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Fnqzf�kJe�� egf�m�f
v
� q�� q u qJf�knmnf s hj��m u egf���� qQ��f s h siw��gen� wx��e���e���kxu q���u���f h���q�yze)o�e���wxo�f/qzf �nmtsiwxopmxu egf
o ea��q��nm��xu e�f �V7(uDqxo
h �zea�,yze&e�f s e s hXkJq yze�o e��nwxo f
qJf�e�f1yzeauNs hXkzq��zhjqQu !z�*h���q"�?f w�f#��maopm$� s eao vXf s h%��mnf
s e$�rkJq o�m u egf}f/qQ�U{*m�& enu m��zqJs/m��Bhjea�ts q�yxenuSo e���wxo�f/q1yze��zhjyzq`m`u m`wts hXu hj��m$��h�!*��q'��qQ��f w��"q`yzeau���hjf(�"q
�)��& ujmHo�e��zea��enopm$��h !Q��mxwts q��*��s h��gm1yzeauMo e��nwxo f
qHf/eg��+x��wx����h eao s q,� e �gmx�zhjf(� q.-
�zea��enopmxu/�"ea�ts e�yze
�nm�f
e'�zh qQu !J�*h%��m�&0�
7*f s qzf�o e���wxo�f/qzf`en�1��w$�$2�qzf'�gm�f/qzf��<s hjen�nyzea�bm?mn�JqJs/mao�f/e��Yegf s q)f
e�yze��Je&m)u m3��maopm$� s eno�vXf s h%��m

m�&��Nu q4��wnm uSf/e`yxm5�6�nwnmx�nyzq�mxknmao�e�� ea�#��h eao s/m�f7� qQ�ny*h%�thjqQ��e�f�o eau m��thjqQ�nmnyxmnf*� qQ�1eau8� mx��e9��qHyze�egf s e
o e���w o f/q:�Ms/mxu e�f;� q��"qHenu\mn�zqas/m5�Bhjen��s q�q)� qQujmxk�f
qHyzenu8o e���wxo�f/q"-#e=<ns h��$�th�!Q��&��:5Kh\ea��u m`e(<Ukxu qas/m��th�!Q�
� q�� eno>�th�mxuUyze�u qJf"kJe�� egf_q`yzeauSknm�f/s q��:ujm�f���m ktsiwxopm�f?��enuSknmnf s egq:�Qf/e�o e mxu hj��m �rm`wx�`o
h s=� q�f wxkzeno
h q o
m�ujm s/mnf
mryze�o eg�Jea��eao�m��th�!Q�@�zhjqQu !z�*h%��m�yze�u m`kJq��xu m��th�!Q�5�Uf
e�kno�q*yQw$��hXo>��enu m��zqJs/m���h ea�ts q�kJqxo8e(<���e�f
q
yze�kze�fA��m"-9� qQujmxk�f
q)kJqxo}f/q��ao ege=<Ukxu qJs/m$��h !Q��&Bq?m��zqJs/m���h ea�ts q?yze�u qzf�o e���wxo�f/qzf1o�en��q��nm��xu egf0� 7(�bu m
m$� siwnmxu hjy mny:�@u m�f/q��ao ege(<Ukxu qJs/m$��h�!*�1yze`u qzfVe�� qzfihjf s e�� mnf"egfBwx��q�yze1u qzf kao q��xu e$�lm�f��*�nfVf/eao
h qzf"�Qw�e
e=< hjf s ea��ea��ujm�mny��Bh��zhjf siopm$��h !Q�B-#�zeno�en���th�m�&4yzeBegf s qzf o�e �nwxo f
qJf �
Faqzf�fihjf s e�� mnf�yze�o e���wxo�f/qzf�o�en��q��nm5�xu egfHkxw�egyzea�,f/eaoC� q*yzenujmnyzqzf@��q��"q�fihjf s e�� mnf�kao e yxmnyzq o��

kao egf
mD�@Z<�nm�m5��kxu hjmE�nu mnf/eryze'� q*yzenu qzfVyzenuUs hXkzq�kno�e yxmnyzq o�� kao egf
m�f/qQ�B�"q*yzeaujmnyzqzfF� q��"q1f h f/s e$�lm�f
y*hX�$�5�Bh%� qzfl��qHu h���egm u egfVyze�wx�nmG��yzqJf4egf kJe��thjegfC-
q@�nmao
hjm5�xu egfA&0�
7K� wx����q*�ts e(<ns q e�� qQu !z�Uh%��q�� m u q�ujmao �zq yze)egf s/m s egfihjf�� eau
� qQ�tsio�qQuVkzqD�xujm$��hjq*�nm u yze��Je�f/eao

en�ts ea�ny*h�yzq;��qD� qrwx�nm o�e��"qD��h !Q�Vq"e(<nsio�m��0��h !Q� kno�qQkJq oH��h qQ�nm ugyzeVujmlkJq��xujm$��h !Q�4yze wx�nmVyze�s eno��Bh��nmnyxm
e�f kJe��thje��D7(u�� qQ�tsio�q*uKkao qQkxw�egf s q�yze��Je�f mts hjfJI�m�� eaoYmxu �Qwx�nm�flo egf sio
h%�0��h qQ��egf0�:yzegf
yzerenuKkxwx�ts q�yze7�zhjf s/m
yze u m)s egqxo�v�m yze"��q*�tsio�qQuK��Lnq kJqzf/egeaoC��hjeno s/m�f4��mJo�m�� s eao vXf s h%�gm�f��4s/mxu egf)� q��"q\{ h%&�fihM��kxu h���h�yxmny$yze
h/�rkxu e��"ea�ts/m��th�!*�N�negfYyze ��hXoMujm4e(<Ukao egfih�!Q�7� m�s e$�;�ts h%��m yzeau���qQ�tsio qQu yze��Je}f/eaoMu qC�;��fNf h/�rkxu e"kJqzf h/�xu e�O
h hP& ��q���e��xm�s h �zh�yxmny:�*egf4yze ��h�ocenuN� qQ�tsio�qQu yze��Jels en��eaoPwx��+x�zh%� q`f/ea�ts hjyzq4-
o�e$� qD�th�!Q�rq�e=<nsiopm$� �th�!Q��&�O
h hXhP&)� q*�zh s q o�hj��m��th�!Q���"vd�zh/�lm5�^e�f�yze ��h�o�wx� ��+��"eao qQ�"vd�zhM�"q�yze�ujm�f�yzen��f hjyxmayzegf&kzq��xu m��thjqQ�nmxu e�f
�Qw�e s hjen��e,�Qw�e?f
enoE� egy*h�yxm�f,-#m.R:�)yze)hM��kxu e��"ea�ts/mao�wx�S��q*�tsio�qQu�&�OT� h ��&��gmxknmn�?yze�I q��"ea�ts/mao
� qUe(< hjf s en���th�m5�Ye�f�yze��th�o4m,kJegf
mao4yze ujmbo�e$� qD�th�!Q�,o�egm u6hj��mayxm,u mnf�e�f kJe ��hje�f�yze��Jen�&e �QwzhXu h/�aopmao�f/e�ea�
�zh ��eau e�f4f
qJf/s en�zhM�xu e�f �

hXh



7Ku:q�� ��e�s h ��q?yze�e�f/s/m�s egfihjf�egf�e�f/siwny*h�mao"u qzf�kao�qD�xu e�� mnf�yze��Jeao ea�$��hjm&yze&o e���wxo�f/qzf1o�en��q��nm�� u egf
yze�f yzeHwx� kxwx�ts q yzeE�zhjf s
m�yze���q*�ts o qQuM�8e�f kJe�� v R��gm�� en�ts/e�yzenuckao q��xu e$�lm�yze`f/q��ao ege=<Ukxu qJs/m$��h�!*��yze
o e���w o f/qzf �8Fam�kzqJf h/�xu elf/qQu w$��h�!*�rm�e�f/s e�kao�qD� u e�� m�egf"u mrmxkxu h��gm$��h !Q��yze�wx�C��qQ�tsio qQu yzen��q��Bh��nmayzq�yze
kJqQu v s h%��m`yze1w��C�aopmxu - GNZ &0�c7*f s/mHkJqQu v6s h%��m`yze1w��C�aopmxu*egf"mxkxu h%��mayxm�mB� q*yzenu qzf yzeauUs h�kJq kao e yxmnyzq o��
kao egf
mlyzelwx�nm � yzqzfYegf kJe��thjegf0�(7K�tsio�elu qzf?�"q*yzeau qJfPyzelwx�nm"egf kze ��h e egf s �x�U{zenu�� q*yzenu q�yzeBANq � �iR�enh�o
-
ea��knmnf s egq�&���enu � q*yzenu q�yze�>MqQuXu6hje � 5:kJea�$� eao
-
ea��kze�f �gm�& ��eau �"q*yzeau q�yzeryzqzf4egf kze ��h egf"egfVenuQyze
u m���e��ze�s/m$��h !Q�

�
2�eno���v ��qxo�q�en��fihjf s/e$�lm�f_yxerknm�f/s e�q�ea��f w�eau q�f/e��Bh%�ao
hjyzq �MFam�o�egm u6hj��m��th�!Q��yzeauxy*hjf/e���q

yzenu � qQ�tsio�qQu8kao qQkxw�egf s q:� � qQ��f/s/m�yze�ujmnf"e�s/m knm�flyze`yze�fA��o
hXk��th�!Q��yze�u qzfG�"q*yzeau qzf*�#� qQ�$��enkts qzf yze
� qQ�tsio�qQuM��q?u6h���e mxu\m`e���kxu egmJo��8m�f
v8� q��"qHenu(y*h f
e���q�yzeau ��q*�tsio�qQu ��q*���rwts/mnyzq �D7K�`egf s e�sio�m5�nm ��q�f/e
yze$�rw�e�f/sio�m �Qw�e&knmJo�m �nmao
h qzf'�"qQyzenu qzf�yze&wx�nm�e�f kze ��hje wts h�u h �gmnyzqzfBea�He���q*u qz�zvXm3�lmts e��*�ts h%�gm5�[u m
kJqQu v s h%��m�yze`w��C�ao�m u f hXo ��e�knmaopm�e�f/s/m��zh�u6hj��mao u m�kzqD�xujm$��h�!*��yze�y*h��$2nm�egf kze ��h erea��wx���zh ��eauUyzegf/e mnyzq �
FJm kJqQu v6s h%��m)yze)w��G�ao�m u^kno�e�f
en�ts/mS��en�ts/m � m�f`s/mxu e�fB� q��"q �Jen��e0R���hjq e ��qQ� !��Bh%� qQ-9��wnm �nyzq e�f

mxkxu h��gmnyzq m wx�bfihjf s e�� m)yze)wx�nmbe�f kJe��thje�&@�be0�zh s/m ujmbe(<ns hX�$��h�!*��yze�ujmbe�f kJe��thjebm�+x�.�nwnmx�nyzq$u m
f/q��ao ege=<Ukxu qJs/m$��h�!*�`��q�kxwnegyzelf/eao@e��zh s/mnyxmD�K7(u��Jea��e�R:�thjq�e�� qQ� !��Bh%� q�kao q��"e y*hjq ��ujm�kao q*ySw$� s h �zhjyxmay
kao q��"e y*hjq&f/qzf s ea�zh/�xu e�yxenkJea�nyzea�Hyzeau �nmxu q o[yze��zh ��eauKyze�w��C�aopmxuMO@mayze$�;��f enu hj�Uhjea�nyzq�wx�#�nmxu q o[yze
w��C�aopmxuQkzq*yze$� qJf �lm < hM�Bhj��maoYujm�kao�q*yQw$� s h �zh�yxmny�q�eau��zen��e0R���h q`e�� qQ� !��Bh%� qHkno�q��"e y*h q�f
qJf/s en�zhM�xu e��

hXhXh
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IQ��h f"knmayQo egflR�m��Q��qHR�en�nyzqz��m�GQq�� mxujm��gm5���Qu q o�m�5KhXu �zhjm�R�eg��m�F�!QkJeg� �rm@�Bh 2�eao �lmx�nm���m$��hX�ts/m
O8egm�sio�hj�`R�en�nyzqz�gm�R�e��gm�kJq oceau*mxkzq��gq:�:��mJo�h ��q@� ��q*��RSmx���gm��Qw�e'� e'�no
h��nyxmx�N�
I}u"Gco q�I �_I
�Bh s,O 2nm0� m$kJq oBeau^m kJq ��q �"q o�m uK� kJq o�f/eao1wx� e9��e$�rkxu q yze h�����e�f/s h �xmayzqxo9�*��h

mny���hXopm$��h !Q�G�1o�egf kJe�s q �
I �BhUegf kJqzf
mH7(u hjm ��e�>Do
h f/s hX�nm�yze�>8mao �nmxu/2�q�R�en�nyzqz��m�R�e��gm1kJq ocf w�knm$��h ea�$�th�m5�\m kJq ��q`yzegfih�� �

s eno�egf
mnyzq���kJq oceauU�*opmx�ayze��gmao�h ��q �
I~u qzf�G@o�q�I f ���nm��zhjeno}5QqJs q�� m0�gqxo9���zwxu6hjq C@m�I�wxoT��� w��zq Gcopmts�s�kzqxo}f w�m �xwnyxm5�@f w��ze�f s hjqQ��e�fG�

o e�� q�� en�nyxm��thjqQ��e�f"�Qw�e'�"e9��q o�mao�qQ�rea��qxo��"e��"ea�ts ere�f/s/m�s egfihjf0�
I �Bhjflm5�Bhj�JqzfB>@mao#u qzf I}u I�mao�q:���tq o �zeHGSm u q��Bh���q:�c> 2xo
h f/s hjm ��5��$2nm�eao�eno^�Qw�e�yze�m u �Qwx�nm�w1qJsio�m

I qxo�� m#� e�hX��f
en�ts h �nmao�qQ��mE� qQ�$�nu wzh�oNegf s/m�s egfihjf0�
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�"6���'0�7���839'����&�('� ;:<'>=��?���@�� A
� �CB 3 �tsio qQyQw$�0��h !Q� �C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� D
� � � R�q*yzeau qJfVyze12^hX�$�5�Bh%��mHGQq��xu m��thjqQ�nmxu7�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� �
� �ED R�q*yzeau qJfVyze12^hX�$�5�Bh%��mHGQq��xu m��thjqQ�nmxuN� qQ�1>8q*�tsio�qQu �C�G�C�C�G�C�C�C�G�C�C�G�C�C� F
� �HG ;7� ��e�s h ��q'�1>8mJo�m�� s eao vXf s h%�gm�fr2<e�f/e m��xu egf yze�wx�1>8q*�tsio�qQuUen��wx�1>MqQ�ts e(<ns q 7D��qQu !z�*h���qIB
B
� �HJ 5Khjf s e�� mnf ��q&F hX��e mxu egf4yzeau:G@wx�ts/q1yze ]}hjf s/m�yze�>8qQ�tsio qQu5�C�C�G�C�C�C�G�C�C�G�C�C� BKG

� �EJ:�LB G@ujmx��q1yze �nmnf/e �G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� BKG
� �EJ:� � G@wx�ts qzfVyze17Q�QwzhXu hM�ao�hjq �G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� BKJ
� �EJ:��D 3�f !D��u h��nm�f �C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� BKJ
� �EJ:�EG >Nh%�nu q Fav �Bh s e �C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� BKJ
� �EJ:�EJ 7Uf/s/m��zh�u hjyxmay�yze�u qzfV5(hjf s e�� mnf�ANq F hX�negm u egf �C�G�C�C�G�C�C�C�G�C�C�G�C�C� B �
� �EJ:� � 7Uf/s/m��zh�u hjyxmay�yze�u qzfBG@wx�ts qzfVyze17*�Qwzh�u h/�ao
h q �C�G�C�C�G�C�C�C�G�C�C�G�C�C� B �
� �EJ:��M I}�$�xu h f h f�yze�7*f s/m5�zhXu h�yxmny yzeHu qzf�Gcwx�ts qzf yxe�7Q�Qwzh�u6hM�ao�hjq&yzeHu qJfB5Kh f/s e$�lm�f

ADq&F h���egm u egf �C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� B&N
� �EJ:��N 7Uf/s/m��zh�u hjyxmay1en��enu*5Qea�ts hjyzq�yze1F � mxkxw ��q�� �C�G�C�C�G�C�C�C�G�C�C�G�C�C� B&N
� �EJ:��F � wx�$�thjqQ��e�f yze1F$� mxkxwx��q��G��q*��>MqQ�tsio qQuF�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� �z�

� � � CPOno��Bh���qzfB7D��q*u !z�*h���qzf4yzegf
yze`wx��Gcwx�ts q�yze ]}h f/s/m�yze�>MqQ�tsio�q*u �C�C�G�C�C�G�C�C� � D
� � � �LB GQqQu v6s h%��m�yze1Z �C�aopmxu - GNZ &4�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� � D
� � � � � 2<e�R:�zh���h�!*��yzeau:7*�SwzhXu h/�ao
h q`]}hXo siwnmxu��C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� � J
� � � ��D R�q*yzq&2<e�f u6hj��m �ts e���7*�Qwzh�u6hM�ao
h q�yze12<e�f u6hj��m5�Bhjen�ts q �G�C�C�C�G�C�C�G�C�C� � J
� � � �EG ADqas/m��th�!Q��7*f s/mx�nyxmJo Z@s hXu hj��mnyxm�knmaopm�7Q�Qwzh�u6hM�ao�hjqzf
��Z �C�aopmxu e�f �C�C�G�C�C� �z�
� � � �EJ >MqQ�tsio�qQuK7Q�Qwzh �nmxu en�ts e �G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C�C�G�C�C�G�C�C� � N

A QR���S�0T�'U�/�" V39'����K��'� W35'���XY�+���"��'Z6��"���\[]���^���"X_���a`)'��� ��"
+��'����� ��@�b�/�dce���gf)��h
6��i
+�!� A"j
D:�CB R�q*yzeau q1yze1Z<�nmH7Uf kJe ��hjeG��qQ�1>MqQ��f w�� q 7�<�!J�zea��q�>MqQ�tsio�q*ujmayzq)�C�C�G�C�C�G�C�C� D�B
D:� � 2<e��"qzf/sio�m��th�!Q�"yzeautCMegqxo�e�� m"yze 7Uf/s/m��zh�u6h�yxmny�|[u qD�nm uaknmJo�mrR�q*yzenu qzfDyxelZ<�nm�7Uf kJe ��hjegD
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5Kkzen�$��enoE��qQ�
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7(��ujmBm$� siwnmxu h�yxmny:�\u m f
qD�ao�e�e(<Ukxu qas/m��th�!Q�Byze�u qzf[e�� qzfihjf s e�� mnf^egfVwx��q�yze�u qzf4kao�q��xu e�� mnfF�*��f f/eao�hjqzf
�Qw�e?e(< h f/s en��en� ujm��zeao ea�$�th�m yze�o�e �nwxo�f/qzf0�l7K�tsio e u qzf�e ��qzfihjf s e�� m�fHf/q��ao ege=<Ukxu qJs/mnyzqzf&kzq*yze$� qJf
�"ea�$�thjqQ�nmao[enuKyze�knm�f/s e�q)��enuKyze�kJegf ��m3- >8qQu u h eE��5:kJea�$� eao9�WBKF
F
D�OK][mx��yze	�MqQkxkJeau:�?E@hje�s�
ieno�
��
�z�J�z� &��
7K�?wx�)� qQ�ts e(<ns q e ��qQu !z�*h%� q:�@eau6� qQ�tsio�q*uNkzqD�xujm$��hjq*�nm uKyze��Je1f
eno}en�ts/en�ny*h�yzq,��q��"q)wx�nm?o e��"qa�

�th�!Q��q1e=<nsiopm$� �th�!Q��kno�qQkJqxo>��h qQ�nm uUyze�ujm�kJq��xu m��th�!Q��yze`wx�nm�yze s eao��Bh��nmnyxm�egf kze ��h e��:m�f
v ��q��"q�yze��Je
f
m�s h f I�m$��eno8m u �Qwx�nmnf_o�e�f sio
h%�0��h qQ��egf^s/mxu e�f?� q�� qS{ - hP&PfihM��kxu h���h�yxmny�yze hM��k u e��"ea�ts/m$��h !Q�5O -/h hP&_��q1��e��xmt�
s h �zh�yxmny O - hXhXh%&G�"qQ�zh s qxo
h �gm$��h !Q� � vd�zh/�lm�yze`e�f kJe ��hje�f0O ��-/h ��& I qD� en�ts/mJoT� qUe(< hjf s ea�$�th�mHyze�egf kze ��h egf0�
e�f yze ��hXo9�\e0�zh s/maoce(<ns h��$�th�!Q�N�
7Ku:q�� ��e�s h ��q?yze�e�f/s/m�s egfihjf�egf�e�f/siwny*h�mao"u qzf�kao�qD�xu e�� mnf�yze��Jeao ea�$��hjm&yze&o e���wxo�f/qzf1o�en��q��nm�� u egf

yze�f yzeHwx� kxwx�ts q yzeE�zhjf s
m�yze���q*�ts o qQuM�8e�f kJe�� v R��gm�� en�ts/e�yzenuckao q��xu e$�lm�yze`f/q��ao ege=<Ukxu qJs/m$��h�!*��yze
o e���w o f/qzf �cFaqJflo e���wxo�f/qzfBo ea��q��nm��xu e�f4f/e@�"q*yzeau mJo�m � ��q��"q1fihjf s e�� mnf ��qHu h���egm u egf0�
7Ku<y*hjf/e���q�m�o�egm u6hj��mao7��q*��f/s/m�yze e�s/mxknmnf`s/m u e�fB��qD� q yzegf �no
hXk ��h�!*� yze�u qzf4� q*yzenu qzf@�S� qQ� �

� eakts qzf�yze3��q*�tsio�qQu^��q u6h���egm u/�^mnf/v�� q��"q enuPy*hjf/e���q�yzenuK��qQ�tsio qQu ��qQ����wts/mayzq knmaopm�wx�,f h f/s e$�lm
��e��ze�s/m$��h !Q� � 2�eno���v ��qxo�q1yze`knmnf s egq�en��f w�eau q�f
e$��h��Jo�h�yzq � �*h��nmxu/�"ea�ts erf/e`o�egm u h �gm�wx�nm'� q���knmJo�m��th�!Q�
yze&u mbkao q*yQw$� s h �zhjyxmay �?ujmbo ea�ts/m��zh�u hjyxmay)kao�qD� egy*hjqbyzenu8��q*�tsio�qQu6��qQ����wts/mayzq,��q*�HqJsio�qzf s h�kJqzf�yze
� qQ�tsio�qQu -
kJqQu v6s h%�gm�f_q1egf siopmts eg�Uh�m�f &��
7K� eaux>8mxk�v siwxu q � yzenu kao�e�f
en�ts e siopm��nm � q��zf/e"yze�fA��o
h/�zen��u qzf
�"q*yzeau qJf[yze y*h��$����h��gmrkJq��xujm$��h qQ�nmxuM�

m�f
v���qD� q�u mnf �gmaopm$� s eno�v f/s h��gm�fPyzegf/e mnyxm�f<yze"wx� ��q*�ts o qQu en�Bwx� ��q*�ts e(<ns qle�� qQu !J�*h%� q �a5Qe}e(<UkJqQ��en� u qzf
� qQ�$��enkts qzf^�ne ��e�f mao�hjqzf<yze_fihjf s e�� m���q�u h���egm u egf ��qQ�Veau q�� ��e�s h ��qlyze_en�ts ea�nyzeno@ujm4s egqxo�v�m"yze�f
mJo
o�qQu ujmnyxm
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mHu q?u mJo �zq�yze�ujm�s egfihjf �'RK�nm u/�"ea�ts e�f/e�yzegf ��o
hM�Jea�&u qJf s Oao��Bh���qJf e���q*u !z�Uh%��qJflyzegf
yze�wx��kxwx�ts qHyze
�zh f/s/m�yzeC��q*�tsio�qQuM�
7K�,�nwnmx�ts q)m)u m f/qQuXw$�th�!Q�?yzeau<kao�q��xu e�� m ea� eau ��m k�v6s wxu q Dbf/e.��w�egf siopm?eaucyQh f
e���q)yzeau � qQ� �

sio qQu ��qQ����wts/mayzqbknmaopm1fihjf s e�� mnf�kJq��xujm$��hjq*�nm u egflyze�wx�nm�e�f kze ��hje'�1f/e`yze���w�egf siopm�eauSs egqxo�e$�lm�yze
e�f/s/m��zh�u6h�yxmay?�Qu q��nm ucknmJo�mHegf s qzf�� q*yzenu qzf0� Faqzf'� q*yzenu qzfG� qQ��fih�yzeao�mayzqzf`knmaopmbujm�mxkxu h%��m��th�!Q��yze&u m
kJqQu v s h%��mbyze,w��C�ao�m ucf/qQ�U{
-/hP&�R�q*yzeau q ADq�� � R�enhXoVen�?eau ��qQ�ts e=<ns q�yzebknmnf s egq"�1- hXhP&�R�q*yzeau q�yze
>MqQuXu6hje
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5:kJea�$� eaoDea��eauD� qQ�ts e(<ns q�yze�kJegf �gmN�

