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Abstract

This work presents the dynamic modeling of a refrigeration machine evaporator that uses CO2
(R744) as refrigerant fluid, for the cooling down of a liquid water stream, as required for in-
stance by buildings air handling units. The main goal of such a work is to accurately model the
transient evolution of the evaporator outlet superheat, which is one of the main parameters to
control, due to its importance in refrigeration systems. A high value of superheat temperature
reduces the performance of the system, while a low or null value can generate the suction of
liquid which damages the compressor.

The theory of moving boundaries [19] with grouped parameters has been used for so. This
method allows a precise resolution with a low numerical weight. In this method, the evaporator
is divided into only two regions: the two phase region and superheated steam region, in which
the energy conservation and mass conservation equations are solved. By using only two control
volumes, the number of equations to be solved is smaller, thus reducing the calculation time.
The ultimate aim of this work is to serve as a mathematical model usable for the design of
efficient refrigeration system controllers, which are one of the most practical ways to improve
the performance of these machines.

The results of a numerical analysis and of a sensitivity analysis, regarding to the influence of
the heat convection coefficient of the two phase region, are also presented. For this sensitivity
analysis, the maximum and minimum values available in the literature, see reference [7], have
been used. According to this study, the convective coefficient of CO2 varies from 8000 to 12000
W ·m−2 ·K−1.

From this sensitivity analysis, it is observed that, despite the previously mentioned uncer-
tainty about the convective coefficient value, the latter is not influential on the rest of the calcu-
lations and on parameters such as internal pressure, length of the two-phase lengths or superheat
value. This is due to the fact that the thermal resistance of the liquid hot fluid is much higher
than the cold fluid in the phase change region, the global heat transfer coefficient is thus more
influenced by the hot fluid thermal resistance.

A maximum error of 3 percent is finally estimated in the determination of the transient
superheat temperature.
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Nomenclature

Variable Explanation Units
A Area m2

α Convection heat transfer coefficient W/(m2 ·K)
γ Void fraction -
γ̄ Mean void fraction -

H, h Enthalpy, Mass specific enthalpy J,J/kg
L Length m
ṁ mass flow rate kg/s
P Pressure Pa

Pe Perimeter m
Q Heat J

Re Reynold’s number -
ρ density kg/m3

S Slip ratio -
T Temperature ◦C
t time s

U , u Internal energy, Mass specific internal energy J,J/kg
UA Lumped heat transfer coefficient W/K

V Volume m3

x Quality -
Subscript Explanation

c Cold
f Liquid
g Vapor
h Hot

in In
out Out
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Chapter I

Introduction

1.1 Context

Refrigeration systems are widely used systems, they are found everywhere in the world [17].

At present, not only energy consumption is required to be able to carry out daily activities, but

also a need has been created in which human beings require greater comfort to be able to carry

out their activities. This is why refrigeration systems have progressively taken an fundamental

place in the today’s society. Refrigeration systems allow food to be preserved for a longer

period of time, giving the opportunity to store the food and be transferred to any part of the

world. Initially, ice or snow was used as natural sources for these purposes [10, 20], which

gave rise to the unit of measurement used in this industry, which is the ton of refrigeration

[14]. These systems are also widely used to provide cold water for air conditioning purposes in

HVAC systems for commercial and industrial purposes [13].

On the other hand, the use of these systems, despite the great advantages and improvements

in the quality of life that it implies, is detrimental to our environment. In this sense, various

studies [21, 2, 19] have been carried out in order to reduce the amount of greenhouse effect

emissions. In which refrigerant fluids such as CO2, which is friendly to the planet, have taken

great relevance. In this sense, the present work uses CO2 as a refrigerant fluid, in order to have

a better understanding of the physical phenomena involved in its use.
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Performance of refrigeration systems can be improved in two different situations. The first

one is related to steady state operations, where a lot of effort have already been put into achiev-

ing the desired heat transfer with reasonable pressure drops. The second situation deals with

the operation in the transient states, that is, the operation of the concerned machines along their

starts, stops or load capacity variations periods. This thesis will focus on this last perspec-

tive because these machines operate under partial loads (outside their design point) and in a

non-stationary state [8].

1.2 Importance of control strategies

Currently, refrigeration systems are constantly being improved in order to reach better energy

performance. That is why control algorithms are constantly being developed to optimize the

operation of these systems [9]. Controlling some specific parameter of the plant such as super-

heating in the evaporator, obtaining adequate superheating values that optimize the performance

of the plant. However, the control engineers are often faced with the tedious challenge of de-

veloping simplified models of complex physical systems, and many times the development of

these types of simplified models do not take into account the physical behavior of the studied

system, thus giving a considerable error and a higher energy consumption [16].

In the development of the simulation of a vapor compression refrigeration system, two main

solution paradigms are obtained: models developed using the finite difference method and mod-

els that use moving boundaries [11]. In the finite difference paradigm, the mass, momentum

and energy conservation equations are approximated with some finite difference technique to a

finite number of elements in the heat exchanger [15]. Each element contains its own dynamic

states. As the number of elements increases, the precision of the model also increases, the latter

being its main interest [6]. However, the increase in the number of elements results in a dynami-

cally complex model that can be computationally expensive and is not suitable for model-based

control design [18].

The present work will focus on the dynamic modeling of the evaporator, a component
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which is linked to the refrigeration machine, using for this the model of moving boundaries

and grouped parameters. In this way, the proposed model will have fewer finite volumes to

solve, making the model suitable for future development of a controller.

1.3 Objective

The objective of this thesis is to develop a mathematical model that is oriented to the control of

refrigeration systems controllers. More specifically, in this work, the behavior of the refrigerant

fluid within an evaporator in the transitory state will be analyzed. One of the most important

outcomes of this model will be the knowledge of the superheat temperature at the evaporator

outlet. This parameter is very important because a very low or null value can generate liquid

suction that damages the compressor. On the other hand, a high superheat value reduces the

performance of the refrigeration system.
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Chapter II

Dynamic modeling of the evaporator

2.1 Moving boundaries model

In this chapter, the transient model of the the evaporator will be detailed. This component is very

sensitive to transient variations. For the development of the dynamic model of the evaporator,

the technique called moving boundaries with grouped parameters is used. The evaporator is

considered as a tube within which there are two regions: one in which the fluid evaporates and

is in a state of saturation, and the other in which the vapor is superheated (see Figure 2.1).

