeV (right) and Ms = 40 GeV (left).
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Figure 4.11: Maximum allowed AMgs as a function of b,,, for the SUSY spectrum considered

in Table , with tan 8 = 2. We set y56 = 8, such that |U,s]* = 1.3 x 107".

masses.
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Chapter

CONCLUSIONS

At the beginning of the work, a brief description of the contributions to loop corrections
was made within the framework of the type-I seesaw model. In this description, large
corrections to the light neutrino masses are obtained. By introducing the lepton number
symmetry to the model, when it is slightly broken, it leads to states called pseudo-Dirac
and avoids the aforementioned problem. However, this constrains the search for any kind

of LNV signal in collider experiments.

We compare the results found with those described in a work shown a few years ago,
which proposes an extension of the supersymmetric model where quantum corrections are
kept under control. The fact that in unbroken SUSY the quantum corrections to terms in
the superpotential cancel gave rise to the hope that in the broken situation, a soft SUSY
screening effect would follow. As a result, it was anticipated that the neutrino sector
would be allowed to have bigger LNV parameters, which would be reflected in larger heavy
neutrino mass splittings. This would improve the motivation for collider studies for LNV

occurrences linked to a single heavy neutrino.

The two irreducible and three reducible SUSY contributions to the loop-corrected
masses were therefore thoroughly examined. By focusing on heavy neutrino mass ranges
that are currently available to collider experiments, we identified the regions of parameter
space that ensure cancellations between the latter and the non-SUSY loops. However, the
efficiency of these cancellations is not very good, despite the fact that scenarios were sought

to maximize and improve these results.

We found that the irreducible SUSY quantum corrections were the strongest. We
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discovered no discernible screening effect in the case of degenerate sneutrinos with values
below the TeV scale. For very large values of |u| and a,, we did confirm that the pure
gaugino loops could be tuned to cancel the non-SUSY contributions, but we argued that

doing so could lead to issues in other areas of the model.

Additionally, we presented a situation with non-degenerate sneutrinos and discovered
that the screening could be done more effectively without the need for a large |u| or a,.

Despite this, the LNV restrictions were only very slightly loosened.

It should be observed that none of the aforementioned scenarios in which cancellations
could be effective result from non-renormalization theorems. The irreducible gaugino-
higgsino loop, which, as we have shown, only dominates for tiny |u|, is the only SUSY
screening contribution that does not depend on SUSY breaking and may therefore be
assigned to the theorems. None of the instances where cancellations are effective rely on
this modification. Instead, they all require extremely precise parameter values, indicating
that what we are seeing is a transfer of fine-tuning from the neutrino model sector to its
SUSY sector. Although SUSY screening does, in theory, appear interesting, in practice,
it does not seem reasonable to use the entire supersymmetric framework to handle this

problem, in our opinion.
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Appendix

Casas-Ibarra Parametrization

This appendix is based on the article [31]. We start with the full neutrino mass matrix

M,,, which is diagonalized via:
M, = U*M,U? (A1)

where M, is a diagonal matrix and U is unitary. These can be written in terms of blocks:

0 Mp
M, = (A.2)
ML Mg
e 0
" ot (A.3)
0 M,

Where 7, and M), are diagonal matrices with the light and heavy neutrino eigenvalues.

We consider a general expression for mixing matrix U as

v |9 (A4)

T Z
We will asume that X,Q, T and Z are invertible matrices. For a unitary matrix UUT=UTU=1.
Using Eq. (A.31]), we can rewrite M, as
X X4+ Q*MLQt X T + Q* M, Z1
M, — ¢ Q AhQ ¢ Q i (A5)
T XT 4+ Z*MyQt T,V + Z* M, 27

Comparing with the active-active sector in the neutrino mass matrix, we find:

0 = X*mX"+Q N,Qt (A.6)
= 1 =N, QX m) w2 XTQ T I, P (A7)
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We define
RT = —im)? X1 Q-1 a1
where R is a orthogonal matrix (RRT = 1). Thus @ can be written:
Q =i Xim,/* RN, 2.
Using the definition of unitary matrix U

XXT+QQf XTt+Qzt
ot = QQ Q |
TX'+2QN TT '+ ZZ7

From Eq. (A.10) we have
XXT+QQt =1

= XXt =1-QQ'

Using the definition of @ (Eq. (A.9))

XXt =1-— X, *RiN, PN P Ry X
= 1 = X' X" — my/? R NIY Ry

= X'XT1 =14 RN IRm,.

For any matrix we can do the Polar decomposition

U : Unitary Matrix
A=UP
P : Positive Hermitian Matrix

Thus, we can decompose X

X =WH H=H' wwh=1

Xxt = wE T (Hw)

Using |A.15 and [A.18]

H2 =1+ m,/> R M 'R

A —1/2
~ H = (1+ R Ral?)
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(A.8)

(A.10)

(A.11)
(A.12)

(A.13)
(A.14)
(A.15)

(A.16)

(A.17)
(A.18)

(A.19)
(A.20)



From Eq. (A.10)

= Tt —-XtQzt
= T =i Z N, "? Ry

We do the Polar decomposition for Z
Z=WH H=H wwh=1
Using unitarity of U, we also have:
TT'+2Z7t =1
= VAl = 1° DT
Using Eq. (A.23)
H2 =1+ M, R, RN NI
H

- " -1/2
N — (14 31,2 R, B 15 %)
Finally, we have the next definitions for H and H

H = (1+ m;”RTM,;lRm;/?)_W

H = (141" R R M,;”Q)_m

Then the mixing matrix in this parametrization is:

WH iW Hm,? RF NI,
U =
iWH M, R WH

(A.21)
(A.22)
(A.23)

(A.24)

(A.25)
(A.26)

(A.27)
(A.28)

(A.29)
(A.30)

(A.31)

Where W is a unitary matrix, when H = I it can be identified with the PMNS matrix.