7K�^eau >8mxk�v siwxu q GVf/e ��w�egf siopm}eau y*h f
e���q"yzenu���qQ�tsio qQu���q*���rwts/mnyzq knmaopm u m}y*h��$����h��gmT��eg�Je�s/m$��h�!*�
�

2�eno���v ��qxo�q?ea��eau8fihjf s e�� m?yze knmnf s egqbea��f w�enu qbf
e$��h��Jo�h�yzq knmaopm&y*h I eao�en�ts egfrs h�kJqzf�yze w��C�aopmxu � 7Ku
�"q*yzeau q1egf siwny*h�mnyzq@I�w�e s q��lmnyzq1yzeau sio�m5�nm � q`yze ][mx��yze �MqQkxkJeau���Ech e�s�
ieao 
�- �z�J�z� &0�
7K�_enu�>8m k�v6siwxu q<J f
eVo e mxu hj��m ujm���q���knmaopm$��h !Q�4yze4ujm"kao�q*yQw$� sih �zh�yxmnyF� o ea�ts/m��zh�u hjyxmay f/qzf/s en�zhM�xu e}yze

u m�kJqQu v s h%��m�yze�w��C�aopmxu*knmaopmE�"q*yzeau qzf^yzerwx�nm e�f kJe��thje����*h��nmxu/� en�ts e f
e"e(<UkJqQ��ea��ujm�f4>MqQ�$�nu w�f h qQ��egf
��E:e ��q��"ea�nyxm$��h qQ��egf yzeBe�f/s/m�s egfihjf0�
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2<e�f yze[eau hX�zh%�thjq yzePf w}e(< h f/s en�$��hjm_enu f
eno 2xw��lmx��q72nm^e�f/s/m��xu e ��h�yzq"y*h I eao�en�ts egf8I q o �lm�f8yze4o eau m��thjqQ�nmao�f/e
� qQ�?ujm �nm�siwxo�m u eg��mD�P2<e42�e �$2�q:�<�nq"2nm0� wx��f
qQu q"� q��"ea�ts q?yzeH�xw�egf siopm �zh�yxm��Qw�eH��q&s en���xm�� qzf
� qQ�ts/m�� s q ��qQ��eau ujmU{Do egf kzh�opm��"qzf f w�mzh�o e��Yw�f
m�� qzflf w�mn�Qwnm5�D��qJf m u6hM�"ea�ts/m�� qzflyze�f w�f�kxujmx�ts/mnf �
mx�zhM� m u egf0�xCMq*yzqrmn�Qw�eau u qr�Qw�e�2�e$� qJf yze�s e�� s/mayzq ��q��"q`�xw�egf siopm�fV��e�� egfih�yxmnyzegf^m7��w��ao
hXo9�xs h ea��e"�Qw�e
��eno � qQ��eau\wnf/q�yze�u qzf o�e �nwxo f
qzf �nmtsiwxopmxu egf0� � e�f4egf s/m�wts h�u h �gm$��h !Q��yze�o e���wxo�f/qzf ujm��Qw�eE2nm�uXu e0�nmnyzq
m�u mrsiopmx��f I qxo�� m��th�!Q��yzenu � egy*hjq:�8�"q*y*h R��gmx�nyzq�u qzf4fihjf s e$�lm�f �amtsiwxopmxu e�f �
7K� enu sio�m ��f �nwxo f
qByze ujm72zhjf s q o�h�m5�aeau�2�q��G�no�e*2nmVea�$� qQ�tsiopmnyzq�ujm�fT2�eao
opm���h ea�ts/m�f^knmJo�mVe(<nsiopm�eao\yze

u m �nm�siwxo�m u e���mBu qJf o e��nwxo f
qJf}��e ��e�f mao
h qzf^knmaopmVf w e=< hjf s ea�$��hjm �4f wxkJeao �zh ��en�$��h�mN�*7*f s qE2nm yze s eao ��hX�nmayzq
y*h I eao�en�ts egf�I q o �lm�fByze@�zh�yxm�yzeakJea�ny*h ea�nyzqbyze�u qJf�o e���wxo�f/qzf1�nmtsiwxopmxu e�f0�K2zh f/s qxo
hjm � �nwxu siwxo�m�yze�ujm�f
y*h ��eao�f
m�flo�eg�UhjqQ��e�f �
FJm �zeno�en�$��h�m yze u qzf o�e���wxo�f/qzf_o ea��q��nm��xu e�f
- yzqQ�nyze*2nm fih�yzq�kao�m�� sih��gmnyzq5&��af
e*2nmC�nm�f mnyzq �Jea��enopmxu �

�"ea�ts e"ea� enu � qQ�$��enkts q�yzeBujm�kno�q*yQw$� s h �zh�yxmnyrf
qzf s ea�zh/�xu eG�*��< h/�lm -9��qD�G+x���"ea�ts elm��ao e0�zh�mnyxm7� q�� q
�E# 8$yzeauzh����*u egf �2	"!5� ��#�� #$#=�/4"	+� ��	&%�� �-8A�C�F� � &0�('Uf/s eVe�f[�Qwzh � ��f0�zenu�q�� ��e�s h ��q�kzqzfihM�xu e;�;��f<fihM��kxu e
en��ujm��Jeao�en�$��hjm�yze�u qzf o e��nwxo f
qJf0�(enuD�nwnmxuN��qQ��fih�yzenopm�eau 2�e�� 2�q��Qw�e�wx�nmGI�w�ea�ts e�yze�o e���wxo�f/qzf7�zhjqQu !a�
�*h��gm1��qHkxw�egyzeBf/eaoNe=<Ukxu qJs/mnyxm�s/mx�`h��ts ea��f
m�� en�ts/eBfih���wx�nm1k Oao�y*h�yxm#�*��< h/�lmryze�ujm1kao q*ySw$� s h �zhjyxmay
- >Yu mJo 
�� B&F
N J�O �tea��f/ea�5� �z�z�z� &0�
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FJm f/q��ao ege=<Ukxu qJs/m$��h !Q� yze u qJfPe�� qzf h f/s e$�lm�f e�f4wx��qryze u qJf_kao q��xu e$�lm�f��;��fPf/eao�hjqzf �Qw�eVe(< h f/s eVea�
u m �zeno�en�$��h�m"yze o�e �nwxo�f/qzf0�S2<qzfDe9��e���kxu qzfYyze_e�� qzfihjf s e�� mnf<f/q�� e s h�yzqzf<m f/q��ao ege=<Ukxu qJs/m$��h !Q� f/qQ� eautyze
knm�f/s e�q;�Veautyze kJegf ��mD�QFJmVf/q��ao ege=<Uk u qJs/m$��h�!*�"yze o�e �nwxo f
qJf}o�en��q��nm5�xu egfYyze��Je_f/eao\ea�ts en�ny*h�yxm*� q��"q�u m
m$� �th�!Q���Qw�e�u u e0�nm�mxuze ��qzfihjf s e�� m�mBf w�e=<ns h��$��h !Q�5�*egf_yze ��hXo@eauze(<���e�f/q1yze egfJI�w�eao ��q`yzele=<Ukxu qJs/m$��h�!*�5�
yze �lmx��eao�m��Qw�e�eau(fihjf s e�� m)�gm�e`en� u m�e=<ns h��$�th�!Q�N�<Z<��e�� e$�rkxu q�o e mxuKyze`f/q��no�ege=<Ukxu qJs/m$��h !Q�#I�w�e�enu
�Qw�e1qD��wxo#o�h�! en��GQeao +4� qQ�?ujm�m �$�$2�q���e�s/mN�PA w�egf sio�q�knm�vXfByzegf
yze

1960
2nm�f s/m

1972
I�w�e1eau �lm0�gqxo

kao q*yQw$� s qxo�yze 2nmao
hX�nm yze kze�fA��mayzq�� ujm kJegf �gm eau_kao
hX�$��hXknm uPf
e � s qxo�e�� qQ� !��Bh%� q �lFaqJf�e(<UkJeaods qzf
en� kJegf �gm�mny��zh�o s h eao�q*� �Qw�e�ujm �E# 8 yze��Jeao v�m f/eao�yze

10
�Bh�u u qQ��e�f�yze,s/q*��eaujmnyxm�f�mx�xwnm u � en�ts e

� ujm �gmxktsiwxopm yze$�Jeao�vXm egf s/mJo�yze)m$�nw�enopyzq$m�egf s e u v ��h s e �lGQeao q:�_eauT�no e��thM�Bhjea�ts q yzeS��m knm$��hjyxmay
yze u mnfHe��C�nmao>��m��thjqQ��e�f yze kJegf �gm5�"y*hjq�uXw��zmJo�m��Sw�e)en�

1973
ujm���m �ts h�yxmny yze�mx�$�$2�q���e s/m ea�

�xw�e�f/sio q1�lmao}yze �no�e�� ��m m��ao#wxkts/m�� en�ts e��)� q�� q,� qQ��f/e���wnen�$��hjm yze1egf s q?eauN�zh ��enuNkJq��xujm$��h qQ�nm uKyze
u mnf�m���egf��Qwnmx��eao�mnf�y*hjf(�Bh��xw�� m yxeBI q o �lm yQopm��;�ts h%��mN�^u q�m �ts eno
hjqxo m�I e�� sJ!S�gmts/m�f/sio !�R:��m5�"ea�ts e,u m
e ��qQ��qD� v�m�kJeao
wnm �nmG- 36y��xuXu/�+B&F
M
D�&��QFam"f/q��ao ege=<Ukxu qJs/m$��h !Q�lyzelu m mx��� 2�q���e s/m�kamao e��th�!Bf/eaocu m�kao
hX�$��hXknm u
��m w�f
m�yzeauK��qQu m k�f/q:�}mxwx�n�Qw�ebf w)e0I e � s q���qD�G�zh��nmnyzq�� qQ� ujm�f�hX���Kw�en���th�m�f�yze u mnf��Kw$� s wnm$��h qQ��egf
kao q�I�wx�nyxm�f yzeau6�"e y*hjqHm��G�zh ea�ts e - 7Ku@A[h ��q5& �gmxw�f/qbu m��Qwzh e��ao�m�yze�u mHhX�nyQw�f/sio�h�m�yze�u m1m �$� 2nq���e�s/mN�
Z<�nm �"q opmts q o�h�mlyzeBu m�kJegf �gm�kxwnyzq@2nm��JeaoNkJeno��Bh s h�yzq1u m�o e���wxkzenopm$��h�!*�ByzeBujmlmx�$�$2�q���e s/mN�SkJeno�qre�f/s q
��qBI�wne�kzq*u v s h��gm�� en�ts e�kJqzf h/�xu e�kJq o��Qwne

20 000
kJeao�f/qQ�nm�flenopmx��yzenkzen�ny*hjen�ts/e�fByze�ujmHh��nyQw�f sio
hjm�yze

u m�m �$� 2�q���e�s/mN�<GQq o4u qHs/mx�ts/q��8eauK�zqD�zhjeao
��q�kJeao
wnm ��qHs ea��v�m��Qw�eHkJeao ��h s h�o}�Qw�e�ujm kJegf �gm)��q*�ts h���+�e
��mayxm�m ��q:�MkJq oPu q1�Qw�e�ujm�mx�$�$2�q���e s/m��xw �$��m�f/e�o�e���wxkzenoH!�- 36y��xuXu/��B&F
M
D�&��

;4sio q e9��e���kxu q�yze?f/q��ao ege(<Ukxu qJs/m��th�!*�)egf�q���f/eao �nmayzq ea� u qzf�fihjf s e�� m�fHyze�knm�f/s e�q:�}yzqQ�nyze?enu
�xmx�nmnyzq)��qQ��f w�� e�u m���e��ze�s/m$��h !Q��yze�wx�nm�yze s eao��Bh��nmnyxm �ao e mN�M5Kh@��qHf
e�o e mxu h �gm&wx�nm�o�qJs/m$��h !Q��yze
�ao�egmnf��\e�fVe��zh�yzen�ts er�Qw�e�ujmG��e��ze�s/m$��h !Q��f
eno>��e=<nsihX���Qwzh�yxmC��enu��ao e m�eao qzfihjqQ�nmnyxmD�

5Khjen�nyzq ujm�f/q��ao ege=<Ukxu qJs/m$��h�!*��wx� kno�q��xu e�� m f/eao�hjq:�"yQwxo�m �ts e$u m y
O���mayxm yze$u qzf
70
f&f/e�egf��

s/m��xu e ��hjeno�qQ�le�f s o�m�s e��*h�m�f yze o eg�Qwxu m��th�!Q�5�Skno
h��$�th�knmxu/�"ea�ts e en��u m�kJe�fA��mN�xe ��� � �xeaunegf s/m�� u e��thM�Bhjea�ts q�yze
� qQ�nm�f �nm��thjqQ�nmxu e�f_e�h��ts eno#�nm$��hjq*�nm u egf4yze�kJegf �gm5�

200
��hXuXujm�f0�8FJm�f"kzq*u v s h��gm�f4yze�kze�f �gm -
egf siopmts eg�*hjmnf

yze�o�e��Qwxujm$��h !Q��& �;��f?� q��G+x���"ea�ts erwts h�u h �gmnyxmnf[f
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u qzfPh��ny*h �zhjyQw�qzf0�nfih���q"s/m5�C�zh On�"yzenkJea�nyze4yze"u m7�lmx��eao�m � q��"q�u qJf kao e yxmnyzq o egf ��qQ���zh eaods ea�Bu mnf[kao egf
mnf
� qQ��f w5�Bh�yxm�f}ea�1�xw�e���qzf"kao e yxmnyzq o egf��Segf s/mrs/m�f
mregf"uXu m5� mayxm s/m��G�zh On��yze 
�� � � #�� �F4 	�� #����/
�� :�	

f3
�

FJm?o�egf kxw�egf s/m4I�wx�$��h qQ�nm u �bu mb�xw�� Ono
h��gm�en� � qQ� � wx�ts q�kno�qQkJq oH��h qQ�nm �?wx�nm�yze�fA��o
h�k �th�!Q� ��q��V�
kxu e�s/m,yze�ujm,y*hX�$�5�Bh%��m kzqD�xujm$��hjq*�nm uM�47UfH��e�� egf
mJo�hjq enu � qQ��qD��hM�Bhjen�ts q yze&m5�C�nmnf�knmaopm?ea�ts en�nyzeao
� q��rkxu e�s/m�� en�ts eE� q�� q�enu:kno�e yxmnyzq o ��ujm�kao�e�f m�h��ts enopm$� s=+nmx�N�NFJm�f wxkJqzfih%�th�!Q� �*�nf � q��C+x��egf �Qw�e
u m�o�e�f kxw�e�f/s/m��xw�� Ono
h��gm�egflwx�nmGI�wx�$��h !Q��u hX��e mxu/�"ea�ts eG��o�e ��hjen�ts e�yze�ujm�o�e�f kxw�e�f/s/mEI�wx�$��h qQ�nmxu �
FJm�f`kao�q*kzhje yxmnyzegf�yze�e�f/s/m��zh�u hjyxmay,yze�fihjf s e�� m�f�kao�egyxmayzqxod� kno�egf
m&f/qQ��e�f/siwny*h�mnyxm�f�yzegf
yze,2nm�� e

��w$�$2�qls hje���kJq:�Je���kze��gmx�nyzq�kJq o8ujm�fDs O �n�zh%��mnf<�QoH� R��gm�f
- EKqzf
en�����Pe�hj�:��BKF
M�B OaC8m �x��eno9��BKF
M J:OQANq � �
R�e�h�o9�)B&F
M J�ODR�m0�5�)BKF
M
M�O\][m �1yze �MqQkxkJeau��&E@hje�s�
ieno�
�� �J�z�z� O\][m �1yze �MqQkxkJeauSe�s"mxu � �)B&F
F � &��Ke�f
yze ��h�o(enunmx�$� u6hjfihjf<yzelu m"egf s/m��zh�u hjyxmay ea�"eauzkxujm ��q yze�I�m�f
e kzqxo8� egy*hjq�yze ujm�f hjf !D�nu hX�nmnf<yzeauxkno�e yxmnyzq o:�
yzerujm�kao�e�f m5�:ujm�f
�nwnmxu e�f}f
q*�G��q���kxu e$� en�ts/mayxm�f"kzqxo8eauxm �$�xu h f h f �lmts e��*��s h���q`yzenu5� q��rkJqxo s/m���hjen�ts q
yzenu�fihjf s/e$�lm - OYo�m w�eno9��B&F
M � O �*h f�2�enoKe�sYm uM� ��BKF
M
F�O >MqQ���[m0� �"5 �"qQuXu eao���B&F
N � O �Nq7� � wnmx���:� �z�z� B�&0�
7 < hjf s e�s/m5�C�zh On��wx�nm�f/eao�hje�yze�siopm��nm � qJf �Qw�eBsiopmts/m ��m�� eaoH�gm`yzerfihjf s e�� mnfBkao�egyxmayzqxod� kno�egf
m�f w � e s qzf

N



mle(<nsiopm$� �th�!Q�'-
kJe�fA��m�&F- OYo�m w�eno:e�s[m uM� �0BKF
M � OxI<��maoMe�s[m uM� �0BKF
F J:O(2Pmzh�� C8m �����"B&F
F
N�OQ>Mqzf s/mBe s mxu � �
�z�J�z� &��
Faqzfrfihjf s e�� mnf�yxe knmnf s egq wts h�u6hj��mayzqzfC� ��qQ�tsio qQujmnyzqzf1kJq o_eau 2�qD�G�ao e?kxw�e yzen� f/eao � qQ��fih�yzeao�mt�

yzqzf*� q�� q?wx�#��mnf/qHe�f kJe��th�mxuKyze�fihjf s e$�lm�f�kao e yxmnyxqxod� kao�e�f mN�DR�w$�$2nm�flyze�ujm�f s egq o v�m�flyze�f h f/s e$�lm�f
kao e yxmnyzq o�� kao egf
mBI�w�eao qQ��yzegf
mao#o�q*uXujmnyxmnf7��q*�?wx�nm o�e�I eao ea�$��hjmHe(<Ukxu vM�th s/m�qbhM��kxu vM�th s/m�yze�yzqJf�kJq��xujm �
�thjqQ��e�f[yzeVmx�zhM� m u egf0�S7K��knmao s h��nwxu mJo\eau$��mnf/q�yzelujmBh��ts enopm$� �th�!Q�G2�eno���v ��qxo�qa� kxujmx�ts/mC-
kao e yxmnyzq o�� kao egf
m�&
f/e�kxw�e yze�kxujmx�ts e maoMyze"egf s/m'� m ��enopmByxmayxmlf w�f?�gmaopm$� s eno�vXf s h%��mnf^�zen��eao�m u egf - ADq�� � R�e�h�o��0B&F M J:O(R�m0�5�
B&F M
M�ONEch e�s�
ieao 
 ��][m �1yze �Mq*kxkzenuM� BKF
F
M�O\][mx�1yze �MqQkxkJeauQe�s"mxu � �)B&F
F M�ONEchje s�
ieao�
�e�s m uM� �)B&F F
M�O
I}w��*w�f/s hX��e�e�s4mxu � � B&F
F
NDOQ][mx��yze �MqQkxkJeau5��E@hje s�
 eno�
�� �z�z�z� &0�
7*f s e�siopm��nm ��q egf s �&q o�hjen��s/mnyzqbm,ujmbhX�tsio�q*yQw$� �th�!Q�&yze wx� � qQ�tsio�qQu/�

u
yzeauMs hXkJq ����� �"# �cen�,u qzf

�"q*yzeau qzf4yze f h f/s e$�lm�y*h��$�5�Bh%� qzf kJq��xu m��thjqQ�nmxu e�f4yze�wx�nmC��yzqzf}egf kJe���h egf�� ��q��"q`f/e'�rw�e�f/sio�m�en��u m
fihj�Qwzh ea�ts e�f/e � ��h !Q�N�

����� R � �TSVU��XW �YS Z � �\[T] ���_^ ` �bacU�^�� �����\^cU ����� � ����
�� � U

•
R�q*yzeau qJfVyze ����� �i� 6/�+
+�!� �

ẋ = f(x)− xu,
- � �HJ5&

•
R�q*yzeau qJfVyze �/'0�b�@� 6��i
+�!�@� �

ẋ = f1(x) + f2(x) y,
- � � � &

ẏ = f3(x) y − y u2.
- � ��M &

7(�,egf s e siopm��nm ��q:�Peau ��qQ�tsio qQuYf/e)o�e mxu h �gm�m$� siwnmx�nyzq en��u m o�e$� qD�th�!Q��yze)wx�nm kao qQkJq oH��h�!*��yze)u m
kJq��xu m��th�!Q�_yzeVujm�fPkao egf
mnf -#en�lu qzfK�"q*yzeau qzfNyzeVwx�nm_egf kJe���h e�&K� egy*h�m �ts eVujm"hX�tsio�q*yQw$�0��h�!*�Vyzeau s Ono��Bh���q
yze � qQ�tsio�q*u

xu
ea��eau �"q*yzeau q,- � �EJ�&0�c7(�`enu:��q*�ts e(<ns q�yze�yzqzfVegf kze ��h egf0�Nujm`m$� �th�!Q�`yze � qQ�tsio�q*uSyze

o e��"qD��h�!*�bkno�qQkJq oH��h qQ�nm u ��qxo#o�e�f kJqQ�nyzeno�vXm&m?u m�e=<ns o�m��0��h !Q�Hyze�ujm�egf kze ��h e kao e yxmnyzq o��K�"e y*hjm �ts e�u m
hX�tsio�q*yQw$� �th�!Q��yzeau s Oao ��hX��q�yzeC� qQ�tsio�q*u

y u2
en��u m�y*h��$����h��gm�yzeau(kno�e yxmnyzq o - � �EM�&��

7K� u m �*h �Qwxopm � �ED"f/e*��w�egf siopmBu m ��ujmnfih R���m��th�!Q� yze"u qzf � q*yzenu qzf[kao�egyxmayzqxod� kao�e�f m7�*�nf ��q*�nqD�th�yzqzf
en��e ��qQu qz�zvXm4�lmts e��*��s h��gm5�8yzqQ�nyze�u qzf;��wnmayQo qzflyze�u vd��e m�f;� qQ�ts h��xwnm�f;��qxo#o egf kJqQ�nyzea��mxu\yzegf
mao#o qQuXu q
�Qw�eBf/e`o e mxu hj��m�ea��egf s/m�s e�f h f �

F
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DFE"GIH�J,KML>N�L P EF�/!�#7�0G�#7� �"! �"�(&��������$�������Q�"�8�
�/�K� �H���7#$�H#7���l� ��2^E*� ���0� </&���&�� 5	!H��� � ���J�,�/���"� ������� �l� �$#7�"�'����"�
���������N�POQ�"����� ��2|R3�"#7S"�D�-�1!��MTWV�X-Y/Z�[ \�]-���"�"�
�$�����"!�#7�"!��N� ���t���"���"!��N� ��!����6���"��&��/!�#7�0G�#7�6&��/�,������ &��s�H�����7#7���32f>����9&"�����	�����-_s`���&�a����%&+�/!I� b�!������.�$5	� � �����-� �/!J� ���L�,�����"� ���-���7#0����� �������-�"!���7#$�9#7���0� ��2

Faqzf?�"q*yzeau qzfPyzenkzen�ny*hjen�ts egf yze ujm yzen��f hjyxmay�yzelujmBkao�e�f m5�zegf siwny*h�mnyzqzf<ea�"e�f/s/m"s e�f h f0�Skno�egf/en��s/mx�
u mnf_f h �Qwzhjen�ts egf knmaopmnyzq=� mnf�{

B�� ` �"�(�"��'/M �Y��� �"��� ��N	���i
+�#X����0�+��' �K7Uf/s qJf*�"q*yzeau qJf}f
q*��yze�f
e�f/s/m��zh�u6hj��mayzqzf_fih\ujmG��m knm$��hjyxmay
yze���mao��xmbyze,u qzf�o e��nwxo f
qJf -
eau �ao�egm,yzq*�nyze,ujm�kJq��xujm$��h !Q�byze,u mnf�kao�e�f
mnf`e�f�hX�ts eao f
e � s/mnyxm
kzqxo f w?kao qQkzhjq&e�� e�& e�f�m w��"ea�ts/mnyxmN�8egf�yze�yze ��hXo}enuch��$��o�e$� en�ts qbyzeauN�zh ��eau:yze1en�tsiopmnyxmHyze
�xwtsio
hjen�ts egf^m unf h f/s e$�lm s h ea�nyze m yzegf/egf s/m��zh�u h �gmaoDujmrh��ts enopm$� ��h !Q� ea�tsio eru m�kao�e�f m;�lenu*kno�e yxmnyzq o
- E:qJf
en�����Pe�hj�:��B&F
M�B�O:|Ph�u kzh��5� B&F
M � &��:u q1�Qw�eBegfF��qQ�tsio�mao
hjq1m�u q�u !z�*h���q �

� � ` �"�(�"��'/M �7�/�" 


'����&�('	 +�/��'� �,/� ��

' �a7(u0��qQ�tsio qQu �zhjqQu !z�*h���qVegf<ujm"o eg�Qwxu m��th�!Q�_yze4ujm"kJq��xujm$��h !Q�
yze wx�nmrkxujm��xm"en�r�zh ��eau egf��nm ��qzf0�Jegf s/m�� u egf[yxelujm yxen��fih�yxmayryzenu kao e yxmnyzq o ��Laq�knmaoH�nfih s qzf�- �Nf w
e�s4mxu � � �J�z� D�O8FUw�e s4m uM� � �z�z� D�&0�MFJm�knmaopmnyzq=� mrfihj�Q�zh R:��m��Qw�e���q1egflkJqzf h/�xu eBq��ts en�neno �zh ��enu e�f
�nm ��qzf
�regf s/m5�xu egf yze�u m�yzea��fih�yxmny�yzeBe �QwzhXu hM�no
hjq1yze�ujm�kao egf
mD�

B �



Fnqzf*� q*yzenu qzfVyzenkJea�ny*hjen�ts egf"yze�u m�opm��0!Q�rs h ea��en��ujm�f4fihj�Qwzh ea�ts e�f ��maopm$� s eno�vXf s h%��mnf�{

B�� R�q*yzeau qJf kao�egyxmayzqxod� kno�egf
m"yzeau s hXkJq�opm���!Q�"yzenkzen�ny*hjen��s e�fPf/qQ� � qQ��RQm5�xu e�f^knmaopm ujm hX�ts eaopm$� �th�!Q�
ea�tsio�e1kno�e yxmnyzq o�� kao egf
m@�nwnmx�nyzq&ujm�kno�e yxm$��h !Q��ea���xw�eau ��e`wx��kno�qD��e�f
q�yze@�xw�f �gm5�(egf yxe ��hXo9�Kf/e
s hjea��e��Qw�eC��q���knmao s h�oNq���qD�rkJe�s hXo kJq oceau*mxu hM�"ea�ts q:�

� � 7KuSmx�$� u6hjfihjf yxere�f/s/m��zh�u hjyxmay u qD��m u �rw�e�f/sio�m��Qw�e1u qzf7� q*yzenu qzf"yzeregf s e�s hXkzq�f
qQ�@�gmxknm�� egf"yze
kao�q*yQw$�th�o<y*h��$����h��gm�f��*�nf o
h��gm�fF� �;��fBo�mn� qQ�nm��xu e�f q�m$��enkts/m5�xu egf yze�f yze�enu:kxwx�ts q�yzeC�zhjf s/m
�zhjqQu !z�*h%� q �

D:� FJm&knmao�mayzq=� m1yze�ea�xo
hj�Qw�e��thM�Bhjea�ts q���q�f w$� e yze`ea��egf s e�s h�kJq&yze �"q*yzeau qzf �YFJm�kamao�mayzq=� m1yze
��qQ�tsio qQu �zh qQu !J�*h%� q�kxw�egyze_qD�nwxo#o�h�o8knmao�m e�f/s qJf
�"q*yzeau qzf0�aegfYyze���hXo9�Je�f^kJqzf h/�xu e}q��ts ea��eno@kxwx�ts qzf
yzele �QwzhXu hM�ao�hjq�egf s/m5�xu egf4m��zh ��eau egf �nm ��qzf}yzerujmryzen��f hjyxmay`yze�u m`kao egf
m#- �Nf w�e�s^m uM� � �z�J� Btm5� ��&��

G � ADqJs e"�Qw�eBknmaopm f h f/s e$�lm�f^yzeakJea�ny*h ea�ts egf^yzeBujm�o�mn��!Q�5�xea�l�zen��eaopmxuM�Sujmle�f/s/m��zh�u6h�yxmny�mnfih��tsJ!Js h��gm
u qD�gmxu@yzeau8egf s/mayzq,e�f/s/m$��h qQ�nmao
h q �zh@f h e���kao�eH�zmJo�m �ts h �gm,ujm,kzeno�fihjf s ea�$��hjmbyze?u qJfrf h f/s e$�lm�f �0�
kzqxoYu q�s/mx�ts q:�K��q�hM��kxu h��gm`u m�e�f/s/m��zh�u6h�yxmay�mnfih��tsJ!as h%�gm��Qu q��nmxu�- �Pwnm ��� �1O8eno�e s s/m5��B&F F
N�O �tqzf s
e�s4mxu � � B&F
F
F &0�
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7(��e�f/s e siopm��nm � q��Ueau�� qQ�tsio�q*uxyxe$�Jelf/eao@en�ts ea�ny*h�yzq'��q��"q�wx�nm�o�e��"qD��h !Q�ryzerknmao s elyzerujm�kJq��xujm$��h !Q�
yze4wx�nm4yze�s eno��Bh��nmnyxm4egf kJe��thje}yzeF� m ��enopm4�Qw�eV��qBkao q���q*�Qw�e[e=<ns h��$��h !Q�4yzeVu mnf@e�f kJe ��hje�f �U7Ku q�� ��e�s h ��q
yze"e�f/s/m s egfihjf^e�f^e�f/siwny*hjmJoDkao�qD�xu e�� mnf^yze�u m �zeao ea�$��hjm�yzero e���wxo�f/qzf"o ea��q��nm��xu e�f^yzegf
yzerwx��kxwx�ts q�yze
�zh f/s/m�yze�hX���zea�zh eao�vXmryze;� qQ�tsio�qQu/�Kwts h�u6hj��m �nyzq�u qJf
� qQ�$��enkts qzf_yzerujmls egq o v�mC��qQ�tsio qQuQknmaopmBy*hjf/e��nmaoYwx�nm
u e0�1mayze �nwnmnyxm�knmaopmHujm`�zeno�ea�$�th�m�yze�u qJf�o�e �nwxo�f/qzf0�<7K�Hwx�#��q*�ts e(<ns qHe ��q*u !z�*h���q:�Nu m�u e0�1yze'� qQ�tsio�qQu
yze$�zeBf
m�s hjfJI�m$��eno ujm�f4fihj�*wzhjea�ts e�f o�egf sio
h�� �thjqQ��e�f0�KegfVyze��th�o��(enuD��qQ�tsio qQu

u
yze$�zeBf/eao�{

•
� �#XY6� ������ �?XY6� ��0X_�"�+���"� �87Uf/s q�egf�{ -/hP& ujm�e(<Ukao egfih�!Q�B�lmts e��*��s h��gm`yzenu���q*�tsio�qQuQyze$�Jerf/eao
u q��;��f fihM��kxu e�kJqzfihM�xu e�� -/h hP&Penu ��qQ�tsio qQu*��q�yze��Je yzeakJea�nyzeno@yze�u qzf4knmao>��� e sio�qzf yzeauJfihjf s e�� mN�
knmJo�m��Qw�eBegf s qzf ��q1yze��nmx��f
enoDegf s hM� mnyzqzf �

B
B



•
��' ���@�0���K� 
i' �D3��ts eao
kao�e s/mayzqHea�1egf s e�siopm��nm ��q)� q��"qbujm�o e��"qD��h�!*��yze�wx�nm�kao qQkJq oH��h�!*��yze
ujmbkJq��xujm$��h !Q�Hyze&wx�nm�yze�s eno��Bh��nmnyxm�egf kze ��h e �^GSqxo"u q&s/m �ts q:�cf/e � qQ��fih�yzeao�m&�Qw�e�eau8� qQ�tsio�qQu
yze��JeBs en��eao wx�#+x�zh%� q1f/ea�ts h�yzq -#fihj�Q��q5&(� ��qxo#o�e�f kJqQ�ny*h ea�ts e�m�u m�o�e��"qD��h !Q�N�

•
���YX_'�������'�� ���
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��!,�� X 	��/�?X � �x5Qe�o�e�R*eao�e m u*��+�� eno�q�yxelyzen�nfih�yxmnyzegf_�Qw�e"s hjen��ea�r�Qw�elf/eao
� egy*h�yxm�f�knmaopmHh/�rkxu e��"ea�ts/mao4wx��yze s eao ��hX�nmayzq � qQ�tsio�q*u �c>Ywnmx�nyzqHf/e�siopmts/m�yze�fihjf s/e$�lm�f yze
yzqzf e�f kJe ��hje�f���enu ��e�� s q o^yze`egf s/mnyzqzfls hjea��e1yzqzf�� q���kzq*��ea�ts egf��ce(< h f/s e1yzqzf�kJqzfihM�zhXu h�yxmnyzegf
knmJo�m ujm �"qQ�zh s q o
h �gm$��h !Q��yze)ujm�f1yzea��fih�yxmnyxe�f��}m kxwx�ts/mx�nyzq m o�e mxu h/� en�ts/m��th�!Q�N� 5KhYf
eS��hjyze
m kJea�nm�f�wx�nm�e�f kJe��thje

�
ea��egf s e#�gm�f
q&enu(s Oao��Bh���q���qxo#o egf kzq*�nyQh ea�ts e&wts hXu hj��mnyzq&en�?ujm�s e�q o v�m

yzeG� qQ�tsio�q*u*e�f u m�o�e mxu h/� en�ts/m��th�!Q��yzeBf
m u6h�yxmN�@Fam�qJsio�m�qQk �th�!Q�5�Sf h*f/e@��hjyzerm��C�nmnf_egf kze ��h egf0�
egfVyzea��q��Bh��nmnyxm�o�egm u6hM�"ea�ts/m$��h�!*��yzeBegf s/mnyzqzf �
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' �*�"���^���0��
+��� �<7*f s q egf��Nm?kJegf
mJo}yze�u m?o�e$� qD�th�!Q�?o�egm u6hj��mayxm5�<ujm�f
egf kze ��h egf yze$�zen��eg�Qwzh�u h/�aopmao f
e�ea���zh ��eau e�fVf/qzf s/en�zhM�xu egf��:en��u qzfF�nwnmxu e�fVeau5�nm u q oNyze`ujm�flkJq��xujm �
��hjq*��egf4f
q*��kJqzfih s h �nm�f0�

ce�/� �/�"�\�/�\Q �"��� � �/�"��� Fam�yzen��f hjyxmay&kJq��xujm$��h qQ�nm u e�fVeau s/m5� m ��q1yze`ujm�kJq��xujm$��h�!*��ea��o�enujm$��h !Q�
m1mxu �Qwx�nm�wx�zh�yxmay�yze�e�f knm$��h q �@|Nen��eaopmxu/�"ea�ts e�egf"e��nm u wnmayxm ��e(<Ukno�egf
mnyxm#� q��"q�enu:�5+��"eao q
yze�h��ny*h �zhjyQw�qzf_q4�zh q��lm�f
m�yze�ujm�kJq��xu m��th�!Q�5�MkJq oPwx�zh�yxmny�yzeC�ao�egm�q1yze7��qQu w5�"ea�N�

ce�/� �/�"�\�/� � ���"XY6/'�� C4hje���kJq en�?u qzf fihjf s e�� mnf�e ��qQu !z�*h���qzfBe�f'� egy*h�yzq)w�f wnmxu/�"ea�ts e�en�HyQhjmnf��
f
e$�lmx�nmnf4q1m ��qzf0�
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>Nh s/m�� qJf7� q��"q�e���e���kxu q�yze�wx�#��qQ�tsio qQu �����@�$#S-
kJqQu v s h%��m�yze�w��C�aopmxu%& I qxo�� m u � en�ts e`yze�R:�zhjyxm�ea�
enu8>8m k�v6siwxu q D)� qQ��qD��hjyxmB��qD� q�� �/� ��. 4"�F� ���(:�	F�A�F���F� 4 �A���C� : ����� B���� �:ea��enu ��wnm u\enu8w5�C�ao�m u\e�f
� qQ��f s o
wzh�yzq�yze�wx�nm#� q��G�zhX�nm��th�!Q��yze�u qzf�kJegf/qzflyxe�ujm�flyzen��f hjyxmayze�f yze�u m�kao�e�f
m���yzenu8kao�egyxmayzqxo9�
kao qQkxw�egf s/mVea� >8qzf s/mVe�sNmxu ��- �z�z�z� &(�nyzq*�nyxe egf s/mBkJqQu v s h%��m I�w�e wts hXu hj��mnyxm knmao�m4egf s/m5�zh�u6hj��maoMwx�;�"q*yzeau q
FnqJs�
 m

�
]NqQu s/eno#o�m1f w � e s q�mHwx�nmHkze�fA��m�fihM��wxu s � ��egm1ea�1m5�C�nmnf egf kze ��h egf �@;_siopm�s O��n�zh��gm�yze�y*hjf/e���q��

e�flq�I�o e��th�yxm�en�?7 �"eau��P� mx��q��`e�s mxu � - BKF
F
N�&(�:ea�1eau �nwnmxu8wx�nm4� e s q*yzqQu qz�Jv�m1�zen��eao�m u/�@yzen��q��Bh��nmayxm
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��q�u hX��e mxu egfPhX�$��h eao s qJfDegfDyze�f mao
o�qQu ujmayxm5��I�wx�nyxm5�"ea�ts �x�nyzqzf/e^ea�4eau ��qQ�tsio qQu+����� �"# �nyzq*�ayze f
e ��w�egf siopm
wx�nm�mxkxu h%��m��th�!Q��m u �"q*yzeau q Faqas 
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�
]NqQu s eno#opmN�
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7K�,eau ��qQ�ts e=<ns q�yze,��qQ�tsio qQu<yze?fihjf s e�� mnf�f w � e s qzf�m kJeao siwxo �nm��thjqQ��e�f0�^e(< h f/s en� u qzf`siopm��nm ��qzf
yze >8qxo#u e�f/f)� Fae�h s=� m �x� - B&F N�B &��lFnege3� Faenh s=�lmx�x� - B&F
N
D &��^]}hX�$��en�tsHe s�m uM�*- BKF
N J5&(�^]}h��$� ea�ts
- B&F
N
M &��Mea� u qzf7�nwnmxu egf�wx�am�I q o �lm�yze)2nm�� eao?� qQ�ts h��xw�q�eau ��qQ�tsio qQu ����� �"#1-/uXujm��lmnyzq�s/m5�C�zh On��yze
%�	+� � � %�	+� �D& � m u6h �zhjmJoKeauUhX�$��qQ����en�zhjen�ts elyze�ujm���q*���rwts/m$��h�!*�Ben�7I�o e���w�ea�$��hjm�h���RK�zh s/m'- yzen��q���hX�nmayxm
:�.�	54 4"�/
�� � �N&��<egf�hX�ts o q*yQw$��hXo w �nm4I�m � m�u v ��h s e��

2σ
- %
� #�� ��	=
 � �C	 ���/
 &��Ym u o�e yzegyzq o yzenuPw��G�nopm u/�<yze

� m ��enopmH�Qw�e�wx�)��qQ�tsio qQu6��q*�ts h��xw�q f w���f/s h s w���e�eau6� qQ�tsio�qQu:y*hjf ��qQ�ts hX� w�q,��wnm �nyzq enu:f h f/s e$�lmHegf s �
yzen�tsio�q)yze?ujm4I�m � m�u v �Bh s e3- Fae�eB��Fae�h s=� m �x�5�5BKF
N
D�Oc]}h��$� ea�ts�e�s�mxu � �PB&F
N J�OY5:u qas h���eB�,>8qUe s f
e�e��
B&F N � &��(I}u\f wnm �zh �gmaoYeau ��qQ�tsio qQu(y*h fA� qQ�ts h��xw�qHyzea�tsio�q�yze�ujm'I�m �/m�u v ��h s/e�egf/ea�$�th�mxu/�"ea�ts e`yzegfihj�Q�nm�u m
e�f/sio
w$� siwxopm�yze�wx�@RKu sio qbknmnf
mt�A�nm ��q�m�u m�y*h��$����h��gm�u qD�gmxu(yzenu8w��G�nopmxu -#5:u qJs hX��e �H>MqUe�s f/ege��WB&F N � O
<�qQ����e�s"mxu � � BKF
F
N�&(�Kenu hM�Bh��nmx�nyzqHyze�e�f/s/m4�lmx��eao�m1enu :/.�	�4 4"�F
��C� � �:5Kh��`e��C�nmao��zq�ea�1enu ��qQ�ts e=<ns q
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Z<��f h f/s e$�lm`y*hX�$�5�Bh%� q���qHu h���egm u egfVyzegf �no�h s q&kJq oPujm�fihj�Qwzh ea�ts e�e �nwnm$��h !Q�

ż = f(z, t)
- � ��N�&

en�renuN��wnm u
z ∈ Rn

e�f_enu ��e�� s qxocyze e�f s/mayzqzf_yzeauxfihjf s e�� mN�
t
e�f_enuzs hje���kJq'�

f(z, t)
en�r�zen��eao�m uxe�f

wx�nm#I�wx�$�th�!Q�&�nq,u hX��e mxu@u qD�gmxu/�"ea�ts e&F hXk�fA� 2zh s ���[GSmaopm�egf s e`siopm��nm ��q:�Mf/e#� qQ��f hjyzeao�mbwx��f h f/s e$�lmHyze
y*h/� en��f h !Q��yzqzf��

z ∈ R2
�8kJq oPu q�s/m �ts qH�xw�egf sio�q�fihjf s e�� m�kxw�e yzeBf/eaoYyze�fA��o
h s q&kJq o

ż =







ẋ = fa(x, y)

ẏ = fb(x, y)

- � ��F &

en� enu���wnm u
x
e
y
f/qQ��u qzf<e�f s
mnyzqzfPyzeau�f h f/s e$�lm5�

z ∈ R2
�
f = [fa fb]

T
�
fa

�
fb
f/qQ� en� �zen��eao�m ux��q

u6h���e mxu e�f ��qQ�1o egf kze � s q�m
x
e
y � �MR'��f_yze�s/mxuXu e�fF� qQ�1o�e�f kJe � s q�mrfihjf s e�� mnfl��q�u hX��e mxu egf kxw�egyzea��f/eao

en�$��qQ�tsio�mayzqzf[en��>MqUq 
C- B&F
N � &��x5:u qas h���eF��FxhD- B&F F�B & � �K2nm u6h�uN- B&F
F � &��SZP�lfihjf s/e$�lmE�zh�y*h/� en��f h qQ�nm u
kxw�egyze�f/eaoDe�f siway*hjmayzq1�QoH� R��gm��"ea�ts e�en��enu(kxujmx��q1yze7I�mnf/e �

�	��
���
 � � ���	� �����	�����

7(uVkxu m ��q yze.I�m�f
e,egf s � o eaujm$��h qQ�nmayzq � qQ� enu e�f/siwny*h q �*o>��R:� q yze,f h f/s e$�lm�f&yze�y*hM�"ea��fih�!Q� yzqzf
yze�fA��o
h s qJfBkJqxo







ẋ = fa(x, y)

ẏ = fb(x, y)

- � �CB � &

en��u qzf ��wnm u egf
x
e
y
f
qQ�,u qzf�egf s/mayzqzf�yzenu8f h f/s e$�lm5�

fa
�
fb
f/qQ�)I�wx�$��h qQ��egf1��q�u hX��e mxu egf�yze u qzf

e�f/s/mnyzqzf�yzenu8fihjf s e�� mD�P|NegqD� O s o�h%��m5�"ea�ts e��<enu8e�f knm$��h q,yze�e�f/s/mnyzqzf�yze�e�f s/e�f h f/s e$�lm&e�freauDkxujmx��q
�Qw�e�s hjea��e,� q�� q ��qUqxopyzen�nmayxm�f

x
e
y
�V7*f s e�kxu m ��q�e�f�yzea��qD��hX�nmayzq � �)	���� ��� �'	=�����V2Pmnyzq$wx�

� qQ� � wx�ts qryze ��q*�ny*h%��h qQ��egf}h��zh%�th�mxu egf
z0

�Su mle �nwnm$��h�!*�E- � �CB � &<yze0RK��eBwx�nmlf/qQu w$��h�!*�
z(t)

�\7(�*I�wx�$��h !Q�
yzenu8s h e���kzq ujm�f/qQu w��th�!*�

z(t)
kxw�egyze�f
enolo�enkao�e�f
en�ts/mayxm �ze�q�� O�sio
h��gm�� en�ts e4��q��"q wx�nm �nwxo �nm�ea�

enuDkxu m ��q?yze@I�mnf/e��cC@mxu �nwxo �nmHea�HenuDkxu m ��q yze�I�m�f
e1egf`u ujm��lmnyxmHyze$4"
 	 ��� : 4"� 
"�C	 � Z<�nm I�m���hXu h�m�yze

��R3���������"��O{b�!���� &+�
T

���"!��"#$�%�	���-� �.���"�"�L������� � o��"��� �%�/���"�
��&�� 5/!%���"��#0�;��!����������$#7�=2
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sio�m ��e�� s q o
hjmnf ea��eauckxujmx��q yze@I�m�f
e���qxo#o�e�f kJqQ�ny*h ea�ts egfrmB�nmao
h�m�f7��qQ�ny*h���hjq*��egf�h��zh%�th�mxu e�fBegf�u ujm��lmnyxm
yzeE
��=4"
"	�4"� ��� �'	=��� yze1wx��fihjf s e�� mD�NFnqzf kxwx�ts qzf �Qw�e�h��ny*h��gmx�@� q��"q&ujm�y*h��$����h��gm�yzeau*f h f/s e$�lm`f/e
� q��rkJqxo s/m�ea��eau(kxujmx��q1yze7I�mnf/e��Sf
qQ��u qzflkxwx�ts qzf4fih����*wxujmao�e�f4q�kxwx�ts qzfVyzeBeg�Qwzh�u h/�ao
h q �

�	��
�� � � ���I�"��� ��� � � ��
 � 
 ��� 

�

Z<��kxwx�ts qbf hX���Qwxujmao_egf1wx��kxwx�ts q�yze�e �QwzhXu hM�no
hjq��
zeq = [xeq yeq]T = 0

�Dea�&enu<kxujmx��q,yze#I�mnf/e��
Z<��kxwx�ts qHyze�e �QwzhXu hM�no
hjq�egf ma�Qw�eauQea�1enu �nwnmxuMu qJf"egf s/mayzqJflyzeauSfihjf s e�� m&kxw�e yzen��kzeno�� m ��e ��eno4kJq o
fihje$�rkao e��K5:u qas h���e7��F h - B&F F�B &��Qf w�u qD�gmxu h �gm$��h !Q��kxw�e yze�f/eaoDqD�ts ea�zh�yxm�o�egf/qQu �zhjen�ayzq

ẋ = 0
�
ẏ = 0

knmaopm1u qzf_egf s/mayzqJf
x
e
y
�SegfVyze��th�o

f(z, t) = 0,
q

fa(x, y) = 0
�

fb(x, y) = 0.
- � �LB B &

�	��
���� � ��� ��� 
 �����

Z<�nmHhjf !D�nu6h��nm1e�flyze0RK�zh�yxm#��qD� q�eauMuXw��xmaoY�zegq�� O�sio�h%� q&yze�u qzf�kxwx�ts qzf*��qQ�Hwx�nm�yxmnyxmHhX�$�nu6h��nm��th�!Q�
s/mx���zea�$�th�mxu �8GQq oce9��e���kxu q:�Mujm1hjf !D�nu6h��nmE��qQ�1hX����u hX�nm��th�!Q�

α
e�f yze�R:�zhjyxm'��qD� q

(x, y)
s/mxuU�Qw�e

dx

dy
=

fb(x, y)

fa(x, y)
= α.