Figure 2.1: Diagram of the internal evaporator tube with a inner refrigerant and cold fluid
flowing in counter-current to an outer hot fluid.

The hypotheses used in the development of the mathematical model are the following:

• The considered heat exchanger is modeled as a concentric type with a constant cross

section for hot and cold flows.
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• The pressure drop across the heat exchanger is neglected.

• Heat conduction within the refrigerant fluid is negligible.

• The kinetic energy and potential energy of fluids are neglected.

• The wall thermal resistance of the pipe is negligible in front of the hot and cold flows

ones.

With these considerations, the mathematical model is developed to simulate the operation of an

evaporator that has a two phase region and a region with superheating.

In order to develop the model, each region must be analyzed separately, that is, energy

conservation and mass conservation must be carried out in each of these regions.

It is important to specify that until the moment of publication of the writing of this thesis, the

modeling of the evaporators using the method of moving contours is carried out using the differ-

ential equations of the conservation of mass and energy, and then these equations are integrated

throughout length of the evaporator using the Leibniz integration rule (for more information see

[12, 3, 19]. In the present work the derivation of the equations was carried out using a physical

approach.

2.2 Conservation of mass in Two phase region

The mass flow under concern, represented in Figure 2.1, is the one of a refrigerant fluid along

an evaporator tube of constant cross sectional area A.

The total length of the tube is noted L, while ℓ corresponds to the length housing the fluid

evaporation process. The remaining length L− ℓ corresponds to the superheat process of the

fluid used to protect the downstream compressor against any harmful aspiration of liquid. With

no compressibility effect inside the flow1, the related instantaneous law of conservation of mass

can be written as [4]:
dm
dt

(t) = ṁ4(t)− ṁℓ(t) (2.1)

with ṁ4 and ṁℓ the inlet and outlet mass flow rates of the two phase region, respectively, and m

the mass of fluid which is stored in this fraction of the tube (from 0 to ℓ) at time t. Considering
1Since the Mach number is less than 0.3, it is stated that the flow is incompressible (See Appendix 3 in page 41).
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the specific densities of the fluid as liquid and vapor, noted respectively ρl and ρv, this mass can

also be expressed as [19]:

m = (γ̄ ·ρv +(1− γ̄) ·ρl) ·A · ℓ (2.2)

γ̄ ∈ [0;1] is the average cross-sectional void fraction along the length ℓ, defined as :

γ̄ =
1
ℓ
·
∫ ℓ

0
γ(z) ·dz with γ =

Av

A
=

Av

Av +Al
(2.3)

Av and Al are the parts of the cross-sectional area A which correspond to the presence of satu-

rated vapor and liquid, respectively, and γ is the is the void fraction. Refrigerant fluid being pure

within the flow, densities ρv and ρl are depending by definition on the evaporation temperature

T4 only. The mass m of fluid contained in the 0 to ℓ fraction of the tube at time t thus depends

on four variables, namely γ̄, ℓ, T4 and T1. The time variation of m presented in the left part of

equation (2.1) can thus be expressed as:

dm
dt

(t) =
(

∂m
∂γ̄

)
ℓ,1,4

· dγ̄

dt
(t)+

(
∂m
∂ℓ

)
γ̄,1,4

· dℓ
dt

(t)+
(

∂m
∂P

)
γ̄,ℓ,1

· dP
dt

(t) (2.4)

with the partial derivative of mass m regarding to average void fraction γ̄ obtained from (2.2):

(
∂m
∂γ̄

)
ℓ,1,4

= (ρv −ρl) ·A · ℓ (2.5)

In the very same way, the partial derivative of mass m regarding to length ℓ can be written as:

(
∂m
∂ℓ

)
γ̄,1,4

= (γ̄ ·ρv +(1− γ̄) ·ρl) ·A (2.6)

The one regarding to pressure is:

(
∂m
∂P

)
γ̄,ℓ,4

=

(
γ̄ · ∂ρv

∂P
+(1− γ̄) · ∂ρℓ

∂P

)
·A · ℓ (2.7)

It is worth noting that both of these expression are function of time t. The ordinary differential

equation that ensure the conservation of mass inside the tube in Figure 2.1 can thus be expressed
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as:

dm
dt

(t) =(ρv −ρl) ·A · ℓ · dγ̄

dt
+(γ̄ ·ρv +(1− γ̄) ·ρl) ·A · dℓ

dt

+

(
γ̄ · ∂ρv

∂P
+(1− γ̄) · ∂ρℓ

∂P

)
·A · ℓ · dP

dt
(2.8)

This first order non-linear differential equation involves three different transient parameters: the

average void fraction γ̄, the length of the two-phase region ℓ and the refrigerant fluid pressure P.

2.3 Conservation of mass in the super heated region

In a similar way to what has been done in the two phase region, the mass of refrigerant inside

the evaporator in the super heated region, ℓ to L, is given by (2.9):

mL−ℓ = ρ̄g ·A · (L− ℓ) (2.9)

ρ̄g is the average fluid density in this region, which can be expressed, for numerical compu-

tations purpose, as a function of pressure and average enthalpy (ρ̄g = f (P, h̄g)).The value of

the average enthalpy h̄g can be approximated as the arithmetic mean of the enthalpy hout at the

outlet of the evaporator (L) and of the saturated vapor enthalpy hv at L− ℓ:

h̄g =
hv +hout

2

Cross sectional area A being a constant, mL−ℓ only depends on the ρ̄g and ℓ values and the

change in mass inside the ℓ to L fraction of the evaporator is given by the partial differentials of

equation (2.9):
dmL−ℓ

dt
(t) =

(
∂mL−ℓ

∂ρ̄g

)
ℓ

· dρ̄g

dt
(t)+

(
∂mL−ℓ

∂ℓ

)
ρ̄g

· dℓ
dt

(t) (2.10)

The variation of mass can also be expressed as [4]:

dmL−ℓ

dt
(t) = ṁℓ(t)− ṁ1(t) (2.11)
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In order to obtain the time variation of average density, the partial derivatives and the chain rule

are used as a function of the independent variables, as shown in the equation (2.12):

dρ̄g

dt
=

∂ρ̄g

∂P
· dP

dt
+

∂ρ̄g

∂h̄g
· dh̄g

dt

=
∂ρ̄g

∂P
· dP

dt
+

∂ρ̄g

∂h̄g

(
1
2
· ∂hv

∂P
· dP

dt
+

1
2
· dhout

dt

) (2.12)