We are interested in the heavy neutrinos M5 and Mg (ps¢, 756 7 0). The terms in the R
matrix §;; and ¢; can be written as (See the general definition of R in Eq. (1.27)):

Sgj = sin(pr;) cos (19x;) + sin (ivg;) cos (prj)

= sin (pry)ch(rg) + 1 sh(7s) cos ()

Crj = c0s(prj)cos (i) — sin (pr;) sin (i)
= cos (prz)ch(yi;) — i sin (pr;)sh(vk;)
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Figure A.1: Behavior of sinh~ and cosh~ for small values of gamma. For values greater

than 3, both hyperbolic functions are equal.

where sh and ch are the hyperbolic functions sinh and cosh. We can see in Fig. that

cosh vy =~ sinh v for v > 3. Therefore, we can approximate our trigonometric functions as:

8; = e "Prich(yy,) (A.36)
ey = e "Rich(vyky) (A.37)
and for the R matrix with py546 = Y546 = 0 :
etPss 0 0
Re=| . 0 ch(yss)  ich(vsg) | €77 . (A.38)
0 —ich(vs6) ch(vs6)

With this approximation we can find the mixings U4, U5 and U, shown in the Equations

(2.58), (2.59) and (2.60). From Eq. (A.3]), we can rebuild the Dirac and Majorana masses:

Mp = X*m,T"+ Q" M, Z7 (A.39)
= —iW*H i, (R + RTNL) N2 HIW (A.40)
Mp = T, T"+ Z2* M, Z° (A.41)
= weH* (M, — M, VPR RO ) HYW (A.42)
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Appendix B

Generalities

B.1 Propagators

Z boson propagator

Fermion propagator

Sp =
q
Scalar propagator
Sgo =
Goldstone Boson propagator
Sao

@ —émy

B.2 Loop Integral Approximation

We want to evaluate the integral

d?k

QE

I (mg,m?) = / (2m)? (k2 — m?

We use the Feynman parameters:

R /1 dedyé(z+y —1)
AB o

(zA +yB)®
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—i€)(q? — m3 + ie)

(B.1)

(B.2)

(B.3)

(B.4)

(B.5)



Then it is possible to separate the denominator AB of the propagators into a single poly-

nomial D = xA + yB. For the case that is being analyzed, we have
D = zA+yB
= x(¢® —mi +ie) + (1 — z)(k* — m?® + ie)
We define : £ =k — x p . In this case D can be written as:
D= (k—xp)?—A+ie

where:

If p? = 0, we obtain

Ay = o(m* —md) +m

We can write the integral in Eq. as

/ d%k 1 | / dig . O
(27)d (g2 — mg +ie)(k2 —m2 +ie) J (2m)Jo x(ﬁ — A + ie)?

Q_‘ ~—
>y

I
o>

Applying the Wick rotation with ¢, = il an

dk | A @
/ (2m)2 (@ — m2 + i€) (K2 — m2 + ie) *Z/ (zﬁ)d/o N(ZEWNE

e Gk v

where the area of the d dimensional sphere

27Td/2
ds)
/ T T(d)2)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

In the dimensional regularization ¢ = 4 — d. The last integral in eq. (B.13|) has a well

known solution

R.

/(fod(zzjm? »( ) N

This represent the Beta function.

L o T(@)I(B)
/0 dy y* (1 —y)° “T(ath)
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dd, 1 [(5) /4w 3
= - B.18
/ (2 +A)? (47?)2 ( A > ( )
We have this important approximations

r@my:§—7+0@) (B.19)

—&/2 2
A € A
— =1—=In O B.20
(47?@2) 2 <47TQ2> * ( ) ( )
We will call these approximations A and B. The first includes the product of Equations

(B.19), (B.20) and d = 4 — ¢ and the second without d.

e Approximation A:

A\ 2 1 A
(4—¢e)l'(g/2) <2> =4(-+In(dn)—=—v) —4In <2>
47Q) (6 2 ) Q (B.21)
= —4 <—i — In(47) + ; +7v+In (é))
o Approximation B:
2\ €/2 10?2
e (BF) = 2-74m () (B.22)

These approximations are important for the solution of loop integrals. Using the approxi-

mation B, we have

4% O
Imgm?) = [ B.23
(mg, m”) 2m)% (K2 — m? — i€)(q2 — m2 + ic) (B.23)
1 2 1 A
= o3 (6 — v+ In (4) —/0 dxln <QQ>> (B.24)
The last term in Eq. (B.24) has the next general solution:
1
/ dxln(v—i—ux):—1—Blnv+v+u1n(v+u) (B.25)
0 u u
1 A2 m? m? - mé
5 o i [~ m? m? w2
Ir(mg, m*) = {67 k—l—l—ln@—i- <m3_1> lnm—% (B.27)



Using the approximation A

d'k dQr
2 2y _
d I(mg,m”) = /(Qﬁ)d(k@—mz—ie)(qQ—m%‘i‘iﬁ)

1 ~ 1 m? m?2 o2
= o () ™
4%2( 2+HQ2+<m3 ) g

The divergence factor is defined as k = —g — Indm + 7.
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