7(�leau5� O�s q*yzq�yze ujm�f}hjf !D�nu6h��nm�f0�xeau o�e�sio�m�s q�yze I�m�f
e yzeBwx� f h f/s e$�lm egfP�zea��enopmnyzqren� yzqzf_knmnf/qzf0�(7(�
enuQkno
hM�"eaoDknmnf/q:�\w ����m5��kzq�yxe y*hXo�e��0��h !Q�ryze�u mnf[s/mx���zen�ts egf}m�ujm�f[sio�m ��e�� s qxo
hjmnf egf q��ts ea�zhjyzq �K7(�Benu
f/eg�*wx�ayzq�knm�f
q��8u mnf}siopm0�ge � s qxo
h�m�f4ea��eau(kxu m ��q1yze7I�m�f
eBf/qQ�GI qxo�� mayzqzf4yzenuD�gm��rkJq�yze�y*hXo�e��0��h qQ��egf0�
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7(�renuSkxujmx��q�yxe*I�m�f/e�wx� 
+��
� �'U �	 X��!��� egf_yze0RK�zh�yzq@��qD� q�wx�nmG�nwxo �nm � eao
opmnyxm�mxh f u mayxmN�:FJm siopm0�ge � �
s qxo
h�m&s hjen��e&�Qw�e�f/eao � eao#o�mayxm5�^h��ny*h%��m �nyzq�u m��nmtsiwxopmxu e��gm�kJeno
h�!*y*h��gmbyzeauK�"q��zhM�Bhjen�ts q:� �?mzhjf ujmnyxmN�
hX�ny*h%�gmx�nyzq ujm��nmtsiwxopmxu eg��m�u hM�Bh s/mnyxm)yzenuK��h��nu qQ-���qQ�,sio�m ��e�� s qxo
hjmnf&knoH!�<xhM�lm�f#� qQ����eao �zea�ts e�f�q�y*h �
��eno��zen�ts egfHyzeau ��h��nu q�u v ��h s e�&0�}5Qe kxw�e yze�y*h I eao ea�$��hjmao sio�e�f�sihXkJqzf�yze"�th%��u q�u v �Bh s eJ{*- hP&1s q*yxm�f ujm�f
sio�m ��e�� s q o
hjmnf�ea�,ujm ��e��th��nyxmny,yzeau8��h%��u q u v �Bh s e � qQ����eao �zea�&m OnuMONea��egf s e)��mnf/qbeau8��h��nu q�u v �Bh s e�e�f
yzen��q���hX�nmayzq�egf s/m��xu e�O -/hXh%&Ys q*yxmnf_ujm�fPsio�m ��e�� s q o
hjmnf[en��u m*��e��th��nyxmny�yzeau��th%�nu q1u v �Bh s e"y*h ��eao��Jea� yze<OauMO
enu���h%��u q�u v ��h s ele�f hX��egf s/m5�xu e�O6- hXh hP& m u �Qwx�nmnfPsiopm0�ge�� s q o�h�m�f
��qQ����eno��zen�rm Oau/� ��h ea�tsiopm�f^qJsiopm�f}y*h ��eno��zen�
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e$��h ��e�f/s/m��xu e �
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 � � �"��� 
 � 
 ���	� ��� � ��� � 

� �"� � ��� 
 � ��
 ������� � �

Fam�e�f/s/m��zh�u hjyxmay�e�fBwx�nm`yze1ujm�f ��maopm$� s eao vXf s h%��mnfC�;��f h/�rkJq ods/m �ts e�f"yze1u qzfVf h f/s e$�lm�f y*h��$����h���qzf0�(I^u
mx�nm u6hj��mao[ujm�egf s/m��xhXu hjyxmay�yze�y*h%�$2�qJfVfihjf s e�� mnf��Kf wxo �zea��y*h I eno�ea�ts e�fBkao�qD�xu e�� m�fVf/eg��+x��ujm#�lmx��eao�m�ea�
�Qw�e_f/e ujm ��maopm$� s eao�h%� e � mBu qJfYfihjf s e�� mnf<m f
eno � qQ��f hjyzeao�mayzqzf0�QGSqxoSe9��e���kxu q:����qQ��fih�yzenopmx�nyzq f h f/s e$�lm�f
u6h���e mxu e�f?��e�f/s/m$��h qQ�nmao
h qzf0�Qe=< hjf s ea��� O s q*yzqzf"knmaopm`kJq*yzeao@yze�s eao ��hX�nmJo@f w�OP3�Oc;_� egf s/m5�zhXu h�yxmny:�D� q�� q
enu �no�h s eao�hjq)yzebujm)o egf kxw�egf s/m�mxuYhM��kxwxu f/q:�<enu �no�h s eno
hjq)yze�E:qQwts=24� enuNyze�A �n�Qwzh f/s��<5KhX� e��C�nmao��zq
��wnm �nyzq`f
e siopmts/m ��fihjf s e�� mnf ��qHu hX��e mxu egf��\egf s qzf7� O�s q*yzqzfl��q�s hjea��en� �nm u6h�yzeg���
FJm&o
h��Qw�e��gmHy*hX�$�5�Bh%��m�yzeHu qzflf h f/s e$�lm�f���q�u6h���egm u e�f�kao�e�f/ea�ts/m4�thjeaods qzf7I en� !�� en��qzfB�Qw�eH��q&f/e

e��zh�yzea�$�th�m1mxuQe�f/siwny*hjmao}u qzfVf h f/s e$�lm�fru6h���e mxu e�fG- ��eao
- � 2nmxu hXuM�	B&F
F � &A&0�@Z<��qHyzeregf s qzf I ea� !D� en��qzf"e�f
u mHe(< hjf s ea�$�th�m&yze �G+xu s hXkxu e�f1kxwx�ts qzfryze�eg�Qwzh�u h/�ao
h qbmxh f u mayzqzf0�[Z<��fihjf s e�� m�u hX��e mxuDkxw�e yze1s ea��eno wx�
f/qQu q�kxwx�ts q�yze"e �Qwzh�u6hM�ao�hjq�mzhjf ujmnyzqG��kJq oDu qrs/mx�ts q�wx�Bf/qQu q�e�f/s/mnyzq�yze�o O��*hM�"ea�Begf s/m��thjqQ�nmao�hjq��Qw�e

�

fihzeau*kxwx�ts qregf^mnfih��tsJ!Js h��gm�� en�ts e egf s/m5�xu e
�
m�sio�mne"m uae�f/s/mnyzq�yzenuJfihjf s e�� m�h��nyzenkzen�ny*hjea�ts e$� en�ts eByzenu

e�f/s/mnyzq�h��zh���h�mxu �@7(�'�gm��C�zhjq:�8u qJf4f h f/s e$�lm�fB��q�u h���egm u egf kxw�egyzea��s ea��eao �nmao
hjqJflkxwx�ts qzfVyze�e �QwzhXu hM�no
hjq
��ujmC��qQ����eno��Jea�$��hjm�m`wx��q�eg�Qwzh�u h/�ao
h q�e�f/s/m��xu e yzeakJea�nyze yzeauxe�f/s/mnyzq�h��zh���hjm uM�:2<e��zh�yzq�m�egf s q:�:o egf wxu s/m
h/�rkJq ods/m �ts ere�f/siwny*h�mao^ujm�egf s/m��xhXu hjyxmay�yze1u qzf y*h I eao ea�ts e�frkxwx�ts qzf"yzere �QwzhXu hM�no
hjq�yze�u qzf fihjf s e�� mnf���q
u6h���e mxu e�flknmJo�m�kJq*yzeaoNen�ts ea�nyzeaoT�"e9��q oceauD��qD�rkJq ods/m5�Bhjen�ts q�yzenu ��h f��"q �
ID�Qw�v^f/e?mx�amxu h �gm u m,e�f/s/m��zh�u6h�yxmny yze)u qzfHkxwx�ts qzf�yze&e �QwzhXu hM�ao�hjq yze)u qzf`f h f/s e$�lm�f&��q$u6h���e mxu e�f

�"e y*hjm �ts e enuYegf siwny*hjq yzeau ��q���kJq ods/m5�Bhjea�ts q yzenuYe�f/s/mnyzq ea� wx�,en�ts q o
��q yze)u qJf4�Bhjf(�"qzf � GSmaopm
enuXu qHf
e�kao�e�f/ea�ts/m�enu ��qQ�$� eakts q yze�e�f/s/m��zh�u6h�yxmny�ea��enu(f/ea�ts h�yzq&yze�F$� mxkxwx��q��5� ��q��"qHs/m��G�zh Oa�&wx�nm
hX�tsio�q*yQw$� �th�!Q��u qzf*� O s q*yzqzfVyze1F$� mxkxwx��q��`knmaopm�enu*m �$�xu h f h fVyzeBe�f/s/m��zh�u6h�yxmny �

�	��
���� � � �"��� 
 � 
 ���	� ��� � ��� � ���I�"��� ��� � � ��
 � 
 ��� 

�

Z<� kxwx�ts q yze&e �QwzhXu h/�ao
hjq�yze)wx�bfihjf s e�� m)y*h��$����h���q�e�f1e�f/s/m��xu e en�,enuYf/en�ts h�yzq yze�F$� mxkxwx��q�� fih
s q*yxm�flujm�f4f
q*uXw$��h qQ��egf �Qw�e��nm�� ea��ea��u m'� eao>��m ��vXm`yzenuKkxwx�ts q�yze�e �QwzhXu hM�no
hjq�kJeao �lmx��e�� ea��ea��y*h��$2nm
� eaoH�gmx�nvXmNOzyze_qJsio�mFI q o �lmBo egf wxu s/mBh���e�f/s/m��xu e��S7KuJkxwx�ts qByze_e �QwzhXu hM�ao�hjqlegf<mnfih��tsJ!Js h��gm�� en�ts e4egf s/m5�xu e4fih
u mnf f/qQuXw$�thjqQ��e�f}mayze$�;��f}yze�kzeno�� m ��e ��eno@ea��ujm�f?��eno>�gmx��v�m�f}yzeauD��hjf(�"q:�Us h ea�nyzea�'2nm��th�mBenuQkxwx�ts q�yze
eg�Qwzh�u h/�ao
h qrm �"e y*hjyxm �Qw�eVsio�m ��f �nwxo
o�e"enu�s hje���kJq �zI ��q*��s hX�xwnm��th�!Q� f/eFI q o �lmxu h �gmx� e�f/s qzfT� qQ�$��enkts qzf0�

B �



>8qQ��fih�yzenopm�f
e`wx��fihjf s e�� m

ż = f(z, t)
- � �CB � &

enuD�nwnmxu s hjen��e`wx��eg�Qwzh�u h/�ao
h q1ea��eauUqxo
h �zea�5�
z = 0

�

Q �*�W����
+�!,	� $ #A�
z(t)


�� � 
�� �(�/� 4 	<�)	-����� #�:��  �� ��� ��� 7���� � ��	���	?	��
	=
@4"� 
 �����C	2:����5��� :��  ��<�C�5� :/�)	��

z(t0) = z0
	 �
	=
 4"� 
 ���/� �C� �F4 	+� 4"� � ��� :��C	+�

t = t0
* �/�
4"���5:/� ���F� � #�� 4"�;��� ��� #��C� � % 
�� �

z = 0
���

���
7���� ��� �	�

• 
���
�����������������
�� �!� ��� �
	=
"	E:(	���	
R > 0

* � !5� �F4"� #��
r = r(R) > 0

4 	+�"� #��

‖z(0)‖ < r =⇒ ||z(t)|| < R,∀t ≥ 0

• #$��������
�� �!� ���%���2� � � �F4 	&%�� � 7

• %&��'(���*)+�,'(-.
�/0�1���*�2�3�4��
����(� ���%��� ���/4 	 %��C� �
r

��� � #��F�����/� � ��� 
 ���0�-� ���5� #��

‖z(0)‖ < r =⇒ ĺım
t→∞

z(t) = 0.

7(��u m �*hj�Qwxo�m � �HJ�f/e7�rw�egf siopm�wx�nmro�eakno�egf/en��s/m$��h !Q� �Qo>��R��gmlyze ujm�2<e0RK�zh%�th�!Q�2B knmaopmru qJf<sio�e�fT�gm�f/qzf
yzeBe�f/s/m��zh�u6h�yxmay�mx�ts egfVyze0RK�zh�yzqJf�- � 2nmxu hXuM� B&F F � &��

PSfrag replacements

r

R

z0

0

PSfrag replacements

r

R

z0

0

PSfrag replacements

r

R

z0

0

- m�& - ��& -9� &
DFE"GIH�J,KML>N�6>P cW��!�#7���g���'���	���1� �1���e� �%�"!

z = 0
&+�	!'#0�;�+_���&+#7���e� ���g���'� �/�K��&�� �	!����^�
�"�"�����$��!�#$��#Q� )����,���"�;�L��!.&����$�3hi �"jg���$#$����� ��k i ��j,�1!����7#$����� �'_ i &�jd���l�1!�#75"#Q� &����,�"!�#7�'���7#$����� ��2

B&M
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Z@f wnm u � en�ts e��Uenu kao
h/� enoNknm�f
q�en�lenuJmx�$� u6hjfihjfPyze fihjf s e�� mnf4��q`u6h���egm u e�fPegf4o e mxu h �gmaocwx�nmru h���egm u6hj��m��th�!Q�
en� s qxo#��q yze wx� kxwx�ts q yze)eg�Qwzh�u h/�ao
h q ��mx�amxu h �gmao�enu
��q���kJq o s/m��Bhjea�ts q yzeau �"q*yzeau q�u6h���egm u �_I
� qQ�ts h��xwnm$��h !Q�bf
e&egf s/m5�xu e�� e�u mnf@��qQ�ny*h���hjq*��egf)�nm ��q u mnf@�nwnmxu e�f1e�fHkzqJf h/�xu e&e(<nsio�mneno*��qQ�$��uXw�fihjqQ��e�f
f/q��ao eHujm�egf s/m��xhXu hjyxmay&yzeauKqxo
h �zea�B��qD� q,kxwx�ts q yze�e �QwzhXu h/�ao
h q yzenuKfihjf s e�� m?��q,u h���egm u(m�siopm�� Ogf yzenu
mx�$� u6hjfihjf4yze egf s/m5�zh�u6h�yxmny�yzeau � q*yzenu qHu hX��e mxu hj��mayzq�ea�rs q o
��q�yzeBy*h%� 2nqHkxwx�ts q�yze e �QwzhXu hM�ao�hjq4- �K2nm u6h�u/�
B&F F � &��

��� �"� ��� � �	� 
 ��� � �"� ��� ��� � 
 �������

#A�/	
z = 0

#�� � #�� 4"�?��� � � #�� � � %+
��C�?���/�������/4"�F�0	 ���-� �C���/	+�
��	���� �A� 
	��� 7���� � �����5���
f : D → R2

*

� � :���� 4"� � #+	+�-�/� 4"�-��� � �/
��/�5:/�C	&%�� �,�
D

��� #����F� 4"�!
��������F�%�!
�� � �F� 7�#A�/	��C	��0	54"
�� 6��+	�:���%��C	+��	

A = ∇zf(z
eq).

B%� 4"���5:/� ��* ���/��� 4 	��5���2:/���
λi

	�� �=� 	�#54"�
&�	��C� 
"��� ���
A
�
i = 1, 2

� 7

•
BA�%�!
�� ���F��� � 	 �(�C� 4  4"� :(	����F� 4"��� �F4 	&%�� � �(�

Re{λi} < 0
*%�
	=
"	�4"� ���

λi

7

•
BA�%�!
�� ���F��� � �C�����/4 	 %��C� ���

Re{λi} > 0
�
	=
"	 #����E�2�
	=� 	 #54"�
&�	+� �!
�� � ���

A
7

7*f s/m mxkao�q < hM� m��th�!Q�"f/eno>�lf w�R:�thjea�ts eBknmaopmlyze s eao��Bh��nmaoKeau�� q��rkJqxo s/m���hjen�ts qryze ujm�f<sio�m0�ge�� s q o�h�mnf
en� ujmS��e��th��nyxmay$yze�u qzf?kxwx�ts qzfHyze�eg�Qwzh�u h/�ao
h q �lFJm$�nmtsiwxopmxu eg��m yzeau[e �QwzhXu h/�ao
h q$e�f�yze�s eno��Bh��nmnyxm
e�f
en�$��hjm u/�"ea�ts e�kzqxocu qzf[mxwts q��nm u q o egfPyze

A
- �K2nm u hXuM��B&F
F � &0�SGSmJo�mlfihjf s e�� m�fF�zh�y*hM�"ea��fihjq*�nm u egf[e(< h f/s e

wx�nm)yze�s/mxuXujmnyxmS�nujm�fih R��gm$��h�!*� � qQ����ea�$�thjqQ�nmxuPyze u qzf&kxwx�ts qzf�f hX���Qwxujmao egf�f/eg�D+ �)f w�f�m wts q��nm u q o�e�f��
� q�� q`egf;� qJf/sio�mayzq1en��u m�C@m5�xu m � �CB��

�	��
���� � � �"��� 
 � 
 ���	� �����	� � ���I� 

��� ��� ��� � 
 ���	���

2<e`ujm�s e�q o v�m@�nu �nfih%��m`yxe`ujmB� e � �x�zh%��mN�(egf f
m5�zhjyzq��Qw�e1wx��fihjf s e�� m`egf e�f/s/m��xu erfihSf w�ea��eao �zv�m5�@wx�nm
I�wx�$�th�!Q�`kJqzfih s h �nm5�*egf � qQ�ts h��xwnm��"ea�ts eByze���o�e��thjen�ts/e��\q�f/e m�s h ea��eByzeao�h �nmnyxm`��eg�xmts h �nm5� 2nm�f/s/mr�Qwnelenu
fihjf s e�� m�m u���m ����m�f wregf s/mnyzq1yze e �QwzhXu h/�ao
h q4-�;4�xmts/mN��BKF
F � &��:7Kuxf
e��Qwx�nyzq)� O�s q*yzq1yze�F$� mxkxwx��q��Be�f

B&N



� K����
K L>N�OQP >Dujmnfih R���m��th�!Q� >8qQ����en�$��h qQ�nm u:yze�u qJf1G@wx��s qJf�5Kh����*wxujmao�e�f�knmJo�mH5Kh f/s e$�lm�f�ODh�y*h/� en� �
fihjqQ�nmxu e�f

��q*yzq1e�f/s/m��xu e {+mxwts q��nmxu qxo�egf"o�e mxu e�f �1��eg�xmts h ��qJf
I qD��q`egf s/m5�xu e {+mxwts q��nmxu qxo�egf���q���kxu e�� qJfF��qQ� � w��xmnyzqzf�� ��q*��knmao s e�o e mxu(��eg�zm�s h �nm
��q*yzqHhX��egf s/m5�xu e {+mxwts q��nmxu qxo�egf"o�e mxu e�f �1kJqzf h s h ��qzf
I qD��q�h���egf s/m��xu e {+mxwts q��nmxu qxo�egf���q���kxu e�� qJfF��qQ� � w��xmnyzqzf�� ��q*��knmao s e�o e mxu(kJqzfih s h �nm
f hXuXujm {+mxwts q��nmxu qxo�egf"o�e mxu e�f ��yzeBf h �Q��qzf4q*kxw�egf s qzf
��en�tsio�q {+mxwts q��nmxu qxo�egf hM�lm��*hX�nmJo�hjqzf���q*� �iw��xmnyzqzf"kxw o qzf0�

wx�nm1�Jea��eao�m u6hj��m��th�!Q��yze�e�f s e 2�e��$2�q:�YF$� mxkxwx��q��`yze$� qzf sioH!��Qw�e'��h eaods/mnf qJsiopm�f I�wx�$��hjq*��egflmnyze��*�nf
yze u m I�wx�$��h�!*� ea��eao �zv�mrkxw�e yzea� f
enoNwts h�u6hj��mayxm�f_knmaopm�ujmlyze�s eno��Bh��nm$��h !Q� yze ujm egf s/m��zh�u hjyxmayryzeau kxwx�ts q
yze eg�Qwzh�u h/�ao
h q�yzerwx�Bfihjf s e�� mN�*I}�ts e�f_yzerkao�e�f
en�ts/mao@eau�� O�s q*yzq�y*hXo�e�� s q`yze�F � mxkxwx�nq��legf ��e ��egf
mao
h q
o e0�zhjf
maoDmxu �Qwx��qzf���qQ�$� eakts qzf0�
5Qe m

V : D −→ R
wx�*�gm���kzqBe�fA��m u mao ��q*�tsihX�xwnm5�"ea�ts e y*h I eao�en�$��hjm5�xu e yze0RK�zh�yzqBea�rwx� yzq��Bh��zhjq

en�
D ⊂ Rn

�Qw�eC��qQ�ts h ea��ermxu q o
h �zea�5�Sea�ts qQ�$� egf�{

• V (z)
f/e&y*h%� e&�Qw�e�e�f�wx�nm�I�wx�$�th�!Q� ���*�W������� 6/'/� �!�K� 
i� fih

V (0) = 0
�
V (z) > 0

ea�

D − 0
�

• V (z)
f
e y*h%��e �Qw�e e�f wx�nm�I�wx�$��h !Q� � �"X������*�W�����/� 6/'/� ���K��
i� f h

V (0) = 0
�
V (z) ≥ 0

ea�

D
�

• V (z)
f/ery*h%� e��Sw�eBe�f wx�nmGI�wx�$�th�!Q� �/�*�W������� ���@�0���K� 
+� fih

−V (z)
e�f yze�R:�zhjyxm�kJqzfih s h �nmD�

• V (z)
f/e�y*h%� e��Qw�e�e�f�wx�nm'I�wx�$��h�!*� � �"X������*�W�����/�d���@�0���K� 
+� fih

−V (z)
e�f"f
e$��hjyze0RK�zh�yxm

kzqJf h s h �nmN�

•
FJm�yzeno
h �nmnyxm�s e$�rkJqxopm uMyze

V
f/q��ao e u mnf siopm0�ge � s qxo
h�m�fryze�- � �LB � & f/e�yzea��qD��hX�nm �/�0� ��
i�"�/�

'�� �������� �Qf/eryzea��qas/m
V̇ (z)

�:��e�f s/m`yxmnyxm�kJq o {

V̇ (z) =
∂V

∂z
ż =

∂V

∂z
f(z) = ∇V (z) · f(z)

=

(

∂V

∂z1

∂V

∂z2
· · ·

∂V

∂zn

)

















f1(z)

f2(z)���

fn(z)

















= Lf V (z).
- � �LBKD�&

B&F



FJm&yzeao�h �nmayxm&yze
V
f/q��ao e?ujm�frsio�m0�ge�� s q o�h�m�f�yzeau8f h f/s e$�lm?yzeakJea�nyzeHyze?ujm�e��nwnm$��h !Q�4��e�� s qxo
hjm u

yzenuMe�f/s/mnyzqbyzeau:f h f/s e$�lm"- � 2nmxu hXuM� BKF
F � &��P2<e�e�f/s e � q*yzq:�
V̇ (z)

f/eno>�&y*h I eao�en�ts e knmao�m�y*h I eao�en�ts egf
fihjf s e�� mnf0�
5Kh
z(t)

o eakno�egf/ea�ts/m�u m�f/qQu w$��h�!*�`yze#- � �CB � &4yxmayxm�m�knmJods h�oYyze1u m@� qQ�ny*h%�th�!Q��h��zh%�th�mxu
z(0) = z0

�
m�knmao s hXoDyzeauSh���f/s/mx�ts e�hX�zh%�th�mxu

t = t0
�\en�ts qQ�$��e�f

V̇ (z) =
d

dt
V (z(t)).