Replacing equation (2.12) in (2.10), we obtain:

dmL−ℓ

dt
=A · (L− ℓ) ·

(
∂ρ̄g

∂P
· dP

dt
+

∂ρ̄g

∂h̄g

(
1
2
· ∂hv

∂P
· dP

dt
+

1
2
· dhout

dt

))
− ρ̄g ·A · dℓ

dt

=A · (L− ℓ) · ∂ρ̄g

∂P
· dP

dt
+A · (L− ℓ) · 1

2
∂ρ̄g

∂hg
· dhout

dt

+A · (L− ℓ) · ∂ρ̄g

∂h̄g
· 1

2
· ∂hv

∂P
dP
dt

− ρ̄g ·A
dℓ
dt

=A · (L− ℓ) ·
(

∂ρ̄g

∂P
+

1
2
· ∂ρ̄g

∂h̄g
· ∂hv

∂P

)
· dP

dt
+A · (L− ℓ) · 1

2
∂ρ̄g

∂hg
· dhout

dt
− ρ̄g ·A

dℓ
dt

(2.13)

This differential equation involves three unknowns as well, pressure P and length ℓ as in equa-

tion (2.8), as well as the output enthalpy hout .

2.4 Energy balance in the two phase region

The refrigerant fluid is supposed to be both lightweight and flowing through the evaporator at

a relatively low speed. Its mass specific energy is then its sole enthalpy h. Because no friction

effect is taken into account in the present model : (i) no specific equation is needed to represent

the conservation of momentum, and (ii) no energy is dissipated because of the friction of the

refrigerant fluid on the inner surface of the tube. The conservation of energy applied to the two

phase region is then given by [4]:

dUℓ

dt
= Q̇ℓ+ ṁ4 ·h4 − ṁ(ℓ) ·h(ℓ) (2.14)
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Uℓ is the internal energy of the matter contained in the two phase region. The heat rate Q̇

exchanged by the whole tube of length L across its external area Aw = Pe ·L (Pe being the tube

perimeter) will be divided into two parts : the first one Q̇ℓ related to the length ℓ and to the

evaporation process at constant temperature T4, and the other one Q̇L−ℓ related to the length

L− ℓ and to the superheat process at the average gas temperature T̄g. h4 and h1 are the mass

specific enthalpies of the fluid at the evaporator inlet and outlet, respectively. Heat rates Q̇ℓ and

Q̇L−ℓ can then be expressed as[5]:

Q̇ℓ =
T̄h,ℓ−T4

Rℓ
Q̇L−ℓ =

T̄h,L−ℓ− T̄g

RL−ℓ
(2.15)

Where Rℓ and RL−ℓ represent the thermal resistances in the control volume of the two-phase

region and the superheat region, respectively.

Introducing the enthalpy Hℓ of the fluid in the two phase region, we can express the time

derivative of internal energy of equation (2.14) as:

dUℓ

dt
=

d (Hℓ−P ·V )

dt
=

dHℓ

dt
−P

dV
dt

−V
dP
dt

=
dHℓ

dt
−P

d(A · ℓ)
dt

−A · ℓ · dP
dt

=
dHℓ

dt
−P ·A · dℓ

dt
−A · ℓ · dP

dt

(2.16)

With the time variation of enthalpy given by equation (2.17):

dHℓ

dt
=

∂Hℓ

∂γ̄
· dγ̄

dt
+

∂Hℓ

∂P
· dP

dt
+

∂Hℓ

∂ℓ
· dℓ

dt

= (ρv ·hv −ρℓ ·hℓ) ·A · ℓdγ̄

dt

+

(
γ̄

(
∂ρv

∂P
·hv +

∂hv

∂P
ρv

)
· dP

dt
+(1− γ̄)

(
∂ρℓ

∂P
·hℓ+

∂hℓ
∂P

·ρℓ

)
· dP

dt

)
·A · ℓ

+(γ̄ ·ρv ·hv +(1− γ̄) ·ρℓ ·hℓ) ·A · dℓ
dt

(2.17)

Replacing equation (2.17) in equation (2.16), we obtain:

dUℓ

dt
= (ρv ·hv −ρℓ ·hℓ) ·A · ℓ · dγ̄

dt

+(γ̄ ·ρvhv +(1− γ̄) ·ρℓ ·hℓ−P) ·A · dℓ
dt

+

(
γ̄

(
∂ρv

∂P
·hv +

∂hv

∂P
·ρv

)
+(1− γ̄)

(
∂ρℓ

∂P
·hℓ+

∂hℓ
∂P

·ρℓ

)
−1

)
·A · ℓ · dP

dt

(2.18)
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This differential equation involves the same three parameters as the one (2.8) representing the

conservation of mass.

2.5 Energy balance in the super-heated region

Analogously to the two-phase region, applying the first law of thermodynamics [4], we obtain:

dUL−ℓ

dt
= Q̇L−ℓ+ ṁ(ℓ) ·hv − ṁ ·h1 (2.19)

The same variation can be expressed using the enthalpy HL−ℓ of the refrigerant fluid in the same

region:

dUL−ℓ

dt
=

d (HL−ℓ−P ·V )

dt
=

dHL−ℓ

dt
−P · dV

dt
−V · dP

dt

=
dHL−ℓ

dt
−P · d(A · (L− ℓ))

dt
−A · (L− ℓ) · dP

dt

=
dHL−ℓ

dt
+P ·A · dℓ

dt
−A · (L− ℓ) · dP

dt

(2.20)

With the enthalpy in the saturated vapor region given by:

HL−ℓ = ρ̄g · h̄g ·A · (L− ℓ) (2.21)

The variation of enthalpy with respect to time is given by the equation:

dHL−ℓ

dt
=

dρ̄g

dt
· h̄g ·A · (L− ℓ)+ ρ̄g ·A · (L− ℓ)

dh̄g

dt
− ρ̄g · h̄g ·A

dℓ
dt

=

(
∂ρ̄g

∂P
· dP

dt
+

∂ρ̄g

∂h̄g

(
1
2
· ∂hv

∂P
· dP

dt
+

1
2
· dhout

dt

))
· h̄g ·A · (L− ℓ)