>8qQ��f/e���w�ea�ts e��"ea�ts e��:fih
V̇ (z)

egfl��eg�xmts h �nm5�
V
f
eno>��yze���o�e ��hjen�ts/erf
qD�ao�e�ujm�f_siopm0�ge � s qxo
hjmnf4f/qQuXw �

�th�!Q��yze4- � �CB � &��MI
2�q o�m�egf s/m�� qzf ea�)� qQ�ny*h%�thjqQ��e�f�yzeHkao�e�f
en�ts/mJo^eauKf/eg�Qwx�nyzq"� O s q*yzq&q"� O s q*yzq
y*hXo�e�� s q�yze1F$�gm kxwx��q��N�

��� �"� ��� � 
 ����� �"� ��� ��� � 
 ���	���

#A��	
z = 0

#�� � #�� 4"� ��� � � #��C� � %+
��C� ���F� �(� �F4"�/��	
ż = f(z)

�$���/	
V : D −→ R

#�� :(	�� �A�

� ��:(	��)	!
 :/��� 4"� � #+	+�-�/� 4�� ��� � �F
"�F�5:��C	 %��C� ��������� �����/��#�� �����-�C��� �
D ⊂ Rn

� #�� :/��� 4"�C�F��� 	+�5�!
�� � �F��*

�/� 4"���5:/� �

•
#A�
V (z)

� ��� ��� � ' � 
 � � ��' �,'���
 �
V̇ (z)

��� �.�1/ ' � ��� � ' � 
 ����� 
 �,'�� 
 * �F� �!
�� � �F�$��� #��

� #�� 4"�����0��� #�� �C� %+
"� � ���4��
�� �!� 7

•
#A�
V (z)

����� ��� � ' � 
 � � �.'��,'�� 
 �
V̇ (z)

� ��� ��� � ' � 
 ����� 
 �,'�� 
 * �/� �!
�� � �F��� � #��E� #�� 4"�

���0��� #�� �C� %+
"� � 
��.'(���*)+�,'�-.
�/0�1���*�2�3�4��
����(� 7

ZP�nmFI�wx�$��h !Q�
V (z)

�Qw�e �nw���kxu e ��qQ�Bu mnf ��q*�ny*h%��h qQ��egf hM��kxw�egf s/mnf<m �ts eno
h q o � en��s e4f/e4yzea��q��Bh��nm
� ���"
+�!,��Z�/� ="1 ��6�����'�
 - �K2nmxu h�u/�WB&F
F � &0�<7*f s e � O�s q*yzq e�f�wx�nm,2�eao#o�m5�Bhjen�ts/m�yze�m �$�xu h f h fE�rw��
kJq*yzeao qzf/q �<5KhX� e��C�nmao��zq��^kao�e�f
en�ts/m,yzqzf�yzegfJ��ea�ts/m � mnf0�_Fam)kno
hM�"eao�m?e�f��Qwne?��q 2nm ��wx�"� O s q*yzq
fihjf s e��*��s h���q,knmaopm42nmxuXujmao}wx�nm@I�wx�$�th�!Q��yzeHF$�gm kxwx��q��5�@kzqxo_u q�s/mx�ts q32nm0�1�Sw�e�kno�qQkJqQ��eno_wx�nm�I�wx� �
�th�!Q�)�gmx�ny*h�yxmts/m�mBI�wx�$��h !Q�Hyze?F � m kxwx��q����?kao q��nmao^fihYu m3�Bhjf(�lm4��w��rkxu eB��qQ�?u qzf�o e �Qwzh f h s qzfryze
e�f/s/m��zh�u6h�yxmay �8FJm�f/eg�*w �nyxm�e�f �Qw�eBf/qQu q4�no
h��nyxmE��q*�ny*h%��h qQ��egf4f w�R���h ea�ts e�f�kJqxo[u q�s
mx�ts q1enu 2�e �$2�q�yze
��qBea�$��q*�tsiopmaoNwx�nm I�wx�$��h !Q�;�gmx�ny*h�yxm�s/mlm�F$�gm kxwx��q��"�Qw�eVf mts hjfJI�m��xmrujm�f ��q*�ny*h%��h qQ��egf[yze e�f s
m��zh�u6h�yxmny
q&yze`egf s/m5�zhXu h�yxmny mnfih��tsJ!Js h��gm �nq�fihj�Q�zh R���mH�Qw�e`eauKqxo
hj�Jea��egf�h���e�f/s/m��xu e`q���q&e�fBmnfih��tsJ!Js h��gm�� en�ts e
e�f/s/m��xu e��

�z�



5Qe�kxw�e yze�yze$� qJf/sio�mJo[�Qw�e�f h
V (z)

e�frwx�nm@I�wx�$��h !Q�1yzeHF$�gm kxwx��q��5�(enu ��q*� �iwx�ts qHyze�u qzf
z
s/m u

�Qw�e
V (z) = c

�^knmJo�m m u �Qwx�nm���q*�ts/m �ts e
c > 0

egf�wx�nmS2zh�kJeao f wxkJeno R���hje ��eno#opmnyxm1- yzea��qD��hX�nmayxm
� ��6/�"�(�)
+�!�U�/� ="1 ��6�����'�
 q � ��6/�"�(�)
+���\�/�>�/��
i�" & en�Heau:e�f kam$��h qbyze1e�f/s/mnyzqzf��Qw�e1ea�$�thjeao
opm
mxuDq o�hj�zen�N� 7(u^w�f
q yze)u mnf`f wxkzeno R���h egf�yze F � m kxwx��q��12nm$��e?�Qw�e enu?� O s q*yzq f
egm.I ���th�u � en�ts e)hX� �
s eno#kao e�s/m��xu e �_FJm�f�f wxkJeao R:�thje�f1�Qw�e)��qxo#o egf kzq*�nyxen�bm,� qQ��f s/m �ts e�f`yze �no e���h ea�ts egf

0 < c2 < c1
�Yf/e

en�$�nw�ea�tsio�m ��vd�ts e��Qopm��"ea�ts eG��q*�ts ea�zh�yxm�f0� � q�� qHu q4��w�egf siopm�ujm �*h �Qwxopm � � � knmao�m�eauD��mnf/q
R2

�
FJm���qQ�ny*h���h�!*�

V (z) ≤ 0
f/erkxw�e yze�h��ts eno#kao e�s/mao@�ze�q�� O sio
h��gm�� en�ts eBm sio�m � O�f}yze - � �LBKD�&K� mB�Qw�e

u m4��h f�� m�fihj�Q�zh R:��m��Qw�e�enu8kao�q*yQw$� s q�e�fA��m u maoPea�tsio�e�enu\�Qopmny*hjen�ts e�yze
V

�`eau ��m5��kJq ��e�� s q o�h�mxu
f

e�f ��e��xmts h ��q\{

∇V (z) · f(z) ≤ 0.

PSfrag replacements

x

y

z0

z(t)

V (z)

V (z) = c1

V (z) = c2

c1 > c2

grad(V )

Superficies

de Liapunov

DFE"GIH�J,KML>N�� P m !�#7�"�8�"�
�+#$��&�� 5/!9�����/�,S�#0�r� &��9���t� ���d�������"��</&�� �������U>�_�������!���)U���"�
�6�"�N&���� �L���
R2

2

C8ea�zh ea�nyzq1ea�'��w�ea�ts/m`�Qw�e
f
e�f wx� ��e�� s q ocs/m ���zen�ts erm�ujmrsiopm0�ge � s qxo
h�m�f/qQu w��th�!*�N�8ujmE��q*�ny*h%��h !Q�

V̇ (z) = ∇V (z) · f(z) ≤ 0
fihj�*�zh R��gm?�Qw�e)�nwnmx�nyzq wx�nm�siopm0�ge � s qxo
h�m��no#w���m)wx�nm f wxkJeao R:�thje&yze

F � m kxwx��q��5�8egf s/mHsio�m ��e�� s/qxo
hjmbu qS2nm��xm�2nm��th�mHmayzen��sio q �?�xwx�$�gm �xw�enu �nmHm�f mxu hXo �@INyze��*�nfG��wnm �nyzq

V̇ (z) < 0
u mnf siopm0�ge � s qxo
h�m�f�f/e���w�e0��ea��yzegf
yze wx�nmHf wxkJeao R:�thje,2nm$��hjmbwx�nmHqJsiopm?h��ts eno
h q o���qxo#o egf��

kJqQ�ny*h ea�ts e�m wx�
c
� en�nqxo �D>Dwnm �nyzq

c
yze �no�e ��e��[ujm�f f wxkzeno R���h egfryze&F$�gm kxwx��q��#��qxo#o egf kJqQ�ny*hjea�ts e�f

f/e�m$�$2zh%��m �B2nm��th�m�eau*q o�hj�zen� �"qzf siopmx�nyzq��Qw�e`ujm�f4sio�m ��e�� s qxo
hjmnfVf/e�m kao q�< h/�lmx��m uUq o�hj�zen�`mB� egy*h�yxm
�Qw�eVsiopmx��fA��wxo#o�e"eauas h e���kzq:�K7(���gm��G�zh q:� fih

V̇ (z) ≤ 0
��qrf/e�kxw�e yze mnf/e��QwxopmaoM�Sw�eBujm�fPsiopm0�ge � s qxo
h�m�f

� qQ����eao �/mx��m u*qxo
h �zea�5�@kJeao q�f
e1kxw�e yze � qQ�$�nu wxhXo<�Qw�ereau*q o�hj�zen��egf e�f/s/m��xu eC� m`�Qw�e`ujm�fVsio�m0�ge�� s q o�h�mnf

� B



�Qw�egyxmJoH� �)��q*�ts ea�zh�yxm�f�ea��mxu ��+x��en�ts q o
��qbyzeau:q o�hj�zen�HfihYujm)��qQ�ny*h���h !Q�?h��zh���h�mxu
z0
egf s �&yzea�tsio qbyze

mxu �Qwx�nmrf wxkzeno R���h e�yze1F$�gm kxwx��q��G� qQ�ts ea�zhjyxm�ea��y*h%�$2�q`ea�ts q o
��q - �K2nm u6h�uM� BKF
F � &��

�	��
���� � � �	��
 � ��� � ��� ��� � 
 ���	��� � � � � � �I� ��� �

5:wxkJqQ�zh ea�nyzqH�Qw�e�enuSf h f/s e$�lm�en��ujm���q ��eao
opmnyzq
ż = f(z, t)

s hjen��e�wx�nm1f/qQu w$��h�!*��yze�egf s/mayzq�egf s/mt�
�thjqQ�nmao
h qbea�

z = 0
� ujm4I�wx�$��h !Q� yze,F$�gm kxwx��q��Hf/eno>�,��qQ��qD�th�yxm���q��"q wx�4I�wx�$�thjqQ�nmxu

V1(z)
knmao�m

enu �nwnmxu
V1(z) ≥ 0

�
V1(z) = 0 ⇐⇒ z = 0

�
dV1(z)/dt ≤ 0

� qQ��f hjyzeao�m �nyzqbenu8f h f/s e$�lmN�}Fam
fihj�Qwzh ea�ts eVm�RKo�� m��th�!Q� e�f �$� u6h�yxmU{nfihxwx�nmFI�wx�$��h !Q�"yze F$�gm kxwx��q��4e=< hjf s e��Jea�ts qQ�$� egf}ujm f/qQu w$��h�!*�

z = 0
e�f egf s/m5�xu e1en��eauKf/en��s hjyzq yze&F$� mxkxwx��q��N�D7*f s eHo�egf wxu s/mnyzq&egf�wts hXu hj��mayzq,knmao�m�y*hjf/e��amaoVwx�B��qQ�tsio qQuM�
yze�u m`fihj�Qwzhjen�ts eB� m ��enopmU{Kfih\egf���e ��e�f mao
h q�yxmaoPmHu m`f/qQuXw$�th�!Q�

z = 0
ujmHkno�qQkzhjegyxmay�yze�egf s/m5�zhXu h�yxmny

en��enuKf
en�ts h�yzq?yze&F � m kxwx��q���f/e'R�� m wx� �thjeaods q I�wx�$��h qQ�nm u ��f/e�m�f w��"e�wx�nm#I qxo�� m�yze1m��0��h !Q��yze
� qQ�tsio�qQu:� qQ�Hu m'RK�nm u6h�yxmny�yze1kao�q���e�eao<m`e�f/s eGI�wx�$��hjq*�nm u���q*�Hujm�fBkao qQkzhjegyxmayze�f yze1w �nmEI�wx�$��h !Q�`yze
F � m kxwx��q���- 7 �"eau��P�gm ��q��re s4mxu � ��BKF
F
N�&��
7K�Hqasiopm�f`knmxujm��aopm�f��Pwx�nm,�lmx��eaopmHyze�egf s/m��xhXu h �gmao"wx��f h f/s e$�lm�f1��q)u hX��e mxu:egf�f/eau e��0��hjq*�nmJo"wx�nm

I�wx�$�th�!Q��yze?F$� mxkxwx��q��
V1(z)

e�h��ts ea�ts/mao}ea�$��q*�tsiopmao wx�4��qQ�tsio qQu8yxe&o e mxu hM�"ea�ts/m$��h !Q�&yze�egf s/mayzqzf

uτ

�Qw�eC��q*���zhjeaods e
V̇1(z, uτ )

en����e��xmts h �nm�yze0RK�zh�yxmD�K>8q*��wx�nm�eau e � �th�!Q��mao��zh siopmao
hjm�yze
V1(z)

�8� mnf
e�f/s/mBs ea�ts/mts h �nm�kxw�e yze*I�mxuXu mao9�(kJeno�q�f h

V1(z)
egf wx�nm�I�wx�$�th�!Q��yze�F$�gm kxwx��q��7� qQ�G� qQ�tsio�q*u:-/D��
� yzenu

hX���Qu O�f-D ��� 4"
������=��	F� #����
& � #��5: 4"� ��� &��Qf
e�kxw�e yzelea�$� qQ�tsiopmao<wx�nm`u e��ryze7��qQ�tsio qQu yzele�f/s/m��zh�u6hj��m��th�!Q�

uτ

�@GSmaopmreauUfihjf s e�� m���q�u6h���e mxu

ż = f(z) + g(z)uτ

- � �CBKG5&

V1(z)
e�f wx�nm D��
��f hM�8knmaopmrs q*yzq

z 6= 0
�

∂V

∂z
g(z) = 0 =⇒

∂V

∂z
f(z) < 0.

- � �LB J5&

5KhKenu(f h f/s e$�lm3- � �CBKG5&�kxw�e yze�f
eno egf s/m5�zhXu hj��mnyzq:�Ywx�nm D��
� e(< h f/s e��P2<e4- � �CBKJ5&��:f
e`qD��f
eno �nm��Qw�e�enu
� qQ� � wx�ts qbknmJo�m1eau �nwnmxu

∂V/∂z g(z) = 0
egflfihj�Q�zh R:��m �ts e��YkJq o��Qwne�en��egf s e���q*� �iwx�ts qHenu(fihjf s e�� m

��q#��q*�tsio�qQu m5�xu eBs hjen��e`ujm�kno�qQkzhjegyxmay
∂V/∂z f(z) < 0

�\5Kh*f w$� e yze��Qw�e
∂V/∂z f(z) > 0

�nwnmx�nyzq

∂V/∂z g(z) = 0
�cea�ts qQ�$� egf

V1(z)
��q egf`wx�nm D��
� �b��q)kxw�e yze�f
eno wts h�u6hj��mayxmbknmaopm�eau8y*hjf/e���q

yze`e�f/s/m��zh�u6h�yxmay�kJq o4o�egm u6hM�"ea�ts/m$��h�!*�3-
wx�nm�qD��f
eno �nm$��h�!*�H�Qw�e1m0�xwnyxm�m�eau6hM��hX�nmao0D��
� ��m �ny*hjyxm�s/m�f
hX�nmayze �nwnmnyxmnf�� �Mq 
iqJs q��zh��;�rI}o>��m 
@- �z�J� B & &0�

�z�
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7(�tsio�e u mnfNe�f/sio�m�s eg�Uh�m�f<yze"kJegf �gm"�Qw�e 2nm �Vfih�yzqlm5��kxu h�m�� en�ts e_mxkxu h%��mayxm�fNea� ujmV�Jeao�en�$��hjm yze"u m kze�f �gm
e�f/s �x�U{ -/hP& 6/'� �	 �K� 

�d�/�U
���'0��� 

'	���S�����+��� - :���� �/4 	�� 4 ���(:�	F� �/�-�/� 4>&��N�Qw�e)�xw�fA��m,�lmx�ts ea��eno^enu
m��nmnf s e��thM�Bhjen�ts qBea�Bwx�B�zh ��eau�� e s/mN�Ukzeno��Bh s hjen�nyzq�u mBkJegf �gm yze}s q*yzqzf u qJf^kJe ��egf<en�$��h/�lm"yze ujm��"e�s/m
�`��q�kJeno��Bh s hjen�nyzq�u m1kJe�fA��m�fihUenuxs/m��lm ��q`yze�ujm`kJq��xujm$��h !Q��egf s ��m��nm ��q�yze�u m��"e�s/m5O8- hXh%& 6/'	 �	 �K� 

�
�/� ����� �d���d6��@�K

�U

'����^��������� - :/��� �/4 	+� 4,.�	!
 &(���/4,
"	�4"�(&(�Do�e�s hXopm&wx�nm@I�opm$� ��h !Q��yzegf/e mnyxm�yze�u m
�"e�s/m�yzeC��mayxm�m ��q:O��#-/hXh hP& 6/'� �	 �K� 

� ��� ��X��"���� -�4".�
�� ��.5��� � �A���C� :@� &(�:h��ts eno�� egy*hjq1ea�tsio�e`u mnf4yzqzf
mx�ts eao�hjq o egf���e�f yze�R:�zhjyxm�en��eauUfihj�*wzhjea�ts e�k$�Jo
opm�I q �
>8qQu u h e ��5Kkzen�$��eno'- B&F
F
D &�hX�tsio�q*yQw$��h eao qQ��ujm uXujm��lmnyxm 6�'� �	C�K��

� ��� ��XY�"�(�� - GNZ &1�Qw�e e�f

yze�R:�zhjyxm7��qD� q�fihj�*w�ez{zf hUu mlm5�xwx�nyxmx�$��hjmlyze u qzf}kJe�� egf[egf s �Byze$�nm ��q�yzeau �zh ��eaunyze w��G�ao�m u/�xen�ts qQ�$��e�f
��q�e�frkJeao��Bh s hjyzqbkze�f �gmao9�Mf/e�egf s ��ea�$�thM� m�yzenu8w��C�aopmxuM�Kea�ts qQ�$� egf�wx�nm�s/mnf
m�yze�kJegf ��mB��qQ��f s/m �ts e
e�f mxkxu h��gmnyxmD�
I}kxu h��gm$��hjq*��egflyze�u m GNZ�kxw�e yzen��f/eaoPq���f/eao �nmayxm�f"ea� �xwx� 
 �&E:q��Peau u - B&F
F J5& �Qw�e�e�f/siwny*hjmao�qQ�

e�f/s/m$kzq*u v s h��gm mxkxu h��gmnyxm)ea�$u m$kJegf ��m yzeau[mJo ea�n�Qw�e,en�$ujm1��qJf/s/m yzeauVGSm�� v R���q$yzenu4u m O@m�2�v�m)yze
OYo�hjf s qQu � ����eao
��e#���Ymx��f
f/qQ�"- �z�z� B�&E�"q*yzeau mJo qQ�bu mbkJegf �gm&yze �nm���m u mnq&ea�bujm4� qzf/s/m�qxo
h ea�ts/mxu8yzenu
R�mao"O �xu s h���q4��mxkxu h%��mao�qQ��m�e�f s/e4� q*yzenu q�ujm,GNZ �[R�h�u ��eao�� |[wxuXu m �ny�e�s m uM� - �J�z� B &G�"qzf siopmao�q*�?wx�
��mnf/qHyzeregf siwny*hjqHyzeau:w�f
q�yze�u qzf�� q*yzenu qzf"yze�fihM��wxujm$��h !Q�Hknmaopm`yzegf
mao#o qQuXu mJo ��kao q��nmaoYegf siopmts eg�*hjmnf
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ĺım
τ→+0

τ̇ < 0,
- � � �z� &

q:�Seg�Qwzh �nmxu ea�ts e$� en�ts e��

τ τ̇ < 0.
- � � � B�&

Fam h��tsio�q*yQw$�0��h�!*�"yze wx� � qQ�tsio�q*u������ �"#$egf o egf kJqQ��f m��xu e"kJq oQenuJ�xw�e0��q;� q���kzqxo s/m���h ea�ts q y*hX�$�5�Bh%� q:�
h �6e�� � ��qQ����eno��zen�$��h�m�knmaopm�enu(w��C�aopmxu f
e��Qwzh�yzqHkzqxoNenu �"q��zhM�Bhjen�ts q1m�u qHujmao �zq1yzenu(w��G�nopmxu -/o�e�I eao�en� �
�th�mnyzq,� q��"q)wx�,�"q��zh/��h ea�ts q yze�yzegf u h �gm���h ea�ts q qS�"q*yzq yzegf u h �gmx�ts e�&'2nm$��hjm?wx�?kxwx�ts q�uXu m5� mayzq
yze � N	���# L�#��� �!' ��� �/�@�  C� �
��X����0�+��' -

zeqsl
ea�$ujm �*h �Qwxopm � �EM�&�q:�_mxu s eno#�nm�s h �nm5�"ea�ts e��_e �QwzhXu hM�no
hjq

mxu���m ����mayzq1mrsio�m � O�fVyze�wx� X_'���' ���@�  L���
���+��� - �*hXu h�kxkJq��5� BKF
N
N�O8Z8s�
nh��5��B&F
F � &0�

�	� �	��� 
 � �"�	��

� � � � �"��������� � � 
 � 
�
 �	��� 
	�	��� � � ��
 � 
 ��� 
 ��� � � � �������
���

I�u qHujmao��Jq1yze�ujmrs e�f h fVf
e�wts h�u h �gmaoH��u m�GNZ �Qw�e�yze0RK�zhM�"qzfF��q��"q�ujmGI�wx�$�th�!Q�
φ(τ)

φ (τ) =







1
f h
τ > 0

0
f h
τ < 0,

- � � �z� &

fihjen�nyzq��Qw�e
τ
e�f�ujm��nmao�h�m��xu eH�Qw�e&yze0RK��e�eauPw5�C�ao�m u/�P�Qw�e�egf�yzeakJea�ny*hjen�ts e yze,u qJf�e�f/s/mnyzqzf`yzenu

fihjf s e�� m4- ��eno �*hj�Qwxo�m � �EN:� -#m�& &0�@Fam�kzq*u v s h��gm@� qQ�ts h��xwnm�yze1w��C�aopmxu*egf yze0RK�zh�yxm@��qD� q&wx�nm I�w �$�th�!Q�

φ(τ, σ)
�

φ (τ, σ) =



















1
fih

τ > σ
τ + σ

2σ

fih
−σ ≤ τ ≤ σ

0
fih

τ < −σ.

- � � � D�&

en��ujm��nwnmxu
τ
egfru m@�nmao�h�m�� u e��Qw�e�yze�R:��e�enuMw5�C�ao�m u/�M�Qw�e�yzeakJea�nyzea��yze�u qzf"e�f/s/mnyzqzflyzenu\fihjf s e�� mN�

2σ
e�f eauSmx�$�$2�q�yze1ujm�o�e��*h�!Q��u h���egm uQyze1u m�kJqQu v6s h%�gmE�

σ
egfBwx�nm@� qQ��f/s/mx�ts e�kJqzfih s h �nm)- ��egm �*hj�*wxopm

�z�



� �EN:� - ��& &0�

PSfrag replacements

φ(τ )

τ

1

0

PSfrag replacements

φ(τ, σ)

τ

1

0−σ σ

1

2

- m�& - ��&
DFE"GIH�J,KML>N�� P i �"jdc/�/� b #Q� &��,���.~��9�"�
��� i cC~Cj+2 i �"jdc/�	� b #Q� &��-E��	!�#Q�1!����'���.~��9�"�
���"&+�/! 4 ���N� �/!9>��1!����������,��!�&�a��

2σ
2

7*f s/mCI qxo�� mryze;��qQ����eno s h�o@en�G��qQ�ts hX�xwnm`ujm�GNZ,s hjea��e�kJq o8q�� ��e s h ��q�mxu h �zh�maoMeau*h��$� qQ����ea�zh ea�ts e yze
u m ��q*���rwts/m$��h !Q�rea�CI�o�e �nw�en�$��h�m1h���RK�zh s/m � qQ�1ujm�h��tsio q*yQw��0��h !Q��yze�wx�nmCI�m �/m�u v �Bh s eE-

2σ
en��enuN�gm�f/q

yze�ujm�kJqQu v s h%��m
φ(τ, σ)

&_mxuXo�egyze yzqxoDyzeau\w5�C�ao�m u/�\yze'�lmx��eao�m��Qw�e�wx�E� qQ�tsio�qQuN��q*�ts h��xw�q1f w���f/s h siw�� m
mxu ��qQ�tsio qQu(y*hjf ��qQ�ts hX�xw�q �nwnmx�nyzqHenu(fihjf s e�� m�e�f/s ��yzea�tsio q&yze�ujm@I�m � mHu v ��h s e)- Z8s�
nhX�5�VB&F
M M�� B&F M
N�O
Fnege;��Fae�h s=� m �x�5� BKF
N
D�O*]^h��$��en�ts_e�s_mxu � � B&F N J:OS5:u qJs h���e;�`>MqUe�s f/ege��	B&F
N � OM2<en>8mJo
u q`e�s_mxu � � B&F N
N�O
T_w"e s<mxu � ��B&F
N F�OQZ8s 
�h��5��B&F F � O |[wxujyQ��eno �rZ@s�
�h��5� �z�z�J� &0�*Fam"f wnm �zh �gm$��h !Q�"yzeau$� qQ�tsio�q*uny*hjf ��q*�ts h��xw�q
yzen�tsio�q?yze�ujmBI�m �/m&u v �Bh s e�yze�f h �Q�nmbkao�h��$�th�knmxu/� en�ts e&wx�nm�e�f/sio
w�� siwxopm&yze�wx�BRKu sio�q)knm�f
mt�A�am ��q&m?u m
y*hX�$�5�Bh%��mHu qD��m uQyzeauMw��C�ao�m u6-#5:u qJs hX��eG��>MqUe�s f/ege��VBKF
N � O <�qQ����e�s mxu � �)B&F F
N�&��(enu h/��hX�nm �nyzq�m�f
vNu m
� qQ���rwts/m$��h !Q�N�

Q �*�W����
+�!,	� A �5	�:/��� 4"
"���
uτ

�F� #��<:/��� 4"� !
4"� %��C���  /��� :��E��� ��������� ����:����-�

uτ = u1 (z, t) φ(z) =







u1 (z, t)
�(�

τ(z) > 0

0
���

τ(z) < 0,

�����5���
u1

����#���	 � #��5:��  ���:/��� 4"�C� #�	�7 BA� �.' �4�*�1/ 
 - �������,��� 
 � � ���0	 � #��/� �/� �F� : #+	�� �F� :���� 4"
����

uτ = u1
��� 	 � �C� :�	�����*5�2�/� �.' �4�*� / 
 ��'(���,� � � 	3� #��F�
�F���F��: #+	��
���C� � ���E:/���
4"
"��� � � 7 � 7 *

uτ = 0
� ���
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FJm���qas/m��th�!Q�1knmayQoH!*��knmaopm1u qzf4y*h I eao ea�ts e�fVs hXkzqJfVyzeBe �QwzhXu hM�no
hjq1yzeauUfihjf s e�� m`�Qw�eBf/e@��w�egf siopm�m
u q�ujmao �zq�yze�u mBs egfihjf_egf�{6- hP&

zcci
yzea��qas/m1wx�`kxwx�ts q`yze eg�Qwzh�u h/�ao
h q`yzeauxfihjf s e�� mE��qQ�G��qQ�tsio qQuMO6- hXh%&

zsci

� M



yzen��qJs/m�wx��kxwx�ts q�yze"eg�Qwzh�u h/�ao
h q�yzeauafihjf s e�� mBf hX����q*�tsio�qQu/O -/hXh hP&
zeqsl
yzea��qJs/m�wx��kxwx�ts q�yze e �QwzhXu hM�no
hjq

yzeByze�f u6hj��m5�Bhjen�ts/q�yzenu fihjf s/e$�lm�m u �gmx���gmnyzq`m�siopm�� Ogf4yze�wx���"qQyzq`yzegf u h �gmx�ts e�O - h ��&
zeqi
yzea��qJs/m1wx�

kxwx�ts q�yzeBeg�Qwzh�u h/�ao
h q�o�egm uUyzeauUfihjf s e�� mD�

�	� �	� 
 � � �I� ��� � � � ��
 � ��� ���I�"�

Z<�nm�s O����zh%�gm'I qxo��lmxuQyzen��q��Bh��nmnyxm � O s q*yzq�yze � qQ�tsio�qQu*e �Qwzh �nmxu en�ts e#- Z8s�
�h��5�)B&F
M
MD��B&F
M
N���B&F F � &
e�f wts hXu hj��mnyxm�knmJo�mS�gmxu���wxujmao�u mnf1e���wnm��thjqQ��e�f�yzeau
�"q*yzq�yze�f u6hj�gmx�ts e�h�yzegm u<yzeau<fihjf s e�� m � q�� q f/e
��w�egf siopm�mE��qQ�ts hX�xwnm��th�!Q�

ż = f(z) + g(z)uτ .
- � � � G5&

7(�Vegf s/mVs O����zh%��m�u m yzeno
h �nmnyxm4ea�Veau�s hje���kJq yzeau ��e � s qxo
τ
-#enuJw��C�ao�m u%&cm u qrujmao �zqlyze ujm�fNsio�m0�ge�� s q o�h�m�f

yzenuSfihjf s e�� m - � � � G5&4e�fBhj�*wnm ujmnyxm�m�� eao qB��eauQf h f/s e$�lm�mxu �ze$�aopmzh%� q o�e�f wxu s/m �ts e�egfBo�egf w�eau s qbknmaopm�enu
��e � s qxoNyze7� qQ�tsio�qQuM�M7*f/e �9��qQ�tsio qQuxeg�Qwzh �nmxu ea�ts e1
E-
f h e=< hjf s e�&}e�f_f w���f s h siwzh�yzq`en�renuxf h f/s e$�lm�qxo
h �*h��nmxu �
FamnfPe �nwnm$��h qQ��egf4o�egf wxu s/mx�ts egf f/qQ��ujm�fPe���wnm��thjqQ��e�f^yzenuN� q*yzqryze�f u6hj��m �ts eBhjyze mxu �\2<egf
yze�wx��kxwx�ts qryze
�zh f/s/m4�ze�q�� O sio
h���q:�neau�� O s q*yzq�h��ny*h%��mayzq mao#o
h/�nm_s hjea��e kzqxoQqD� ��e s h ��q*�gmxu���wxujmao:wx�F��q*�tsio�qQu�� qQ�ts h��xw�q enu
��wnm ut�Qw�v�m eau���e�� s q o ��enu qD��hjyxmayBm�u q�ujmao��zq yzelujmBh��ts eno�f/e��0��h�!Q� yzelu mnfYf wxkzeno R���h egf yzeVy*hjf ��q*�ts h��xwzh�yxmny
-#m�u qHujmao��zq`yzeau(w��C�aopmxu%&0�
7*f s/m s O �n�zh%��m7I q o �lmxuae�f egf s/m�� u e��th�yxm�knmaopmlf h f/s e$�lm�f u6h���e mxu e�f en��o�eau m��th�!Q� m u�� qQ�tsio�q*u�- � � � G5&<ea�

enu���wnm u
uτ

egfVyze�s eno��Bh��nmnyzq&kJq oT- � �LBKN�&0�S5Kwxkzq*���xm5�"qzf4�Qw�e`wx�#�"q*yzq�yzegf u h �gmx�ts e�e(< h f/s e�f/q��ao e`u m
�nmao
h e yxmny

M
�@>8mxu��nwxu e��"qzf enu � qQ�tsio�qQu � qQ�ts h��xw�qHyzeB� m ��enopm1�Sw�e�knmaopmHwx�nm#� qQ�ny*h%�th�!Q��h��zh���h�mxu\yzenu

��e � s qxo yze�e�f/s/mnyzqzflf/q��ao e�egf s/m#�nmao
hjegyxmay:�Nujm�yzeao�h �nmnyxm�en��eauSs hje���kJq&yzeau:��e�� s q o
τ
m&u qbu mao��zqHyze

u mnf}siopm0�ge � s qxo
h�m�fVyzeauUfihjf s e�� m)- � � � G5&}e�fg{

τ̇ = S (f(z) + g(z)ueq) = 0,
- � � � J�&

en� eau ��wnm uUujm�f4u v���e m�f^yzeBujmE� m�sio�hj�
S = {∂ τ/∂ z}

egf enuJ�Qo�may*h ea�ts e yze�u m;I�wx�$�th�!Q�
τ
� 5:wxkJqQ�zh ea�nyzq

�Qw�erujm@� m�sio�hj�
S g
��q�egf}fih����Qwxu mJoYknmaopm s q*yzq

z
�
t
�*eau���qQ�tsio qQuxeg�Qwzh �nmxu ea�ts e egf�� q�� q�f
e ��w�egf siopm

mE� qQ�ts h��xwnm$��h�!*�

ueq = −[S(z) g(z)]
−1 S(z) f(z, t).

- � � �z� &

� N



5:w���f s h siw���ea�nyzq�enuD��qQ�tsio qQu - � � �J� &}ea�B- � � � G�&"o�e�f wxu s/m�en��u m�e���wnm��th�!Q�

ż = f(z)− g(z) (S g)−1 g f,
- � � � M�&

u mE�nwnmxu*yzegf ��o
hM�Je�eau �"q��zhM�Bhjea�ts q1yzeau �"q*yzq�yze�f u6hj��m �ts e�f/q��ao e`u mG�nmao
hjegyxmay
τ = 0

�
2<egf �no�h s q�u qzfE�"q*yxenu qJf�yze�y*h��$����h��gm?kJq��xu m��thjqQ�nmxu � u qJfC� qQ�$��enkts qzfryze1fihjf s e�� mnf���q)u6h���e mxu e�f

�Qw�e�f
eno>�x�)wts h�u h �gmnyzqzf�m�u q ujmao��zq,yze�s q*yxm)u m&s e�f h f0�<ea�&eau@f h �Qwzhjen�ts e4�gmxk�v siwxu q�yze�f mao
o�qQu ujm5�"qzf�enu
������ C��� �!�7�/�" 	�����S�"T�' �/�0 �

'����&��'� 	�/�4���8� ���^���0X �d��'Z L�#���@�� ����4�����8�@� 6/�i
+����� '�X_�*�K����'
�U����� ` c �

� F



� � ��� � ����� �

� ��� ��� � ��� � � � ��� � � � � � � 
 ��� ��� � � � ���

� � ��� � 
 ��� � � ��� ��	 ��� ��� � � � ��� � ���

� � ���
	�� �

Fnqzf`e�� qzf h f/s e$�lm�f�yze)knm�f/s e�q�s hjea��en�)m u �Qwx�nm�f'��ea�ts/m � mnf1mxuDe(<UkJeao�hM�"ea�ts/mao 2zhXk !as egfihjf1e�� qQu !z�Uh%�gm�f��
f/q��ao e�s q*yzqbea��u qzf ��mnf/qzfrfihM��k u egf�yze u m�s e�q o v�m&yxe�e ��qQu qz�zvXm&�Jea��enopmxu �^7 ��e$�rkxu qJf�yze�e�f s qzfE�gm�f/qzf
f/e�yxm �U{?- hP& �nwnmx�nyzq,eauP��+��"eao q)yzeHegf kJe��thjegf�egf�u h/��h s/mayxmS-
w�f wnm u � en�ts e,wx�S2�eno���v ��qxo�q3��wx�nm q
kJqD�gm�fBe�f kJe��thje�f�yze�kxu m �ts/m�&*�3- hXhP&7�nwnmx�nyzq enu8yze�f k u mn��m���h ea�ts qbyze�u qJf�mx�zhM�lmxu e�fBe�fG� qQ�tsio�q*ujmayzq:�
7Uf/s/m�f
2zh�k�!Js egfihjf<f/qQ��opm���q*�nm5�xu egf<m ut�zeno�en�$��h�mao(e�� qzfihjf s e�� mnf[yzelknmnf s egqBen��u qzf �nwnmxu e�f<eaux��+��"eao q�yze
u qzf�2�eao ��v ��q o qzf egfC� mx�ts/en�zh�yzq ��qQ��f s/mx�ts e�kJq o^u m�hX�ts eao ��en�$��h !Q��yzenu62�q��C�ao e �D7 < hjf s e�wx����o�e��thjen�ts e
��+��"eao q yzeHq���f
eno �nm$��h qQ��egfE�?e=<UkJeao
h ea�$�th�m�f`ea�?e�� qzfihjf s e�� mnf1yze,knmnf s egq)en� ��w$�$2nm�f�knmao s egf`yzenu
��wx�nyzq -
]Pm ��yze �MqQkxkJeauUe s4mxu � ��BKF
F � OQI}w��Qw�f s h���e�e s4mxu � ��BKF
F
N��D��o e0I f0� � qQ�ts ea�zhjyxmnf4ea��egf s/m�f &��
ADq�� � R�enhXo7- B&F M J5&C��R�m �"- B&F
M M�&re=<Ukxu h%��mao�qQ�)u qzf�e0I e � s qzf�hXo#o�e���eao f h/�xu egf`yze,u m f
eg�Qw�v�m��?yzenu

e=<���e�f
q�yze knm�f s egq,yze#��eg�ze s/m��th�!Q��en�&e ��qzfihjf s e�� m�f�yze �ao�egmnfrf/e$��h%�ao�h�yxm�f0�Den�&e�f/s qzf�siopm��nm ��qzf�f/e
kao qQkxw�f/q1egf s/mayzqJfVe�f/s/m��xu egfVm u s eno#�nmts h ��qzf_en��ujmC��eg�ze s/m��th�!Q�N�
>8qQ��eau:q�� ��e�s h ��q yze�h��tsio q*yQw$��h�o wx�4��q*��sio qQu:e(<�!z�zen��q1-#e=<ns eao#��q�&�mbu m�y*h��$����h��gm?kzqD�xujm$��hjq*�nm u

yze �"q*yzeau qzf yze�wx�nm�egf kze ��h e��cf/eHwts hXu hj��m&ujm1s O����zh%��mHyze$D��
�LknmJo�m�eau eg�*hXo4wx� � qQ�tsio�q*u(f h/�rkxu e1yzenu
s hXkzq ��q*���rwts/mnyzq �(7*f s/m s O����zh%��m�kzeno��Bh s el�Qw�e eauJfihjf s e�� mry*hX�$�5�Bh%� qrf
e"egf s/m��xhXu h���e en��wx� e �QwzhXu hM�no
hjq
yze�f
egmayzq@���Qu q��nmxu/� en�ts eBe�f/s/m��xu e��

D �
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�� � U�^�� �

7(�rujm I qxo�� m"siopmny*h%�thjqQ�nmxunyzeau5�"q*yzeau qryze wx�nm egf kJe��thje��\u qzfK�gm��C�xh qzf<ea�rujmlm��xwx�nyxm �$�th�mlyze u mrkao egf
m
kxw�egyzea��f/eaoYyze�fA��o
h s qzf kzqxo

dx

dt
= f(x)− c(x),

-�D��LB &
yzqQ�nyzeHujmBI�wx�$��h !Q�)��q*�ts h��xwnm

f(x)
yzegf �no
h/�Je�eau6��o�e ��hM�Bhjen�ts q,yze�ujm?kno�egf
m4��q��"q)wx�nmBI�wx�$��h !Q�Hyze

f/e�yzea��fih�yxmny,�?ujm I�wx�$�th�!Q�)��qQ�ts hX�xwnm
c(x)

egf`u mbk Oaopy*hjyxm&yze$�zh�yzqbmxu6��q*��f w��"qbyze&kao�e�f m�f`kzqxo}enu
2�eno���v ��qxo�q�q?u mHo�e��"qD��h !Q� -
egf s/m@I�w �$�th�!Q��egf yzea��q��Bh��nmnyxm�s/m5�C�zh On��yze�o egf kxw�egf s/m#I�wx�$�thjqQ�nmxu%&�O(ea�
e s/m +xu s h/�lm u m,yzea��fih�yxmny yzenu kao�egyxmayzqxo"f/e?m�f w��"e �Qw�e&egf���q*��f/s/mx�ts e � 7(uT�"q*yzeau q � en�$��h qQ�nmayzq
I�w�els/m��G�zh Oa�regf siwny*h�mnyzq�kJq oY>Yu mJo 
'- B&F M � &��(>Dujmao�
'- BKF
N J5&(� �MqJs - �J�z� B &?��qQ� Oa��I�m�fihjf_ea��m�f kze � s qzf
kao q*yQw$� s h ��qzf4en��ujm��Jeao ea�$��hjm�yze�o�e���wxo�f/qzf o�en�nq��nm5�xu egf��\egf kJe���vPR:��m5�"ea�ts erea��ujm�kJegf �gmN�

G\mao�m�h��tsio�q*yQw$�th�o@mxuD�"q*yzeau q�wx�ls Oao ��hX��q�yze;� qQ��f w��"q�e=<�!z�zen��qE��qQ�tsio qQujmnyzq�f/e�h��tsio�q*yQw$� erwx�nm
��qJs/m$��h !Q�G�1wx�nm�f wxkJqzfih%�th�!Q�N�@2<ea��qas/mnf/e�eau(u mayzq1yzeno�e �$2�q�yze�ujm�e �nwnm$��h !Q� -�D��LB�&���q��"q1fihj�Qw�eJ{

f̄(x) = f(x)− cend(x).
-(D:� � &

5:wxkJqQ���zmnf/er�Qw�e`u m I�wx�$�th�!Q��yzeG��q*��f w��"q�e(<�!z�Jea�nm5�(yzea��qJs/mnyxm'� q�� q
cexo(x)

�\e�f kao�qQkJqxo>��h qQ�nmxu*m
u m�yzea��fih�yxmny

x
����q���e��xmts h �nm1knmJo�mrs q*yzq

x > 0
{

cexo(x) = ε x,
-�D:�ED�&

en��eauD�nwnmxu
ε
e�f ujmrs/m�f m�yzeC��q*��f w��"q�e(<�!J�zea�nmN�SI
2�qxopm5�\f
e�h��tsio�q*yQw$� e�eau � q*yzeau q1�zea��enopmxuQyze�wx�nm

e�f kJe��thje��aenu ��wnm u s hjen��e wx����qQ��f w�� q"en�ny !z�zen��q:�$� q��"q s/m��G�zh Oa� wx� � qQ��f w�� q"e=<�!z�zea��q � qQ�tsio�q*ujmayzqS{

ẋ = f(x)− cend(x)− cexo(x)φ(τ),

= f̄(x)− ε x φ(τ),

-�D��EG�&

D�B



en��enuD�nwnmxu
uτ

egf4eauD� qQ�tsio�qQu - GDZ &4m�f/eaoDy*hjf/e��nmnyzq �@7(��qasiopmnf knm u m5�nopm�f0�Sf/e�e�fA� qz�ze

uτ = ε x φ(τ)
-�D:�HJ5&

τ = x− xth

-�D�� � &

yzqQ�nyze
ε
e�f enu@knmao>��� e sio�q�yxe�egfJI�w�eao�� q yze@� qQ�tsio�qQu(m�f
eno^y*h f
e��nmayzq:�

φ(τ)
egf yze0RK�zh�yzq � q��"q�ea�

- � � �J� &?�
xth

egf4eau5�nmxu qxoNyze�w��C�aopmxu*yze�u m�yzea��fih�yxmny&kJq��xujm$��h qQ�nmxu �
FJm�hX�tsio�q*yQw$�0��h�!*�byzeau@s Ono��Bh���q

x ε φ(x − xth)
fihj�Q�zh R:��mb�Qw�eHf/e�e�f/s �?eau6hj�*h ea�nyzq�wx�,� qQ�tsio�q*u

kao qQkJq oH��hjq*�nm uQm�ujm`yzen��f hjyxmay�yze1u m�kao egf
m'���Sw�e�egf ��q*���rwts/mnyzq,- �����@�$#;&0�cGSmaopm�ujmEI�wx�$�th�!Q�
f̄(x)

en� -(D:�EG�&��Sf/e`kxw�egyzeG� qQ��f hjyzeao�mJo[ujm�f4fihj�*wzhjea�ts e�f I q o�� m�fg{

>PF�� f hX��><7
: r x

(

1−
x

K

) -�D���M &
>PF��=>P7�yzeauUC4h�kJq �NqQuXu6h����&3p3

: r x
(

1−
x

K

)

−
c1 x

x+ d

-�D���N &
>PF�� >P7�yzeauUC4h�kJq �NqQuXu6h����&3p3p3

: r x
(

1−
x

K

)

−
c1 x

2

x2 + d2
,

-(D:��F &

yzqQ�nyze�><FHf h �Q�zh R��gm$:�
��F:/� ��� �/� 4"� � �F�����/4"� :/� �Y>P7,f h �Q�zh R��gm$:���� � #��-� �/�5�! F���/�����
r
e�f�ujm�s/m�f m�yze