+ ρ̄g ·A · (L− ℓ) ·
(

1
2
· ∂hv

∂P
dP
dt

+
1
2
· dhout

dt

)
− ρ̄g · h̄g ·A

dℓ
dt

(2.22)

Replacing the value of the enthalpy variation (equation 2.22 ) in the equation 2.20 we have:

dUL−ℓ

dt
=

(
∂ρ̄g

∂P
· h̄g +

∂ρ̄g

∂h̄g
· 1

2
∂hv

∂P
· h̄g + ρ̄g ·

1
2
· ∂hv

∂P
−1

)
·A · (L− ℓ) · dP

dt

+

(
1
2

∂ρ̄g

∂h̄g
· h̄g +

1
2

ρ̄g

)
·A · (L− ℓ) · dhout

dt
+(P− ρ̄g · h̄g)) ·A · dℓ

dt

(2.23)
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As for the conservation of mass in the same region represented by equation (2.13), three tran-

sient parameters are involved, pressure P, enthalpy hout and length ℓ.

2.6 Mass conservation for the external fluid

In the case of the external fluid (water in liquid state), in the present model, it is considered that

it will not go through a phase change, so the amount of mass inside the heat exchanger is given

by the following expression [4]:

mex = ρ̄ex ·Ae ·L (2.24)

In a similar way to the previously developed cases, the law of mass conservation in this

region is described by [4]:

dmex

dt
= ṁin,ex − ṁo,ex (2.25)

The variation of the external fluid mass in the heat exchanger with respect to time of the

equation 2.25, is described by the equation 2.26, the which arises from applying the derivative

with respect to time to the equation 2.24.

dmex

dt
= Ae ·L ·

(
∂ρ̄ex

∂P̄ex
· dPex

dt
+

1
2
· ∂ρ̄ex

∂h̄ex
· dhh,0

dt

)
(2.26)

2.7 Energy conservation for the external fluid

Applying the first law of thermodynamics for the external fluid [5], equation (2.27) is obtained.

dUex

dt
=−Q̇ℓ− Q̇L−ℓ︸ ︷︷ ︸

=−Q̇

+ṁin,ex ·hh,i − ṁo,ex ·hh,o (2.27)

The variation of the internal energy with respect to time can also be described from the

definition of absolute enthalpy and its subsequent derivation (equation 2.28), only that unlike

the regions in the internal fluid, there is no variation in volume with respect to time.

12



dUex

dt
=

dHex

dt
−V · dPex

dt
(2.28)

Where the absolute enthalpy by definition is the, multiplication of the specific enthalpy by

the total mass of the external fluid inside the heat exchanger, as shown in equation (2.29).

Hex = mex · h̄ex = ρ̄ex ·Aex ·L · h̄ex (2.29)

From the equation (2.29), it is observed that the absolute enthalpy depends on 4 variables, of

which only the density, ρ̄ex, and the specific enthalpy, h̄ex, vary with time. Therefore, deriving

equation (2.29) with respect to time gives equation (2.30).

dHex

dt
= Aex ·L · h̄ex ·

dρ̄ex

dt
+ ρ̄ex ·Aex ·L · dh̄ex

dt

= Aex ·L · h̄ex ·
(

∂ρ̄ex

∂Pex
· dPex

dt
+

1
2
· ∂ρ̄ex

∂h̄ex
· dhh,o

dt

)
+ ρ̄ex ·Aex ·L · 1

2
· dhh,o

dt

= Aex ·L · h̄ex ·
∂ρ̄ex

∂Pex
· dPex

dt
+

1
2
·Aex ·L ·

(
h̄ex ·

∂ρ̄ex

∂h̄ex
+ ρ̄ex

)
· dhh,o

dt

(2.30)

Replacing equation (2.30) in (2.28), we have:

dUex

dt
= Aex ·L ·

(
h̄ex ·

∂ρ̄ex

∂Pex
−1

)
· dPex

dt
+

1
2
·Aex ·L ·

(
h̄ex ·

∂ρ̄ex

∂h̄ex
+ ρ̄ex

)
· dhh,o

dt
(2.31)

Finally, replacing the previous values in the equation (2.27), we obtain:

Aex ·L ·
(

h̄ex ·
∂ρ̄ex

∂Pex
−1

)
· dPex

dt
+

1
2
·Aex ·L ·

(
h̄ex ·

∂ρ̄ex

∂h̄ex
+ ρ̄ex

)
· dhh,o

dt

=− Q̇ℓ− Q̇L−ℓ+ ṁin,ex ·hh,i − ṁo,ex ·hh,o

(2.32)

2.8 Combination of equations

At this moment, we have the equations that govern the behavior of the evaporator, but to solve it,

its necessary to arrange and make combination of all the above equations. To obtain a coherent

system of equations, we solve for the mass flow ṁ(ℓ) from the equations (2.1) and (2.10) .

Obtaining the equations (2.33) and (2.34), which are replaced in the equations (2.14) and (2.19),

13



to finally obtain the equations:

ṁ(ℓ) = ṁ4 −
dmℓ

dt
(2.33)

and:

ṁ(ℓ) =
dmL−ℓ

dt
+ ṁ1 (2.34)

Equating expressions (2.33) and (2.34), we obtain:

ṁ4 −
dmℓ

dt
=

dmL−ℓ

dt
+ ṁ1 (2.35)

Replacing the equations (2.8) and (2.13), in the expression (2.35), we obtain the equation (2.36):

ṁ4 −
[
(ρv −ρl) ·A · ℓ · dγ̄

dt
+(γ̄ ·ρv +(1− γ̄) ·ρl) ·A · dℓ

dt

+

(
γ̄ · ∂ρv

∂P
+(1− γ̄) · ∂ρℓ

∂P

)
·A · ℓ · dP

dt

]
=A · (L− ℓ) ·

(
∂ρ̄g

∂P
+

1
2
· ∂ρ̄g

∂h̄g
· ∂hv

∂P

)
· dP

dt
+A · (L− ℓ) · 1

2
· ∂ρ̄g

∂hg
· dhout

dt
− ρ̄g ·A · dℓ

dt
+ ṁ1

(2.36)

This combined mass equation expresses the rate of change of the mass within the internal fluid-

side heat exchanger with respect to time. Finally, this equation for the conservation of total

mass can be expressed as the equation, where the term on the left side of the equality expresses

the difference between the inlet and outlet mass flow of the heat exchanger (2.37):