��o�e ��hM�Bhjen�ts q&h��tsio vd��f/e���mN�
K
egflujmE��m knm$��hjyxmay)�;� < hM� m�yze f
qQkJqxo s e�yzeau �"e y*hjq1m5�C�zhjea�ts e��

c1
egflu m

s/m�f m`yze ��qQ��f w�� q�ea�ny !z�Jea�nm4-���qQ��fih�yzenopmnyxm���qQ��f s/m �ts e�&F�
d
egf s ��o eau m��thjqQ�nm`mHu m1yzen��f hjyxmay�yze�u m

kao egf
m`en��ujm'�nwnmxu*eauKkao�egyxmayzqxoDf
erf
m$��h�mN�\ID�Qw�v:yze0RK�zhM�"qzf
xm

� q��"q�enu:kxwx�ts q�yze�h��ts eao f
e � �th�!Q�1yze
�nmxu qxoPkJqzfih s h ��q1yze�ujm�f �nwxo �nm�f7-(D:�EN�&?�B-(D:��F &���qQ��eau e9��e

x
�

G\mao�m�egf s e@� q*yzenu q1�Jea��eao�m u*yze�wx�nm�e�f kJe��thje��Kf/eBs hjen��e�enuUf h �Qwzhjen�ts eBs egqxo�e$�lmU{

� �@'��(�"X_�4A�� $ DA��� �(� ���F
 	=��� #����(� �F4"�/��	?���/�%4"� �A� ��� 7
	 � * :���� #��E:/��� 4"
"��� :����-� �F� ��� 7
� � * ��� 7 � � 7

#A�E	=� #���� � #��2�C	�� #��5:/�  ��
f̄(x)

������� ��� � 	�4"�'&�	��/�$�F� �C� 4"�F
 &�	+� �
[0, xm]

7 #$# �A�����C�F�5���0� #�� �(�

��� �(��	2�0	�� 4"�/���F
9�C	E���F� ��� ��	�� �A��%��)	�:�� ����	+�
x

�F� #�� &�	��C� 
 �������/	����
xd

* :����
xd < xm ≤ K

7

BA� 4"���5:���� *

��� :/��� #�� :���� 4"
����
ε x φ(τ)

:������ �F� ��� 7
� � * ��� 7 � � *0�/� �(� �F4"�/��	 �(� ���/4 	 %��C� � 6=	 �/� #�� �-� ���

������� � 6=	+� 4"� �/� �F� #���%+
"	+�
xth

* ��� ��	+���F
 	 � #�� �C	 ���F� �F:F:��  ��
xth = xd


���� #�� 4 	 �F� �F� ��� #��C� � % 
�� �

�������/	����57

��� :�����#�� :/���
4"
"��� :/��� 4"� � #��
ε x φ(τ, σ)

* :/���
φ(τ, σ)

:/����� �F� ���
7 �����F* �F� �(� �F4"�/��	 � �F4 	&%�� �C� 6!	
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�F�2�/� #���%+
"	+�C* ��� �0	����/
"	 � #�� �C	 ���F� �F:F:��  ��
xd = xth


"��� #�� 4 	��/�2�/��� � #�� � � %+
��C�E��� ���/	�����* �/�

:�#+	+�%��� ���C��%�	+� �-�/� 4"� 	 �(�C� 4  4"� :(	����F� 4"��� �F4 	&%�� � 7

��� � Z SX] � W 
��
^�� � ��� �TSVU � S � � SX] ^ �TS �bW 
 ^Ta �7U ��� ^�� ��U�� 

a ^cU �\^ �
^ R � �TSVU��XW �YS � �\^ �bW��XS � �-S

Fam)GDZ
φ(τ)

� ��qQ�,w��G�ao�m u
τ := x − xd

y*h �zh�yze
R
ea�&yzqzf�5Qe���� en�ts qzfG��f/e m

xd

eauYkxwx�ts q,yze
eg�Qwzh�u h/�ao
h q�yze�f
egmayzq:�Y7K�#��mayxm`f
e���� en�ts q�enu\fihjf s e�� m�s h ea��e�wx�nm1egf sio#w$� siwxopm�y*h I eao�en�ts e �M5Qe m

S1
enu

f/eg�D� en�ts/q3��qxo#o egf kzq*�ny*hjea�ts e�m
τ < 0

� ��qQ��GNZ
uτ = 0

�
S2
eau:f/eg���"ea�ts q3��q o
o�e�f kJqQ�ny*h ea�ts e�m

τ > 0
� ��qQ��GNZ

uτ = ε
�8FJm�y*h��$�5�Bh%��m�ea�E�gmnyxm�f
e����"ea�ts q�egf�{

S1 :

{

dx

dt
= f̄(x),

-�D:�CB � &

S2 :

{

dx

dt
= f̄(x)− ε x.

-�D:�CB
B &

��� 5Qegm�ujm �xw �$�th�!Q��yze1F$� mxkxwx��q��G� qQ�1>8qQ�tsio qQu
V1(x)

yze�R:�zhjyxm'��qD� q

V1(x) =
1

2
(x− xd)

2.
-�D:�CB � &

2<eao�h �nm �nyzqB-�D:�CB � &4o egf kze � s q1mxuJs hje$�rkJq`m�u q�ujmao��zq�yzerujm�f siopm0�ge � s qxo
h�m�f}yzeE-(D:�EG�& f/elq��ts h ea��e

V̇1 = (x− xd)
(

f̄(x)− ε x φ
)

,
-�D:�CB&D�&

�#2nm$��hjen�nyzq1eau*mx�$� u6hjfihjf kJq ocf
e���� en�ts qzf�{

B�� [��i��X_�"�+��'
S1 � u = 0

� 7(��egf s e�f
e���� en�ts q
V̇1
s hjen��e`ujmrf h �Qwzhjen��s e7I q o �lm5�

V̇1 = (x− xd) f̄(x),
-�D��LBKG�&

��yxe$�zh�yzq&m��Qw�e
x

�
f̄(x)

f/qQ�&��q,��e��xmts h �nm�f0�
V̇1
e�f���e��xmtsih �nm�yze�R:�zhjyxm knmaopm`s/q*yxm�f

ujm�f
I q o �lm�fVyze
f̄(x)

�

D
D



� � [��i��X_�"�+��'
S2 � u = ε

� 7(��e�f/s e�f/eg�D� en�ts q
V̇1
s hjen�ne�ujm�fihj�*wxh ea�ts e7I q o�� m5�

V̇1 = (x− xd)
(

f̄(x)− ε x
)

,
-�D:�CBKJ5&

enu s Oao��Bh���q
f̄(x)− ε x

yze��JeBf
eno ��eg�zm�s h ��q`yxe�RK�zh�yzq:�Mh �6e�� �

ε > f̄(x)/x := Γ(x),
-�D:�CB � &

kJq oru q�s/m �ts q
ε
yze��Je?f
eno�u q f w�R:�thjen�ts e��"ea�ts/e,�Qo�m �nyze)knmJo�m)�Qw�e

V̇1
f/e m���eg�xmts h �nm

yze0RK�zh�yxmN�DG\mao�m1eau � �xu��nwxu q�yze
ε
�Mf/e'��qQ��fih�yzenopm&ujm'I�w �$�th�!Q�

Γ(x)
y*h I eao ea�$�th�m�� u eE�1�Qw�e

mxu��gmx����m�f w �*� < hM�"q1en��enu(hX�ts eao �nmxu q
[0 xm]

O8knmJo�m'��m u �nwxujmaoNeau5�nm u q oNyze
x
en��enu���wnm u

Γ(x)
egfG�*��< h/� q:�Kf/e`yze��Je�yzeao�h �nmao

Γ(x)
� qQ��o�egf kJe�� s q m

x
��o�e�f/qQu ��eno4ujm`e��nwnm$��h !Q�

o�e�f wxu s/m �ts e�knmJo�m
x
�My*h%� 2�q �nmxu q o<yze

x
e�flyzea��qas/mayzq)��qD� q

x̂
�:e�flyze���hXo

x̂
egf enu:�nmxu q o

en��eauD��wnm u
Γ(x)

m u���m ����m�f wB�*��< h/� q��\yzea��qas/mayzq���q��"q
Γmáx

�:�
0 < x̂ < xm

�

ε > Γmáx = Γ(x̂).

7Uf/s q yze���wne�f siopm��Qw�e1e�f�kJqzfihM�xu e1e�f/s/m��zh�u6hj��mJo eauKfihjf s e�� mHea� wx�?kxwx�ts q yze`e �QwzhXu hM�no
hjq
yze�yzegf u h �gm���h ea�ts q��)� q�� q f/e�yze�f
egm�egf s/m��zh�u h �gmao^eau:f h f/s e$�lmHea�HenuDw��C�ao�m u/�cf/e�yze��Je
e�fA� qz�zeao

xd = xth

�\e�fVyze���hXoDenuUe �Qwzh�u6hM�ao�hjq�yze�yze�f u6hj��m5�Bhjen�ts q �

��� Z<��fihjf s e�� m`yzenu s h�kJq\{
ẋ = f̄(x)− ε x φ(τ, σ)

-�D:�CB&M�&
knmJo�m eau��nwnm u u m�kJqQu v s h��gm7� qQ�ts h��xwnm yze w��G�nopmxunegfT� q��"qren�E- � � � D�&Yfihjen�nyzq

τ := x−xth

�
2σ

egf enuzmx�$�$2�q�yzeBujm�o�e��*h�!Q��u hX��e mxuJyzeau���qQ�tsio qQu �(2<eC�"q*yzqrfihM�Bh�ujmaoM�Qw�e"en� eau��gm�f/q�mx�ts eao
h q o��Uf/e
egf ��qz�JerenuKw��G�nopmxu

xth = xd

�\5Qegm
V1(x)

wx�nm I�wx�$��h !Q��yze�F$� mxkxwx��q�� � qQ�'� qQ�tsio�q*uQyze0RK�zh�yxm
��q��"q

V1(x) =
1

2
(x− xd)

2.
-�D:�CB&N�&

2<eao�h �nm �nyzq4-�D��LB&N &���q*��o egf kze � s q�mxuxs hje$�rkJq1f
eBq��ts hjen��e

V̇1 = (x− xd) (f̄(x)− ε x φ).
-(D:�CB&F�&
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G\mao�m�ujm�fly*h I eao�en�ts egf*I q o �lm�f yze
f̄(x)

�Menu(m �$�xu hjfihjf yze
f̄(x) − ε x φ

Ogf;�gmxu���wxujmnyzqbknmaopmHujmnf
y*h I eao ea�ts e�fBo eg�*h qQ��egfVyzeauD� qQ�tsio�q*u�{

B�� [��i��X_�"�+��'
τ < σ � φ(τ, σ) = 0

� 7(��e�f s/e�f/eg�D� en�ts/q
V̇1
e�f yze�u m�f h �Qwzhjen�ts e�I q o �lm

V̇1 = (x− xd) f̄(x),
-�D�� �z� &

f/eG� qQ��f hjyzeao�m
xd = xth

� � q��"q
x

�
f̄(x)

f/qQ����q���eg�zm�s h ��qzf0�MkJq oPu q�s/m �ts q
V̇1 < 0

�

� � [��i��X_�"�+��'
−σ ≤ τ ≤ σ

� 7K��e�f/s e�f/eg���"ea�ts q
V̇1
e�fVyze�ujm�fihj�Qwzh ea�ts e�I qxo�� m

V̇1 = (x− xd)

(

f̄(x)− ε x

(

τ + σ

2σ

))

,
-�D:� � B &

� q�� qBf/e yze�f
egmle�f/s/m��zh�u6hj��mJo(enunfihjf s e$�lmlen�rwx��kxwx�ts q��Qw�elkzeno s en��eg�0�gmBm"e�f/s/mro�e��*h�!*� f/e
e�fA� qz�ze

xd = xth

�Qe�f4yze��th�o
τ = 0

�Qen�ts qQ�$��e�f4eau �nm u q o@yze
ε
�Qw�eE2nm$��eB�Qw�eleauxfihjf s/e$�lm

e�f/s/m��zh�u h���e�en�
x = xth

e�f

ε = 2 f̄(xth)/xth

� qQ��e�f/s q
V̇1 = 0

en�
x = xth

�
V̇1 < 0

knmaopm1s q*yzq
xth − σ ≤ x ≤ xth + σ

�Dh �6e��

−σ ≤ τ ≤ σ
�

D:� [��i��X_�"�+��'
τ > σ � φ(τ, σ) = 1

� 7(��e�f s/e�f/eg�D� en�ts/q
V̇1
e�f yze�u m�f h �Qwzhjen�ts e�I q o �lm

V̇1 = (x− xd) (f̄(x)− ε x),
-(D:� �z� &

� q�� q
f̄(xth) − ε xth/2 = 0

�Yea�ts qQ�$� egfHknmao�m��nmxu qxo�e�f�yze
x > xth + σ

eau I�m�� s q o

f̄(x)− ε x < 0
�MkJq o[u q`s/mx�ts q

V̇1 < 0
�

� ��� �"� 
+��
+��,�� $ � 	=
 	 �C	 �2��� � �F
"�F� 4"� � � �!
��0	=�2���
f̄(x)

���F� �����/4"�F�0	 :/��� �A���
� 4"� :(	$�����(:/��� 4"�C� #+	

� :/��� 4"� � #+	+*,� � � �=�(� %�� ��:(	�� : #��C	=
 �F�,&�	+� �!
 ���/� � ��� #��/
 6!�
ε

��� � �!
��0	 � #����/� �����/4"�F�0	 4"�/� � 	�#��

� � #�� � � %+
��C������������� � 6!	+�-�C�F� 4"��� #������ #�� �C� %+
"� �0� � ��%�	+����	=��� � 4  4"� :�	+�-�/� 4"�����/4 	 %��C�=7
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` �bU � 
 ���_^ �TS � ] a �
^cU

7(u � q*yzeau q ADq � �iR�enhXo}yze�fA��o
h/�ze�enu8��o�e ��hM�Bhjen�ts q,yze&ujmB��eg�Je�s/m$��h�!*�3�nm ��q�ujm�f wxkzqJf h���h�!*�&�Qw�e1egf s �
f w ��e�s/mlmrujm m��0��h !Q�lyze wx�nm�kzqD�xujm��th�!*�;� qQ��f s/m �ts e yze72�eao ��v ��qxo�qzf0�JI)f
e$�lm � m ����m;��q*�rujmG� m0�gqxo�v�m"yze
u qzf_qJsio qzf*�"q*yzeau qzf;- EKqzf
en�����Pe�hj�:� B&F
M�B�O8R�m0�5��B&F
M
M�O(>8q*uXu h e;��5:kJen��� eao��	BKF
F
D�O �MqJs(� �z�z� B &��*egf s e
�"q*yzeau q1s hjen��e1wx��s Ono��Bh���q�yzeG�no�e ��h/��h ea�ts q u qz�zv f/s h���q���wx��s Oao ��hX��q�yzeG� qQ��f w�� q��Qw�e@�"q*yxenujm�u m
m$� �th�!Q��yze�u qJf;2�eno���v ��qxo�qzf0�
7Ku:�"q*yzeau q �"qzf siopmnyxq�en��ADq�� � R�enhXo - B&F
M J5&��*mnf w�� e�wx�nmrfihM��kxu h R��gm$��h !Q��yQo>��f s h%�gm�yze�ujmG��q��V�

kxu e9� h�yxmny hX��2�eao ea�ts e?yzeauT��wx�nyzq$o e mxuDea�bfihjf s e�� mnf@��e��ze�s/m$��h !Q� � 2�eno���v ��qxo�q�� ��kao�qQkJqxo>��h qQ�nm�h�yzegmnf
+ts hXu egf�yzeau ��q���kzqxo s/m���h ea�ts q�yzebu qJf�f h f/s e$�lm�f �47K��u m�I qxo�� m?fihM��kxu e�yzeauK� q*yzenu q$ADq � �iR�enhXolu qzf
��m5�C�zhjqzf_ea��ujm�m��xwx�nyxm �$�th�m�yze�u mG��eg�ze s/m��th�!Q��f/qQ��yzegf �no�h s qzf kJq o

dx

dt
= f̄(x)− cexo(x),

-�D�� � D &

en��enu��nwnmxuzen�`ujmBm w�f/ea�$�th�mryzerknm�f/s e�q�u m7I�wx�$��h !Q�
f̄(x)

yze�fA��o
hM�Jeleau���o�e��thM�Bhjen�ts q1yzerujm7��e��ze�s/m$��h !Q�
� q�� q w �nm,I�wx�$�th�!Q�,yze&f w,yzea��fih�yxmny

x
�_ujm,I�wx�$��h !Q�

cexo(x)
e�f�ujm?s/m�f m,yze�k
Onopy*hjy m,yze��zhjyxq mxu

� qQ��f w5�"q�yze`u qzf;2�eao���vP��q o qzf4q�fihM��kxu e$� en�ts e�u ujm��lmnyxmrs/mnf
m�yzeG� qQ��f w�� q�-9� q o
o�e�f kJqQ�ny*hjen�ts e�m�wx�
� qQ��f w5�"q �A�/
 :�	F� � 4 	

cexo(x)
� kxw�e yze f/eao e�fA��o
h s/mS� q��"q

Cexo(x) = cexo(x) y
&0�VFam,I�wx�$��h !Q�

cexo(x)
egf"uXu m5� mayxm�yze�o egf kxw�egf s/m I�wx�$�thjqQ�nmxuze

y
e�f"ujmryzea��fih�yxmny1yze�u qzf 2�eao���vP��q o qzf*-���qQ��fih�yzenopmnyxm

� qQ��f s
mx�ts e�&��
7Ku?�"q*yzeau q ADq�� � R�e�h�o*� qQ��f hjyzeao�m

f̄(x)
� q��"q ea��-�D:�EM�&��4u qz�zv f/s h��gm5� � u mbs/mnf
m�yze3� qQ��f w�� q

cexo(x)
e�f ��qQ��fih�yzenopmnyxmlu6h���e mxu en� o�eau m��th�!Q�4m"ujm_yzea��fih�yxmny yzeVujm?��eg�Je�s/m$��h�!*�5��e�f s q e�f

cexo(x) = ε x
�

7Uf/s e@�"q*yzeau q`s/m��G�zh On�GI�wne egf siwny*h�mnyzq�en�HR�m0�#- B&F
M M�&�OK>Yu mao�
@- B&F
M � ��B&F N J5&�O �MqJs*- �z�J� B &��

R ���TSVU�� � � � 
 R S � � W ��� S 
 � ^ � �\^ ` � U � 
 ��� ^ �TS � ] a �
^cU

7(��eauD� qQ�ts e(<ns q�yze�u m��zeno�en�$��h�m�yzenu(knmnf s e�q:� �nwnmx�nyzq�wx�regf
�Qw�e�� m`yze�o qJs/m��th�!Q��yze�m kxu mn��m���h ea�ts q
e�flwts h�u h �gmnyzq:�Sfihj�Q�zh R:��m��Qw�eBenu s Oao ��hX��q�yze���qQ��f w�� q1e�f/s ��fihjen�nyzqB� qQ����wts/mayzq`ea�tsio�e����)-9��wnm �nyzq
enuNknm�f s/e�q?yzeHwx�nm)�ao�egm�en�?knmao s h%��wxujmao egf�kzeno��Bh s h�yzq�&;� �"# -��nwnmx�nyzq&eauK�xmx�nmayzq�e�f�o�e s h�o�mayzq yze
y*h��$2nmE�Jo e m�ea��knmao s h��nwxujmao9�Mu q1�Qw�e�kJeao��Bh s e`u m�o�e �nwxkJeao�m��th�!Q��yze�ujmG��eg�Je�s/m$��h�!*��&0�

D �



7K��egf s e3�"q*yzeau q ujm)GDZ�e�f1hX�tsio�q*yQw$��hjyxm&ea��eauMs Oao ��hX�nq,yze?u mHs/mnf
m yze ��q*��f w��"q:�Degf�yze ��hXo9�
fihNujm ��m �ts h�yxmny yze'��eg�Je�s/m$��h�!*��e�f/s �Hyze��nm ��q&yxenuc�zh ��enu:yzeHw��G�nopmxuM�8eaucknmnf s egq&egf�kao q�2zhM�zhjyzq:O8f hNu m
��m �ts hjyxmay�yze7��e��ze�s/m$��h !Q��egf s ��en�$��h/�lm�yzenu(�zh ��eauUyze�w��G�nopmxuM�Seau(knm�f/s e�q�e�f kJeao ��h s h�yzq �@7(u �"q*yzeau q
yze1ANq � � R�enh�ocf w ��e�s q�m�ujm�GNZ�s h ea��e`u m�fihj�Qwzhjen�ts e�I qxo��lmU{

dx

dt
= r x

(

1−
x

K

)

− ε x φ(τ),
-(D:� � G5&

uτ = φ(τ)

fihjen�nyzq��Qw�e
φ(τ)

egflujm�GDZ yze�R:�zhjyxm'� q�� q`ea�B- � � �z� &?�
τ
egf4eau(w��C�aopmxuUyze0RK�zh�yzq#��q��"q\{

τ := x− xth,
-�D:� � J5&

�
xth

egf�eau8�nmxu qxo4yzenu<�zh ��enucyzeau<w��C�ao�m uM�Y5Qe?kxw�egyxe�q���f/eao �nmaoV�Qw�e?wx�nm�GDZ - � � �z� &rmxkxu h��gmnyxm mxu
fihjf s e�� m -(D:� � G5&��zea��enopm?yzqzf�egf sio#w$� siwxo�mnfE��u qzf�kxwx�ts qzf�yzeHe �QwzhXu hM�no
hjq�yzebu m?y*h��$����h��gm?yze)�gmnyxm
e�f/sio
w$� siwxopm�f/eaoH� ��mx�nmxu hj��mayzqJf_en��ujm�fihj�*wzhjea�ts eBf w�� � f
e � �th�!Q�N�

�	� �	��
 � �	��� 
 � 
 � ��� �
��� � � �I�"��� ��� � � ��
 � 
 ��� 

�

GSmaopm�kzq*yzeno8�nu mnfih R��gmaoDu qzf4kxwx�ts qzf^yze"eg�Qwzh�u h/�ao
h q�yze*�gmnyxm f w�� � f h f/s e$�lm5�*e�f ��e ��e�f mao�hjq�u hX��e mxu hj��maoNu qzf
�Bhjf(� qJf0�\q��ts ea�zh Oa�nyzqzf/ez{

B��45Khjf s e�� m�fih��E��q*�tsio�qQuUqHu hM�no�e�� �nwnmx�nyxq
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dx

dt
= x f(x)− c(x) y,

k:D}qFELm
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x
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f(z) = h z − l,
k:D}q ;-m

h
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dz

dt
= zin(x)− µ z x− rW z,
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qcr�3@?@B|3>d-b/1�3_=sKD= MPO

b/9�Tl4�= ?A9�9_��b�TZ9`3[B/TS: B 78= 3Jb/1PO�=tU�=^:u=N7-B�7<7-92:`BDHPd2BfKJ1P461Gd-O2B�v�d-O2KD= MPOf7-9 :NBf7�9�OD3_=s7-B2767�9 :NB�FD9IH�9J?@B�KL=NMPO C

z?(x) = p
x+ k z0
x+ k

1

µx+ rW
.
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dx

dt
= (h z?(x)− l − b y) x,
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dy

dt
= (g(x)− d) y,
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p = 10 D
W0 = 0,1 D k = 5 D µ = 0,02 D rW = 0,1 D h = 0,01 D l = 0,1 D b = 0,01 D e = 0,2 D d = 0,03 D
k1 = 0,0275
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x × y
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x(t) D y(t) 9 B�H�?��:.
� . � $>�b'+# 	I�-/K#"'+#�.+/2! /���#%�7� 9�������#"F�,-#W. �(#1/���� H%!<. ! �1�*)-! O�$"#1/E��� �C��#>'�! �b'+#�, $Z��� '+�W'+#1/A. ! �1� $&��#
� . �4#&'+#&'+� � '+#�.%Y*� . � � '+#�.G$%! Y-#�. '+#�, �(H��R� .
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m > 0

m;92O&9�:fb-:NB-OD1�7�9�v{B23@9
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τ = x−xth

a
3@9\dL?z=t:u=N�`B�:NB�3_=NHPd�= 9�OL?A9\Tp9�: B�KL=NMPOYa�18UL?A9�O�=s7-B�7�9�2o?982=^O.k E � �>;-m