ṁ4 − ṁ1 =

(
A · (L− ℓ) ·

(
∂ρ̄g

∂P
+

1
2
· ∂ρ̄g

∂h̄g
· ∂hv

∂P

)
+

(
γ̄ · ∂ρv

∂P
+(1− γ̄) · ∂ρℓ

∂P

)
·A · ℓ

)
· dP

dt

+A · (L− ℓ) · 1
2

∂ρ̄g

∂hg
· dhout

dt

+(ρv −ρl) ·A · ℓ · dγ̄

dt
+(γ̄ ·ρv +(1− γ̄) ·ρl − ρ̄g) ·A · dℓ

dt
(2.37)

In the same way, the coupling of the previous energy conservation equations must be carried

out, starting with:
dUℓ

dt
= Q̇ℓ+ ṁ4 ·h4 − ṁℓ ·hℓ (2.38)
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And:
dUL−ℓ

dt
= Q̇L−ℓ+ ṁℓ ·hℓ− ṁ1 ·h1 (2.39)

Replacing equation (2.33) in (2.14), we obtain the equation (2.40):

dUℓ

dt
= Q̇ℓ+ ṁ4 · (h4 −hv)+

dmℓ

dt
·hv (2.40)

Replacing the variation of internal energy in the two phase region with respect to time, and the

variation of mass in the two phase region, from the previous section, the following equality are

obtained:

(ρv ·hv −ρℓ ·hℓ) ·A · ℓ · dγ̄

dt
+(γ̄ ·ρvhv +(1− γ̄) ·ρℓ ·hℓ−P) ·A · dℓ

dt

+

(
γ̄

(
∂ρv

∂P
·hv +

∂hv

∂P
·ρv

)
+(1− γ̄)

(
∂ρℓ

∂P
·hℓ+

∂hℓ
∂P

·ρℓ

)
−1

)
·A · ℓ · dP

dt
= Q̇ℓ+ ṁ4 · (h4 −hv)

+

(
(ρv −ρℓ) ·A · ℓ · dγ̄

dt
+

(
γ̄ · ∂ρv

∂P
+(1− γ̄)

∂ρℓ

∂P

)
·A · ℓ · dP

dt
+(γ̄ ·ρv +(1− γ̄) ·ρℓ) ·A · dℓ

dt

)
·hv

(2.41)

(ρv ·hv −ρℓ ·hℓ) ·A · ℓ · dγ̄

dt
+(γ̄ ·ρvhv +(1− γ̄) ·ρℓ ·hℓ−P) ·A · dℓ

dt

+

(
γ̄

(
∂ρv

∂P
·hv +

∂hv

∂P
·ρv

)
+(1− γ̄)

(
∂ρℓ

∂P
·hℓ+

∂hℓ
∂P

·ρℓ

)
−1

)
·A · ℓ · dP

dt
= Q̇ℓ+ ṁ4 · (h4 −hv)

+(ρv ·hv −ρℓ ·hv) ·A · ℓ · dγ̄

dt
+

(
γ̄ ·hv ·

∂ρv

∂P
+(1− γ̄) ·hv

∂ρℓ

∂P

)
·A · ℓ · dP

dt

+(γ̄ ·ρv ·hv +(1− γ̄) ·ρℓ ·hv) ·A · dℓ
dt

(2.42)

(ρℓ · (hv −hℓ)) ·A · ℓ · dγ̄

dt
+((1− γ̄) ·ρℓ · (hℓ−hv)−P) ·A · dℓ

dt

+

(
γ̄ · ∂hv

∂P
·ρv +(1− γ̄) · ∂ρℓ

∂P
· (hℓ−hv)+(1− γ̄)

∂hℓ
∂P

·ρℓ−1
)
·Aℓ · dP

dt
= Q̇ℓ+ ṁ4 · (h4 −hv)

(2.43)

In a similar way to the situation presented above, equations (2.23) and (2.13) are obtained
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as final result after mathematical arrangements the expression given in (2.45).(
∂ρ̄g

∂P
· h̄g +

∂ρ̄g

∂h̄g
· 1

2
· ∂hv

∂P
· h̄g + ρ̄g ·

1
2
· ∂hv

∂P
−1

)
·A · (L− ℓ) · dP

dt

+

(
1
2
· ∂ρ̄g

∂h̄g
· h̄g +

1
2
· ρ̄g

)
·A · (L− ℓ) · dhout

dt

+(P− ρ̄g · h̄g) ·A · dℓ
dt

= Q̇L−ℓ+ ṁ1 · (hv −h1)+hv ·
(

∂ρ̄g

∂P
+

∂ρ̄g

∂h̄g
· 1

2
· ∂hv

∂P

)
·A · (L− ℓ)

dP
dt

+hv ·A · (L− ℓ) · 1
2

∂ρ̄g

∂h̄g
· dhout

dt
−hv · ρ̄g ·A · dℓ

dt

(2.44)

(
∂ρ̄g

∂P
· (h̄g −hv)+

∂ρ̄g

∂h̄g
· 1

2
· ∂hv

∂P
· (h̄g −hv)+

1
2
· ρ̄g ·

∂hv

dP
−1

)
·A · (L− ℓ) · dP

dt

+

(
1
2
· ∂ρ̄g

∂h̄g
· (h̄g −hv)+

1
2

ρ̄g

)
·A · (L− ℓ) · dhout

dt
+(P+ ρ̄g · (hv − h̄g) ·A

dℓ
dt

= Q̇L−ℓ+ ṁ1 · (hv −h1)

(2.45)

Combining the equations and considering that dγ̄

dt is negligible [19], the following system of first

order differential equations can be reached:



z11 z12 z13 0 0

0 0 0 z24 z25

0 0 0 z34 z35

z41 0 z43 0 0

z51 z52 z53 0 0


·



Ṗ

ḣout

ℓ̇

˙̄Pex

ḣh,o


=



f1

f2

f3

f4

f5


(2.46)

With Ṗ = dP
dt , ḣout =

dhout
dt , ℓ̇ = dℓ

dt , ˙̄Pex =
dP̄ex
dt and ḣh,o =

dhh,o
dt and the components zi, j,1 ≤ i ≤

5,1 ≤ j ≤ 5 of the matrix and the components fi,1 ≤ i ≤ 5 of right hand side vector detailed in

Table 2.1. It is worth noting that:

• this system of differential equations is non-linear, each of the terms zi, j depending on

some of the unknowns of the problem.

• it cannot be solved by traditional numerical algorithm if maintained in this form. Its
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Array elements Value

z11 A · (L− ℓ) ·
(

∂ρ̄g
∂P + 1

2 ·
∂ρ̄g
∂h̄g

· ∂hv
∂P

)
+
(

γ̄ · ∂ρv
∂P +(1− γ̄) · ∂ρℓ

∂P

)
·A · ℓ

z12 A · (L− ℓ) · 1
2

∂ρ̄g
∂hg

z13 (γ̄ ·ρv +(1− γ̄) ·ρl − ρ̄g) ·A
z24 Ae ·L · ∂ρ̄ex

∂P̄ex

z25 Ae ·L · 1
2 ·

∂ρ̄ex
∂h̄ex

z34 Aex ·L ·
(

h̄ex · ∂ρ̄ex
∂Pex

−1
)

z35
1
2 ·Aex ·L ·

(
h̄ex · ∂ρ̄ex

∂h̄ex
+ ρ̄ex

)
z41

(
γ̄ · ∂hv

∂P ·ρv +(1− γ̄) · ∂ρℓ
∂P · (hℓ−hv)+(1− γ̄)∂hℓ

∂P ·ρℓ−1
)
·A · ℓ

z43 ((1− γ̄) ·ρℓ · (hℓ−hv)−P) ·A
z51

(
∂ρ̄g
∂P · (h̄g −hv)+

∂ρ̄g
∂h̄g

· 1
2 ·

∂hv
∂P · (h̄g −hv)+

1
2 · ρ̄g · ∂hv

dP −1
)
·A · (L− ℓ)

z52

(
1
2 ·

∂ρ̄g
∂h̄g

· (h̄g −hv)+
1
2 ρ̄g

)
·A · (L− ℓ)

z53 (P+ ρ̄g · (hv − h̄g) ·A
f1 ṁ4 − ṁ1
f2 ṁin,ex − ṁo,ex
f3 −Q̇ℓ− Q̇L−ℓ+ ṁin,ex ·hh,i − ṁo,ex ·hh,o
f4 Q̇ℓ+ ṁ4 · (h4 −hv)
f5 Q̇L−ℓ+ ṁ1 · (hv −h1)

Table 2.1: Array elements of differential equations

expression will be modified for so.
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Chapter III

Solution algorithm development

To solve the problem, a Python1 code has been developed, which allows the aforementioned

calculations to be carried out, using specific libraries dedicated to numerical computations, i.e.

numpy2 and scipy3. The solving process can be described by the flow chart shown in Figure 3.1.

3.1 Incorporation of thermodynamic properties

To compute the fluids thermodynamic properties, the CoolProp library4 is used, which allows

the use of various common fluids such as R22, R414, CO2, among others. For the calculation

of the derivatives of the state variables, CoolProp library in version 6.3 was used. This value is

verified by calculating the properties using the finite difference method.

3.2 Variable initialization

During program initialization, the user has to enter the working fluid, in addition to the initial

conditions. Given that for the mobile contour model, the lengths corresponding to each phase

1https://www.python.org/.
2https://numpy.org/.
3https://scipy.org/.
4http://www.coolprop.org/.
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Figure 3.1: Flow Chart of the complete solving process.

of the fluid are required in heat exchangers (wet steam or superheated steam), it is necessary to

previously determine these values, it should be added that these values are not experimental, so

the steady state analysis should be applied.

In order to obtain these requiered parameters, it is necessary to perform iterative calcula-

tions, in which a convergence is reached for the length and temperature corresponding to the

two phase region. The flow diagram in the figure 3.2 shows the logic developed to obtain these

parameters.

3.3 Solving of differential equation

In order to be treated by any numerical algorithm, a system of differential equations has to be

written as the standard form:
dy
dt

(t) = F(t,y(t)) (3.1)

with y(t) = (y1(t) y2(y) . . . yn(t))⊤ the vector containing the n unknowns yi,1 ≤ i ≤ n of

the problem, and F : Rn 7→Rn which can be almost any kind of function. When compared with
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Figure 3.2: Steady state flow chart.

equation (2.46), it is clear that the latter needs to be involve in a diagonalization process in order

to meet with the required form of equation (3.1).

Accordingly, in order to solve the matrix of differential equations, the ODEINT library from

scipy has been used, which requires the equations in the form of a column matrix consistent with

equation (3.1). To be able to use it in the code, its diagonalization has been carried out, obtaining
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the matrix of equation (3.2):



1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


·



Ṗ

ḣout

ℓ̇

˙̄Pex

ḣh,o


=



Ṗ

ḣout

ℓ̇

˙̄Pex

ḣh,o


=



a+b− c

d + e+ f

g+h+ i

f2·z35
z24·z35−z25·z34

− f3·z25
z24·z35−z25·z34

− f2·z34
z24·z35−z25·z34

+ f3·z24
z24·z35−z25·z34


(3.2)

With terms a to i detailed in Table 3.1 and zi, j and f j in Table 2.1 of page 17.

Array elements Value

a f1·z43·z52
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

b f4·(z12·z53−z13·z52)
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

c f5·z12·z43
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

d f1·(z41·z53−z43·z51)
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

e f4·(−z11·z53+z13·z51)
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

f f5·(z11·z43−z13·z41)
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

g − f1·z41·z52
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

h f4·(z11·z52−z12·z51)
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

i f5·z12·z41
z11·z43·z52+z12·z41·z53−z12·z43·z51−z13·z41·z52

Table 3.1: Array elements of matrix column in equation (3.2).
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Chapter IV

Numerical treatment of the model

4.1 Experimental correlations

To test the model, a numerical simulation of an evaporator operating with CO2 has been carried

out. The input data for the steady-state calculation were those shown in Table 4.1. With this

Variable Value
Cold fluid CO2
Hot fluid H2O

Inside diameter 0.01 m
External diameter 0.015 m

Saturation Temperature 268.15 K
Cold fluid mass flow 0.02 kg/s

Cold fluid exit temperature 278.15 K
Cold fluid inlet enthalpy 265.274 kJ/kg

Hot fluid mass flow 0.025 kg/s
Hot fluid pressure 300000 Pa

Hot fluid inlet temperature 313.15 K

Table 4.1: Input data for steady state calculation

input data, it is possible to determine all the remaining geometric features. However, one of

the main limitations is obtaining the convective coefficient in the two-phase region. From the

literature consulted, most of the analytical expressions provide underestimated values when

compared to experimental ones. In 2006, Cheng et al. [7], carried out an analysis with more

than 2000 data and obtained a correlation that has a very good precision with respect to the
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experimentation. However, this correlation requires some further experimental values in order

to be used. In the present work, a sensitivity analysis of the value of the convective coefficient

was carried out, in the valid range of the correlation found in [7].