ż =
S τ f τ<0

S τ (f τ<0 − f τ>0)
−

S τ f τ>0

S τ (f τ<0 − f τ>0)

k:D�qZE � m
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7�1PO27�9
S τ

9I3!92:PHPTZB�78= 9�OL?A9�7�92: d-4�U�TeB-:^a
z = [x y]T

a
f τ<0

9I3G: B\78=tO2�Y4G=sK`B\7�9�:83_=N3A?A9�4EB�KDd2BYO27�1
τ < 0

n
f τ>0

9I3�: B�78=^O2�Y4G=sK`B�7�92:~3_=N3A?A9�4EB�K2d2B-O27�1
τ > 0

ay3Jd-UD3A?z= ?_dLnI92O27�1�: B23]78=^O2�-4�=sK`B23�3[9
1PUL?z= 9�OD9|:NB�3_=NHPd�= 9�OL?A9�9IK2d2B2KD= MPO.b2B�TeB;:NB�78=^O2�-4G=sKIB�7�92:�3>= 3@?A924CB�3[1PU2TZ9G9�:Sd-4�U�TeB-:






dx/dt = 0

dy/dt =
(

−h p x+k z0
x+k

1
µx+rW

− l − b y
)

k1−d
b

+
(

h p x+k z0
x+k

1
µx+rW

− l
)

e b x−d
b k:D�qZE�DYm

92OE92:2KIBD3@1�7�9�:-d-4�U�TeB-:D7�9C:NB!FD9`H�9J?[B2KD= MPOYa8:NBE78=tO2�Y4G=sKIB67�9�:D3_=N3A?A9�4EBC3@1PU�Tp9<92:-d-4�U�TeB-:^a
τ = x−xth

a
7�92b�92O27�9 � O�=NKIB-4E92OL?A9<7�96:NB!7�9�OD3_=s7-B27G7�9�:/RD9�TVUDWXFD1YTp15K`1P461C3[9E4�dD9I3A?_TeB692OG:NB<9hK2d2B2KD= MPO�k:D}qFE�D-m`q�0/B
3@1P:td2KL=NMPO67�9E:NB!9IK2d2B2KD=NM8O]k:D}qFE�D-mjb2B�TeB!92:D9`3@?@B27�159I3A?@B�KL=N1PO2B�Tl= 1}a8b2B�TeBG: 1�3yF2B-: 1-TZ9`3 7�9E: 1�3 b2B�Te�-469`?_TZ1/3
7�9|: B �8=NHPd-TZB D�q � a}9`3UC

yeq = −
2xth (2200− 215xth + 4x2th)

(xth + 5)2
,

9`3@?@B�9hK2d2B2KD= MPO 4�d29`3A?_TeB�9�:oK`18O@�_d-OL?A1%7�9�b�1/3>=tU-: 9I3�F2B-: 1-TZ9`3]7�9�d-4�U�TZBY:
xth

ajb2B�TZB : 1�3]K2d2B-: 9`3
yeq9`3�b/1�3_= ?z= FD1}a FD9�T �8=NH8d-TeB D�q��8a xPdD9&b-dD9I7�9�O�3@9�T5KJ1POD3>=N7�9�TZB�7�1�3�b2B�TeB�xPdD9�9�:�3_=N3A?A9�4EB&9I3A?@B-U�=^:u=NK`9�q

�oBY: K2d-: B23@9�92:YF2BY: 1YTc7�9
xth

xPdD9|4CBI�Y=^4G=sKJ9
yeq
a�9`3!7�9IKD=^TVa

xmáx
th = 24, 63

n]9�:SO�= FD9�:�4C�I�Y=^461;7�9|:NB�7�92OD3>=N7-B�7�7�9�:SRD9�TlUDWuFD1-TZ1;9`3

yeqmáx = 37, 53.
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(xth, y

eq) D )*,*� $-'+��#1/���["/��G��#A� ! '+���b,+$*�
�%��. ` � ! )&�('+#W,+��H*�R� .�'+#W. �(Y>#&N%#1���*)>! O�$ 9
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rS:JK`18OD?_Tp1P:Lb�Tp1Pb-dD9I3A?A1�k V 2gm�9I3A?@BYU�=t:u=N�`B6: 1/3o3>= 3@?A924CBD3~9I3A?_d278=sB27�1�3~3@1PU�Tp9j92:LO�= FD9�:>7�9id-4�U�TZBY:>7�9I3@9hB27�1}a
3_=N924]b�Tp9ixPdD96: 1�3jb-d-OL?A1�3�7�9f9IxPd-=t:u=tU�Tl= 1C9I3A?@BYU-: 9I3 7�9 K`B�7-B5d-O2B!7�96: B23g9I3A?_TVd2K>?_d-TeB23�3@9hB-OG4EBYOL?A9�O�=N7-B23
KJ1P4E1�9hxPd�=^:X=^U�T{=N1�3 F�=^Tp?_d2B-: 9`3 '}b�1-T 92:t: 1\: 1�3 3>= 3@?A924CBD3�9I3A?@BYU�=t:u= �IB-O53@1PU�Tp9692:�O�= FD92:/7�9Gd-4�U�TeB-:^aYBE?_TeBLF � 3
7�96d-O54E187�1C7�9I3>:u= �IB-OL?A9�qPr O<9`3@?A9 3[92OL?z=s7�1518UD3[92TpF2B-4E1�3y7�1�3y9`?@B-b2B23�klv{BD3[9`3zmg9�O5:NBD3g?_TZBIn`9hKJ?A1-Tl=NB23�7�92:
3_=N3A?A9�4EB C =smEr�?@B-b2B�7�95B-:NKIB-O2K`9�k[46187�1�OD1\7�9`3J:X=N�`BYOL?A9hmJa�:NBD3 ?_TeB`nI9IKJ?A1-Tl=NB23 K`184�=N92OD�IB-O]9�O]K2d2B-:NxPd�=N92T
KJ1PO278=sKL=NMPO�=tO�=sKD=NBY: n�3@9�4�dD9`FD92O�92O : B�78=^Tp9hK`KD= MPO�7�9�:NB�3Jd-b/9�T �}KL=N9�7�9.K`18O-4]dL?@B2KD=NM8O k[d-4�U�TeB-:smCn
B-:NK`BYOD�`B�:NB 3>d-b/9�T �PKD= 9%92O ?z=N924]b/1	� O�= ?A1 ' =t=Xm�r�?@B-b2B�7�9�7�9I3>:u= �IB-4�= 9�OL?A1 k[46187�1 7�9I3>:u= �IB-OL?A9LmJa�9�O
: B�K2d2B-:i:NBD3�?_TZB`nI9hK>?A1YT{=sBD3�?z=N92O27�9�O�BD3>=tOL?AM/?z=sK`BY469�OL?A9&BY:j9IxPd�=^:u=tU�Tl= 1 7�9&7�9`3>:u=N�`BY4G=N92OL?A1�qGrS:<46187�1
7�9`3J:X=N�`BYOL?A9�9`3�d-O2B|?_TeB`nI9IKJ?A1-Tl=NB�xPdD9;O21.9`3G=^O-RD9�Tp9�OL?A9|B�O�=^ODHPd-O2B\7�9�:NBD367�1�3!9I3A?_TVd2KJ?_d-TZB23�k 2o?98D=^OYa
E � � �PaBE � � � ' � 9��~B�TV: 1;9`?iB-: q a E � � � ' 2o?982=tOYa E � �?; 'orP7��jB�Te7�3 n � b-d-TZH�9`1POYa E � � �-m`q

r83Gb�92Tp?z=tO292OL?A9.TZ924CB�TZKIB�T xPdD9�92:}1-Tl= H�9�O|9�O\92:}3_=N3A?A9�4EB\FD9IH�9J?@B�KL=NMPOIQSRD92TVUDWXFD1YTZ1�9I3�: 18KIB-:t469�OL?A9
9`3@?@B-U-: 9�b2B�TeB�B-4]U2BD3]9`3@?_Tld2KJ?_d-TZB23�k�KJ1PO�n�3_=^O�KJ1POL?_TZ1P:Nm`q VP1YTf9I3A?A9%461/?z= FD1}ag9_�Y=N3A?A9�O�K`1PO278=NKD=N18OD9I3
=tO�=sKD=NBY: 9I3Gb2B�TeB.:NB23!K2d2B-: 9`3!9�:P3_=N3A?A9�4EB;3[9]9>�2?z=tODHPdD9/aSFD9IB�:NB �8=NH8d-TeB.D�qZE-qc0/B�FD92OL?@B[�AB�1PUD3[92TpF2B27-B\7�9
: B�V 2 ao9`35xPdD9�: B�Tp9IH�=NMPO�7�9\BL?_TeB2KIKL=NMPO�7�9�:�1YTl= H�92O

(Ωcc)
7�9�:�3>= 3@?A924CB.3_=^O�V 2 ao9`3�Tp9h7Pd2KD=N7-B�KJ1PO

: B�BYb-:u=NKIB2KD= MPO�7�9.:NB�V 2 B�d-O2B�TZ9IH�=NMPO�7�9|BL?>TZB�K`KD= MPO�7�9�:�1YT{=NH�92O�4E92OD1YT
(Ωsc)

q�0/B�V 2 KJ1POD3>= HPdD9
9`3@?@B-U�=^:X=N�`B/T�9�:}3_=N3A?A9�4EB\FD9IH�9J?@B�KL=NMPOIQSRD92TVUDWXFD1YTZ1.3@1PU�Tp9�9�: O�= FD9�:}7�9;d-4]U�TZBY:$'cb�1-T : 1�?@B-OL?A1�3@9�b-dD9h7�9
KJ1PO@��9`?_d-TeB�ToxPdD9�:NB�b�Tp187Pd2KJ?z= F�=N7-B�7�n�:NB�Tp9�OL?@BYU�=t:u=N7YB27�b-dD9h7�92OG3[92T�4EBh�Y=^4G=N�`B27-B23ib2B�TeB�d-O2BG92: 9hK`KD= MPO
B27�9hKDd2B�7-B�7�9�:Sd-4�U�TZBY:^q

r :�46187�9�: 1�1-Tl=NH�=^O2B-:^a 9hKDd2B�KL=NMPO�k�D�q��-mJaS?z=N92OD9|7�1�3�b-d-OL?A1�3E7�9�9IxPd�=^:u=tU�Tl= 1}a 3_=N9�O27�1�d-OD1�7�9�9`3@?A1�3
92:�1YT{=NH�92O]n�9�:�1�?_TZ1;92:Sb-d-OL?A1

(15, 9,375)
q

�o1PO\: B\4E1878= �}K`B�KL=NMPO\b�Tp1Pb-dD9I3A?@B�a : B�9hKDd2B�KL=NMPO�k�D�qZE@=-m>a�n]B-b-:u=NKIB-O27�1�d-O\d-4�U�TeB-:�9�O\:NBGFD9IH/9`?@B��
KL=NMPOYa�3@9E1PUL?z=N92O29E92:�9IxPd�=^:u=tU�Tl= 1

(xth, y
eq)
q Ay7�924CBD3f3_=}: B|b�Tp187Pd2KJ?z= F�=s7-B�7�7�92:�3_=N3A?A9�4EB]9`3 9>��b�Tp9I3[B�7-B

92O�v�d-O2KD= MPO�7�9�: B�7�92OD3>=N7-B�7%7�9�: 1�3�RD9�TVUDWXFD1YTp1�3`ac92OL?A1PO2K`9`3`ag3[9�b-dD9I7�9.7�9h7Pd2KL=^T xPdD9/a :NB�7�92O23_=s7-B27
yeq

b-dD9h7�9G3[92T�4E�h�Y=t4CB;b2B�TeB�d-O�7�9J?A9�TV4G=^O2B27�1;F2B-: 1-Tg7�9|d-4�U�TeB-:
xth

q
V}1-Tj: 1\?@B-OL?@1Pa�9�: 46187�9�: 1�b2TZ1Pb-dD9`3@?A1�k�KJ1POWV 2ymf?A9�O27PTeB.d-O2B.b�Tp187Pd2KJ?z= F�=N7-B�7�4EBIn`1YTgxPdD9�9�O�92:

K`B23@1;1YT{=NH8=tO2BY:^q
2 O2B;FD9I��7�9I3[K2T{= ?A1�9�: 78= 3[92�D1�7�9�:NB�V 2 9�O�d-O�3_=N3A?A9�4EB�7�9\78=tO2�Y4G=sKIB\FD9IH�9J?@B�KL=NMPOIQSRD92TVUDWXFD1YTZ1Pa

7�9`3 B�TVTp1P:t: BY461�3Gd-O;BYO2�-:u= 3>= 369IK`1PODM84�=NK`1�7�9�:NB V 2 92O�d-O\3_=N3A?A9�4EB.7�9�d-O2B\9`3Jb/9IKD=N9�a�b2B�TeB�v{B�KL=^:X= ?@B�T
: 1�3<K`�Y: K2d-: 1/3C4CBL?A9�4E�L?_=NK`1/3Iq
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��1POD3_=s7�9�TZB23@9�d-O�4E187�92: 1 d-O�=s78=t4E92OD3>= 1PO2BY:~k�7�9\KJ1POD3Jd-461�b/1-Tib/9I3[KIB�m5KJ1PO�d-O2B�v�d-O2KL=NMPO�: 1�H�Wu3@?z=NKIB
7�9CK2Tp9hKL=^4G=N9�OL?A1Pa

f̄(x) = r x (1− x/K)
a83@9C3>d-b/1POD9/a b/1YTo9V��9�4�b-: 1}aPxPdD9]:NB�K`BYbL?_d-TZB]7�9]: 1�3<b�9IK`9`3

b/1YT d-O�=s7-B27;7�9G9I3Av�dD9�Tp�`1�9`3Cb�TZ18b�1-TeKL=N1PO2B-:�BY:}O�= FD9�:Y9>�Y= 3@?A92OL?A9]7�9|b/9hKJ9I3
x
a�92O�9`3@?@B�3@9hK`KD= MPO G�� 3[9

9`3@?@��=^O2KD:tdLnI92O27�1�:NB V 2jq~r OL?A1PO2KJ9I3<92:S4E187�92: 1\?z= 9�OD9\: B�3_=NHPd�= 9�OL?A9Gvw1-TV4EB

dx

dt
= r x

(

1−
x

K

)

− q ε x.
k � qZEDm

r�3@?A9�4E187�92: 1�?@BY4�U�= � O;v�dD9|9`3@?_d278=NB�7�1�92O���:NB�T�8�k E � � ��mJa �y:NB�T:8�k E � � � mJa 5o1�?]k<;?=>= EDm<n��&BYODH.n
�&B-ODH k<;>=?=>DYm>ag92O�92:~K`18OD?A9_�2?A1 7�9�:NB�H�92TZ92O2KD=sB�7�9�:NB%b�9`3 K`B�a�K`1PO�92:o1PU@��9`?z= FD1%7�9.18UL?A9�OD9�TEd-O2B
n J � O#�?L�R�P %OPFO>NLO� �! KR�H9M1P�� � HLqc0�B]?@BD3 B�7�9|b/9I3[KIB�9I3i92:Sb�TZ187Pd2K>?A1�7-95?_Tp9I3 v{B�K>?A1YTp9I3KC

ε
9I3i9�:�9`3@v�dD92TZ�J1

7�9�b/9I3[KIBYa
q
9`3|:NB�K`18OD3@?@B-OL?A9�b�TZ1Pb/1-TeKD= 1PO2B-: xPdD9�4�=N7�9�: B�K`BYbL?_d-TZB.n

x
9I359�:cO�= FD9�:S9>�Y=N3A?A9�OL?A9�7�9

b/9hKJ9I3`q rS:8b2TZ187Pd2KJ?A1�7�9�: BGKJ1POD3A?@BYOL?A9�b�Tp1Pb�1-TeKL=N1PO2B-:/xPdD9G4G=s7�9�: BGK`BYbL?_d-TZBCnC9�:�9I3Av�dD9�Tp�`1�7�9�b/9I3[K`B�a
q ε
a 9I357�92OD1P4G=^O2B27�1PK ��J0RTN"� PbO>N)O�O1H � N.G,H� YLON�a�?z= 9�OD9�: B�4G=N3>4CB�7P=t4E92OD3>= MPO.xPdD9

r
n;7�9I3@9�4�b�92�2B

� �



d-O%b2B-b/9�:c=^4�b�1-Tp?@B-OL?A9�q V}B�TeB�3_=^4�b-:u= �PKIB�T6: 1/3]K`�Y: K2d-: 1�3�3@9�OD1YTV4EB-:u=N�`B
q = 1

n�:NB�4E1-Tp?@B-:u=s7-B27�7�9
: B�b�9`3[KIB�3[92Te��7�9�OD1/?@B27-B�K`184E1

ε
ac9_��b�TZ9`3 B27-B�a~9�O�? � TV4G=^OD1�35nhB�K`1POD18KL=s7�1�3`q���d2B-O27�1&: B.?@B23[B�7�9

KDTZ9IKD=^4G=N92OL?A1%7�9�: B�b�18U-:NB2KD=NM8O�7�9�b/9IK`9I3G9`3�=NHPd2B-: B�: B�?@B23[B�7�9�b/9I3[KIBYa : 1�3�b-d-OL?A1/3G7�9\9hxPd�=t:u=^U2Tl=N1
7�92:�3>= 3@?A924CB�k � qZEDmf3@1PO C

xeq
1 = 0, xeq

2 =
K

r
(r − ε) .

rS: b�Tl=t4E92T|b-d-OL?A1�7�9%9hxPd�=t:u=^U2Tl=N1Pa
xeq
1

af9`3�=^OD9`3@?@B-U-: 9%n&92O&? � Tl4�=tOD1�3�9hKJ1P: M/H8=sKJ1�3�9`3A?@9 9hxPd�=t:u=^U2Tl=N1
Tp9�b�Tp9I3@9�OL?@B�TZWtB�:NB�9>�2?z=tO2KD=NM8O\7�9�: O�= FD92:P9_�Y=N3A?A9�OL?A9�7�9\b�9IK`9`3IqyrS:83[9`HPd-O27�1�b-d-OL?A1.7�9]9hxPd�=t:u=^U2Tl=N1Pa

xeq
2

a
9`3i9I3A?@B-U-: 9\klFD9IB �8= HPd-TeB � qZE-q kVB/m[m`q�rSO�:NB;U�=tUY:X=N1�H8TeBLvwW^B�3@9|dL?z=^:u= �IB]9�:�K`18O�KJ9�bL?A1�7�9�� @ �����>C�� DbA3D��&B	�
= � =
�Y?3G&D�;��c? 7-B�7�1;9�O �y:NB�T�8�k E � � ��mJaSKL= ?A9J? ��:NB�T�8 � � nW5�1/?Ck<;?=>= EDmJaP?A1P4EBYO27�1.KJ1P461�Tp9`vw92TZ92O2KD=sB\92:
b-d-OL?A1%7�9.9Ix}d�=t:u=tU�Tl= 1%9`3@?@B-U-: 9

xeq
2

aj: B b�Tp187Pd2KJ?z= F�=N7-B�7�3@1�3@?A92O�=^U-: 9�
|7�92:o3_=N3A?A9�4EB�k � qZEDmG9`3�7�9K� O�=s7-B
KJ1P4E1

Ysin−PU = ε xcc
2 =

K

r
(r − ε) ε.

k � q ;-m
� UD3[92TpF2BD3[9�KD:NB�TeB-4E92OL?A9/a xPdD9.3>=

ε > r
a�K`18OD18KD=s7�1 K`184E1%9>�/KJ9I3@1&7�9�b/9I3[KIBYa�9�OL?A1PO2KJ9I3.: B�KDd-TpF2B

7�9�TZ9�4618KD= MPO%n :NB�KDd-TpF2B�: 1�H�Wu3@?z=NKIB 3@9&=tOL?A9�Tp3[9IKJ?@B-O&3@1P:NB-4E92OL?A9�92O 9�:y1YT{=NH�92OYa KJ1YTlTZ9I3>b/1PO278=N92O27�1
B�:NB�9>�2?z=tO2KD=NM8O�klFD9IB ��=NHPd-TeB � qFE�q k@U�m m`q A 3@W 9I3�OD9hK`9`3[B/T{=N1&xPdD9

ε
3@9hB&4E92OD1YT<xPdD9

r
b2B/TZB�xPdD9�92:

3_=N3A?A9�4EB�?A9�ODH-B�d-O�9IxPd�=^:u=tU�Tl= 1�OD1�O-d-: 1}a~xPdD9;92O�9�: HPTZ���PK`1�9`3A?@��9�OL?_Tp9
0
n
K
a b�TZ9IKD= 3 B-4E92OL?A9�9�O

xeq
2 = (1− ε

r
)K

klFD9IB �8=NH8d-TeB � qFE�q kVB/m[m`q

PSfrag replacements

ε1

cend(x), f̄ (x)

xx
eq
1

x
eq
2 K

PSfrag replacements

ε2

cend(x), f̄ (x)

xx
eq
1

= x
eq
2 K

k�B�m k[U�m
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���� B_��?�� F�,%!<. !<H��Q! ��)1��$E,+$*�
)�,+�VY*�S'+# ���-/K�
'+#P)A�G$>/1,+���(. !<$>#>� .1)A��$�!<$*)*. !<$*�*)>! O�$S!<$&��#%�3��#>'�! ��B

ε1 < r
?A9


T, $&���%/T'%# #&FG,%!<. !<H*�I! ��'%#%.2/6! /���#��7���
xeq

2 D xeq
1 = 0

9��a� . � �4#1/T'+#S. �%/C�*���R[ ��#A�2�4�%/>@
r = 1 D ε1 = 0,3 D

K = 1
90B�H*? � F�,%!<. !<H��Q! � )1��$ , $*�m)*, ��Y*�U'%#Z���-/ �m'%#J)A�G$>/1,+��� . !<$>#&� .l)A�G$U!<$*)*. !<$*�*)>! O�$XNG�4� $*'%#

B
ε2 > r

?19 
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(
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− ε x φ(τ),
k � q � m

uτ = ε x φ(τ)
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Virtual del Sistema

Virtual del Sistema
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Ysin−PU = 0.
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ẋ = r x
(

1−
x

K

)

− ε x
k � q���m

SRsin−PU = TRsin−PU − TCsin−PU = p Ysin−PU(ε)− c ε
k � q��-m
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SRsin−PU
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Ysin−PU(ε) = K ε
(

1−
ε

r

)

.
k � q���m

:<;>=9?3@�A B>C DFE5G����	� P
ε > r
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R�PcM LKPbdLM g�� N G J
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ε = ε∞
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ε∞ = r
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x = x∞

C

x∞ =
c

p
.

k � qZE@=-m
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SRsin−PU
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ε
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SRsin−PU = ε
(

K p
(

1−
ε

r

)

− c
) k � qZE?EDm

n]9�:YF2B-: 1-Tg7�9
ε
xPdD9|4EBh�Y=t4�= �IB

SRsin−PU

9`3

εmáx =
r

2

(

1−
c

pK

)

=
ε∞
2
.
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SRsin−PU
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SRmáx
sin−PU =

r pK

4

(

1−
c

pK

)2

.
k � qZE � m
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ẋ = r x
(

1−
x

K

)

− ε x φ(τ)
k � qFEUDYm

uτ = ε x φ(τ)
k � qFE � m

τ = x− xth

k � qZE �-m
SRPU = TRPU − TCPU = p YPU − c uPU
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τ
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