This correlation is valid as long as the following criteria are satisfied:

• Saturation temperature: −28◦C ≤ Tsat ≤ 25◦C.

• Heat flux: 5kW
m2 ≤ q ≤ 32 kW

m2 .

• Mass velocity: 170 kg
m2·s ≤ G ≤ 570 kg

m2·s .

• Hydraulic diameter: 0.8mm ≤ D ≤ 10mm.

The values considered for the numerical treatment satisfy the criteria previously stated.

4.2 Determination of length ℓ and total length of the evapo-

rator

As stated above, the value of the evaporation length ℓ and of the total length L of the evaporator

are functions of the two phase convective coefficient. With these input data, the main unknown

being the length of the heat exchanger, the LMTD method [5] can be used to determine the heat

exchange area and thereby determine the desired lengths.

The evaporator is divided into two parts, two-phase and superheated, in which to apply the

LMTD method, it is necessary to know the temperature of the hot fluid, Thℓ, at which the phase

change occurs in the fluid cold. In order to determine this temperature, the heat exchange in a

fluid differential is analyzed, as shown in the figure Figure 4.1

In the present analysis, the spatial dependence of the temperature of the hot fluid is taken

into account.

ṁ · cp · (Th,z −Th,z+dz) =U ·A · dz
LTotal

· (Th,z −Tre f ) (4.1)
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Figure 4.1: Differential of heat transfer analysis.

−dT
Th,z −Tre f

=
U ·A ·dz
L · ṁ · cp

(4.2)

∫ Th,o

Th,ℓ

−dT
Th,z −Tre f

=
∫ L

L−ℓ

U ·A ·dz
L · ṁ · cp

(4.3)

Th,ℓ = Tre f +
(Th,o −Tre f )

exp −U ·A·ℓ
L·ṁ·cp

(4.4)

Obtaining in this way an exponential distribution of the variation of the temperature of the

hot fluid. The Figure 4.2, shows a diagram of the temperature variation for each fluid inside

the heat exchanger.

By obtaining this temperature value and performing iterations, it is possible to determine

the value of the length of each phase within the evaporator using the LMTD method.

4.2.1 Calculation example

To show more clearly how to carry out the procedure stated above, an example of calculation

was carried out.

In order to use the equation 4.4, the outlet temperature of the hot fluid must be determined.

In order to determine this temperature, it is assumed that the heat exchanger is adiabatic, in

which the heat exchange only occurs between the working fluids, then the heat transferred by
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Figure 4.2: Temperature variation in the evaporator

the hot fluid is the same that reaches the cold fluid, such as shown in the equation 4.5:

Q̇ = ṁCO2 · (ho,CO2 −hi,CO2) = ṁH2O · (hi,H2O −ho,H2O) (4.5)

From where, clearing the value of the enthalpy of the hot fluid, we have:

ho,H2O = hi,H2O − ṁCO2 · (ho,CO2 −hi,CO2)

ṁH2O

= 170.183− 0.02 · (448.46−265.274)
0.025

= 23.634
kJ
kg

(4.6)

Since the outlet pressure and enthalpy for the hot fluid are known, the value of the outlet

temperature can be determined, which has a value of 4.91◦C.

In order to determine the LMTD value in the two phase region, the equation 4.7 is used [5]:
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LMT Dℓ =
Th,ℓ−To,H2O

log( Th,ℓ−Tre f
To,H2O−Tre f

)
(4.7)

However, in this expression the value of the temperature Th,ℓ is unknown, and in order to

calculate it it is required to know the value of the lengths ℓ, L and the heat transfer coefficient

global. Therefore, in order to determine these values, an iterative process must be carried out.

It should be noted that to calculate the global heat transfer coefficient, U , the value of the

convective coefficient of carbon dioxide will be varied between its minimum and maximum

value (8000−12000 W/m2 ·K) to see its influence in determining the desired lengths.

In the present calculation example, the following initial values were used:

• ℓ= 5m

• Th,ℓ = 22.45◦C

• L = 6m

Qℓ = mi,CO2 · (hg −hi,CO2)

= 0.02 · (433.383−265.274)

= 3.36 kW

(4.8)

LMT Dprev =
22.45−4.913

ln(22.45+5
4.913+5)

= 17.22 ◦C

(4.9)

U ·Aℓ =
Qℓ

LMT Dℓ

=
3.36

17.22
= 0.195

kW
◦C

(4.10)
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Th,ℓ =−5+
4.91− (−5)

exp −195·5
6·0.025·4173.9

= 42.03 ◦C

(4.11)

From these results, in order to determine the lengths, the convective coefficients must be de-

termined. In the superheated steam region and for the external fluid, the Gnielinski correlation

is used, for gases and liquids, respectively. For the biphasic region, a sensitivity analysis is

performed according to the range of values found in [7].

Then, the calculation of the convective coefficient for superheated steam is carried out, using

the expressions 4.12, 4.13 and 4.14.

ReSH =
4 · ṁ

π ·d ·µ (4.12)

NuSH = 0.0214 · (Re0.8 −100) ·Pr0.4 (4.13)

αSH =
Nu · k

d
(4.14)

For the hot fluid, the Gnielinski expression is used for liquids using the hydraulic diameter

for its calculation.

Reext =
4 · ṁ

π ·dh ·µ
(4.15)

Nuext = 0.012 · (Re0.87
ext −280) ·Pr0.4 (4.16)

αext =
Nu · k

dh
(4.17)
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From this, it is observed that the assumed value of Th,ℓ is very different from the calculated

value, so more iterations are required to obtain the correct value. In this example, to reach the

error of 10−6, 39 iterations are required having as final values Th,ℓ = 33.91◦C, ℓ = 6.41m and

L = 7.12m.
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Chapter V

Model exploitation

With these initial values obtained, and through the variation of the inlet and outlet mass flow

rates to and from the evaporator, it is possible to test the model previously presented. For the

present analysis, a time step increase of evaporator outlet mass flow rate has been simulated,

was made for the evaporator outlet flow and by means of a first order equation it is produced

that at the entrance of the evaporator a variation in the shape of the curve is obtained until the

steady state is reached again.

The equation 5.1 governs the behavior of the input mass flow.

τ ·
dṁ4(t)

dt
+ ṁ4(t) = ṁ1(t−d) (5.1)

To be able to be coupled together with the system of equations in figure ?? of chapter 2, the

variation of the input mass must be solved with respect to time, as shown in the equation 5.2.

dṁ4(t)

dt
=

ṁ1(t−d)− ṁ4(t)

τ
(5.2)

In order to solve the system of differential equations, the Python ODEINT library was used,

which allows solving systems of rigid differential equations.

The result of the different variables studied against a step-type variation is given by the

figures 5.3 , 5.4 and 5.5.
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Figure 5.1: Mass flow vs time.

Figure 5.2: Mass velocity vs time.

Performing the same analysis but this time using the value of the convective coefficient as

8000 W
m2·K , the figures 5.6, 5.7 and 5.8 are obtained.

The Table 5.1shows the variation of the results obtained when the convective coefficient is

varied from 8000 to 12000 W
m2·K :

From the results obtained, it is observed that the greatest variation is 3 %, with which, we

can say that despite not having a precise value of the convective coefficient in the biphasic

region, it will not affect the determination of the others. parameters.
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Figure 5.3: Carbon dioxide pressure vs time.

Figure 5.4: Total heat flux vs time.

Variable αT p = 8000 W
m2·K αT p = 12000 W

m2·K Error(%)
Total Heat Flux 4625.31 W 4625.33 W 4.32×10−4

Outlet CO2 temperature 276.314 K 276.278 K 0.013
Two phase length 6.50305 m 6.30466 m 3.05

Total Length 7.324 m 7.124 m 2.73

Table 5.1: Error due to the variation of the convective coefficient in the biphasic region
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Figure 5.5: Outlet temperature vs time.

Figure 5.6: Carbon dioxide pressure vs time.
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Figure 5.7: Total heat flux vs time.

Figure 5.8: Outlet temperature vs time.
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Chapter VI

Conclusion and perspectives

With the development of this thesis work, there is a better understanding of the physics involved

in biphasic processes, in which physics is involved in the determination of the variables and not

just a mathematical equation, and given the least amount of equations to be solved, the system

can be adapted in the future to a control system.

An error in the calculation of the convective coefficient for the CO2 does not translate into

a big error in the determination of the most important parameters such as superheating (error

≈3%). This is reasonable, since the value of the convective coefficient in the biphasic region

is much larger than the convective coefficient for the internal fluid, thus, the thermal resistance

belonging to the convective coefficient of CO2 is very low and does not affect the heat transfer

[7], [1].

This thesis work presents many aspects to continue exploring. Some of the most salient

ones will be listed below, including improvements in model validation, controller design, and

modeling of more complex systems.

Regarding the validation of the model, in this thesis the validation of the model was carried

out using numerical data, in which a variation is induced in the mass flow out of the evaporator

(which in reality can be done by varying the speed compressor) and it is observed that after

a certain time all the variables reach the steady state, however, in order to carry out a correct

validation of the model, an experimentation must be carried out in a real refrigeration system.
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The present thesis work forms an essential part in the development of a controller. This

model is not really complete until it can actually be implemented in a controller and verified

through experimentation.

The work developed only takes into account a component of the most basic refrigeration

system, therefore, in future works, the complete model of the most basic refrigeration system

(compressor, condenser, expansion valve and evaporator) can be developed and later develop

the most complex system models, in which other components or arrangements are available,

such as cascade refrigeration systems.
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Annex

1) Verification of the influence of the convective coefficient

As stated in Chapter I, the value chosen for the convective coefficient in the two phase region

is very large compared to the convective coefficient of the hot fluid. This means that it is

practically not a parameter that will modify the results since the thermal resistance involved

with this variable is very low. To demonstrate this, the analytical calculation of the total thermal

resistance in the two phase region and the value of the convection resistance of the cold fluid

was carried out. It should be noted again that in the calculations, the value of the resistance

corresponding to the wall of the internal pipe of the heat exchanger has been directly neglected.

The value of the thermal resistance by convection is given by the following expression:

Rsat =
1

hsat ·A

Rsat =
1

8000 ·0.2238
= 5.585×10−4

Similarly, the calculation of the resistance on the outer fluid side can be calculated by the

following expression:

Rext =
1

hext ·A
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Rext =
1

643.18 ·0.2238
= 6.94×10−3

From the figure 0.1, it is observed that the total resistance of the system in the phase change

region is described by the sum of the resistances corresponding to convection in the internal and

external fluid, such as It is shown by the following equation.

Figure 0.1: Resistances in the two phase region

Rtotal = Rsat +Rext
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Rtotal = 5.585×10−4 +6.94×10−3 = 7.641×10−3

It is observed that the value of the resistance in the two phase region is 7 % of the total value of

the resistance and if we increase the value of the two phase convective coefficient to 12000, it

is obtained that it represents 5 %.

2) Void fraction calculation

In the present model used, it was considered that the void fraction does not vary with respect

to time. In order to determine the average value in the evaporator, the Zivi model can be used,

which is described by the following equations:

S =

(
ρ f

ρg

) 1
3

γ̄ =
1
β
+

1
x2 − x1

·
[

α

β
ln
(

β · x1 +α

β · x2 +α

)]
where β = 1−α and α =

(
ρg
ρ f

)
·S. Replacing the values in the equations, we have that the

value of the average vacuum fraction is 0.959.

3) Compressibility calculation

In order to determine if the fluid is compressible or not, the Mach number is calculated.

Ma =
u
c

Where u is the velocity of the fluid and c is the speed of son at the mean temperature.

In the example of calculation, the mass flow was fixed as 0.02 kg/s and the inner diameter of

the pipe was 0.01 m. With this values the velocity inside the pipe is 0.49 m/s. For determine the
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speed of sound, the temperature of evaporation was used in the CoolProp software. The mean

speed of sound in the two phase region is 398.4 m/s.

Finally, the Mach number is 0.0012.
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